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PREFACE 


The Colloquium Lectures which 1 had the privilege of 
delivering at the University of Chicago before the American 
Mathematical Society, September 5-8, 1920, contained a large 
part of the material presented in the following pages. The 
delay in publication has been due to several causes, one of 
which has been my desire to wait until some of my own 
ideas had developed further. I have taken advantage of 
a well-established tradition of our Colloquia by giving par- 
ticular emphasis to my own researches on dynamical systems. 
It is my earnest hope that the lectures may serve to stimu- 
late others to investigate the outstanding problems in this 
most fascinating field. 

It is only necessary to recall the work of Galileo, Newton, 
Laplace, Clausius, Rayleigh in the physical applications of 
d 3 mamics, of Lagrange, W. R. Hamilton, Jacobi in its formal 
development, and of Hill and Poincare in the qualitative 
treatment of dynamical questions, in order to realize the re- 
markable significance of dynamics in the past for scientific 
thought. At a time when no physical theory can properly 
be termed fundamental — the known theories appear to be 
merely more or less fundamental in certain directions — it may 
be asserted with confidence that ordinary differential equations 
in the real domain, and particularly equations of dynamical 
origin, will continue to hold a position of the highest importance. 

In looking back over my own dynamical work, of which 
a certain period is finished with the publication of this book, 
I cannot but express my feeling of deep admiration and 
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gratitude to Hadamard, Levi-Civita, Sundman and Whittaker, 
to whom many important recent advances in theoretical 
dynamics are due, and in whose work I have found especial 
inspiration. It is with much regret that I have been unable to 
give adequate si)ace to their achievements. 

Professor Philip Franklin cooperated with me in a first 
re-writing of part of my notes on these lectures. 1 owe 
him cordial thanks for his help. 

November 18, 1927. 

George D. Birkhoff. 
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CHAPTER I 

PHYSICAL ASPECTS OF DYNAMICAL SYSTEMS 

I. Introductory remarks. In dynamics we deal with 
physical systems whose state at a time t is completely 
specified by the values of n real vaiiables 


0*1, .ra, . • *, .r,i. 

Accordingly the system is such that the rates of change 
of these variables, namely 

d. I’ll (It, (lj‘<ildt, •••, (I'.rjdt, 

merely depend upon the values of the variables themselves, 
so that the laws of motion can be expressed by means of n 
differential equations of the first order 

(1) (h’i/dt • • •, .t’n) (/ = 1 y • • •. >/). 

Thus, for a particle which falls in a vacuum at the surface 
of the earth, .vi and ra«T.y denote distance fallen and velocity 
respectively. In this case the equations of motion take the 
typical form 

d'xjdt — a'i. dor^ldt ~ g. 

where // is the gravitational acceleration. 

2. An existence theorem. We proceed first to formulate 
an existence theorem for a set of differential equations of 
the general type (1).* The set of n functions Xi will be 
assumed to be real and uniformly continuous in some open 

* In connection with the first five paragraphs the following general 
references may be given: E. Picard, TraiU Analyse, vol. 2, chap. 11, 
and vol. 3, chap. 8; E. Goursat, Cours Analyse ynath^matique, vol. 2, 
chap. 19; G. A. Bliss, Princeton (hlloqnium Lectures, chap. 3. 
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finite n dimensional continuum R in the ^ space’ with rect- 
angular coordinates aJi, •••, A ^solution’ x{t) of the 
equations (1) in the open interval is defined to 

be a set of n functions Xi(t), all continuous together with 
their first derivatives and represented for any such t by 
a point X in R, such that the diJfferential equations are 
satisfied by this set of functions. 

Existence Theorem. If the point a?® is in R at a distance 
at least D from the houndary of R, and if M is an uppet' 
hound for the functions \Xi\ in R, there exists a solution x{t) 
of the equations (1), defined in the interval 

\t — U\<DI{Vn M) 
and for which x{to) = 

To establish this theorem, we observe first that, for any 
solution of the type sought, the n equations 

(2) Xf (T® x^^ dt == 0 

hold. Conversely, any set of continuous functions x(t) in JK, 
which make the expressions Si vanish in an interval con- 
taining t = to as an interior point, will obviously reduce to 
x^ for t^toj and will satisfy the differential equations in 
question, as follows by direct differentiation. 

Now define the set of infinitely multiple-valued functions 
XT {xi, • • • , xn) as that given by any set X* ( 2 / 1 , • • • , 2/h) taken 
at a point y whose various coordinates differ from those of 
the point x by not more than 1/m in numerical value. It is 
evident that with this definition the n components of may 
be chosen as constant in any rectangular domain 

\xi — ai\ ^ 1/m (^ = I, ••*, n)y 

namely as the component parts of X (ai, • • • , an). 

If the functions Xi be replaced by X^ and the functions 
Xi by xf, the expressions for Si become 
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We propose to show that these expressions can be made 
to vanish. 

Choose as • • • , in the rectangular domain 

Xi — aj9|<l/m (« = 1, •••, n). 

The integrals in the above expressions for ST will then be 
linear functions of f, and hence xf may be defined as 

.x*« + Z,(a^, .... .<)(/- 0 

as long as the point x^ continues to be in this domain. In 
geometrical terms, the expressions for xf (t) yield the coordin- 
ates of a straight line with t as parameter, which passes 
through the center of the domain for t ^ U* If the n 
functions XT happen to vanish, the line reduces to the point oj®. 

In case the line emerges from the domain for < == 
at a point we can take this point as the center of a 
second like rectangular domain of the same dimensions, and 
take xf as 

+ .... y^){t-h) 

in this second domain. The expressions aV/" will then continue 
to vanish for t > until the point x'^^^ leaves this second 
domain at a point 

Thus, by a succession of steps, the expressions sr can 
be made to vanish for t'>to and likewise for f < ^o. The 
process can only terminate in case the broken line representing 
passes a boundary point of E, 

Now, if t be taken as the time and xf as the n coordinates 
of a particle, its velocity 

[(Z«‘)*+ ••• + WP 


is clearly not more than Y n M. Hence the particle must 
remain inside of R at least in the interval 
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All of the functions are defined in this fixed t interval 
whatever be the value of m. 

As w? takes on the values 1,2,3, •••. there arises an 
infinite sequence of sets of functions defined in this 

interval. All of these sets lie in R, and so are uniformly 
bounded. Furthermore, since the vanish for all / and w, 
the inequality 

af (/ + A) — ./f if) -= I A'f (;/7, .... .c”') (f j Mh 


obtains. Hence, by a special case of a well known theorem 
due to Ascoli,"' there exists an infinite sequence of values 
of wi for which ev(M‘y element of the set approaches 
a function ~x, of the set ./• uniformly, these functions beiiij^f 
themsel ves continuous. 

It is easy to prove that the functions ;/ -/ so obtained satisfy 
the integral form (2) of the differential equations. In fact, 
since the vanish for every / and w, we have 


s\ - - St sT 
= — 4 ')— [ 


— \ I m wi\i 7 , 


For m suffi(!icntly lai’ge, the first term on the right becomes 
uniformly small inasmuch as each a-, is approached uniformly 
by the corres])onding x'^ over the secpienco under consideration. 
Also will differ from • • •, for any i 

by a uniformly small (piantity, since Xj is uniformly continuous 
in Ji by hypothesis; and in turn will differ 

from A/” (.cj”, • • • . .r]^) by a uniformly small (piantity, in virtue 
of the definition of the functions A?*. Hence the quantity 
under the integral sign on the right also becomes uniformly 
small as in increases and the (expressions Stj which are in- 
dependent of m, must vanish as stated, so that x(f) yields the 
required solution of (1). 

By repeated use of the existence theorem, the given solution 
x{t) may be extended be^^ond its interval of definition unless 


* For a brief statemeut and proof see W. F. Osgood, Annals of Mathe- 
matics, vol. 14, series 2, pp. 152-153. 
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as t approaches either end of the interval, the corresponding 
point or(() approaches the boundary of JR. Hence we infer 
the truth of the following statement: 

Corollary. Tlte interval of definition for any solution x{t) 
of the equatio'ns (1) may be extended so ns to take one of the 
folloiviny four forms: 

— qo<^<C+QO; — +00; t'<t<f', 

frhere, as t ajjj) roaches /' or the 2mint ./* approaches the 
boundary of 

3. A uniqueness theorem. It may now be proved that 
there is only one solution of the type described in the existence 
theorem, in case the functions Xi i)ossoss continuous lirst 
partial derivatives. This last requirement may be lightened 
to a well known form given by Lipschitz. 

Untquknkss Thkoukm. If for erery i and for erm/ pair of 
points y in E the fanctmis Xi satisfy a LipschiU conditioiu 

n 

! Xt (u‘if • • • , ;/;*) - ■■ A ^(yt, • • • , /pi) I ^2 ^ Uj > 

the quantities beiny fired positive quantities, then 

there is only one solution r(t) of {\) such that x{to) 

For if tAVo distinct solutions x(t) and y{t) haA^e the same 
values for t ~ to, the coiTesponding integi'al forms of the 
differential equations give at once 

yi r [A/ {x \ , • • * , ./») Ai (yi , • • • , //h)] dt ~ 0 

for all values of i, and thence by the Lipschitz condition 
imi)osed, 

//t| ^ !fj\ 'fiA' 

Let L be the maximum of the n positive constants Li, and 
let Q be the maximum of any of the u quantities \xi — yi\ 
in any closed interval within the interval 
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The maximum Q must be attained for some value of t, say 
and for some i. If we insert the value of t in the corres- 
ponding inequality above, and apply the mean value theorem 
to the right-hand member, there results 

Q < nLQ\t* — to\ £ Q/2, 

This proves that Q must be 0. Hence the two solutions 
yi^) which coincide for t = to will continue to do so 
in any such interval. The theorem follows by repeated 
application of this result. 

The physical meaning of the existence and uniqueness 
theorems is evidently that the motion of a dynamical system 
is completely determined by the differential equations and the 
initial values of the variables determining the state of the 
system — a fact which is intuitively obvious. 

Thus the treatment of a dynamical problem requires a 
formulation of the appropriate differential equations by means 
of physical principles, and a subsequent mathematical treat- 
ment of the properties of the motions on the basis of these 
equations. 

4. Two continuity theorems. There are certain further 
continuity theorems which are closely allied to the two 
theorems established above. 

First Continuity Theorem. If the fimcthms Xiin (1) satisfij 
a Lipsriuk condition in R, the unique solution x{t) fm' which 
x(to) = is a s(4 of continuous f unctions of the n parameters 
and of t — A,* 

We observe tirst that, in changing the independent variable 
t to t' — t — to, the modified differential equations obtained 
differ from (1) only in that t is replaced by t', while in the 
initial conditions to is replaced by 0. Hence the dependent 
variables Xi involve t and to in the combination t — to only, 
so that it will suffice to prove the functions Xi to be con- 
tinuous in x\ and t in the case 0. 

A slight extension of the method used in proving the un- 
iqueness theorem may be employed. It is apparent that if 
Xi and iji are two solutions of (1) which reduce to x^ and 
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^9 respectively for ^ == 0, then by subtraction of the corres- 
ponding integral equations there is obtained 

(»•; — yj) = (^ — y?) + j] (Xj . • • • . //„)] d t . 

provided that the value of t lies within the common interval 
of definition of Xi and yt. 

Suppose that .r® lies at a distance at least D from the 
boundary of /?, and then if at a distance not more than 
i)/2 from xP, This requirement will be met if we take the 
maximum difference \if — not more than 
Eestrict t further to lie in the interval \ t\<ll{2nL). 

Under these circumstances if (f denotes the maximum 
difference |ic9 — 2/? I foi* any and Q the maximum difference- 
la;/ — yi\ ill the t interval under consideration, we find for 
some value of t by means of the above integral equations, 


Q - + < y«+Q/2. 


Hence in the stated interval we have constantly y ^ 2^*^, 
i. e., the difference xi — yi cannot exceed twice the maximum 
initial difference a;? — ifi in numerical value. This means 
that if y^ approaches then y approaches x uniformly 
throughout the stated interval. Since {dxj dt\^. M every- 
where, the functions Xi must be continuous in .x9 and t in 
the restricted t interval. 

It remains only to remove the restriction upon the interval t. 

In any closed interval of definition 0 < t < T, the point 
x(t) is throughout at a distance exceeding a positive Z>from 
the boundary of E. Consequently in a ^ interval of fixed 
length about any point t' of the selected interval, each function 
Xi{f) and will vary continuously with Xi{t') and t— f. It will 
then be possible to select points 

fo 0, tu •••, fk -- T, 

such that h is in the inteiwal about to, h in the interval 
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about tij and so on. Thus if we take \ | q we 

obtain successively 


The truth of the theorem is now obvious for the unrestricted 
interval. 

Second (Vjntiniiity Tjieoukm. Jf fhr functions Xi admit 
vontinnons hounded Jirsf inniinl derimtires in H irJrite these 
derivatives themselves satisftj a Lipsvhih condition, then the 
unique solution a‘[t) such that .v(t^ — rr‘‘ has components with 
continuous first partial derivatives as to ./V and. t — fy. 

To establish tiiis theorem we resort to a consideration of 
the diiference equality introduced at the beginning- of the 
proof of the i)rcceding’ theorem. We shall restrict p to he 
sufficiently near .r in the inteiTal / — U ' ■ T, precisely 
as in that proof, and in addition to be such that the straight 
line from .r{t) to p{t) lies in the region for any t. The 
preceding theorem shows that this will be possible if ] /// — ./•“ 
is sufftciently small. 

The mean value theorem allows us then to write 


.V, 0/1 , • • •, !J,t) —X, (.r,. 


n 



J--=l 


9^ 

b ,7‘j 




where the arguments of dXt/bwj are •••, im with 


‘0 “I (/// — -O') 


so that lies in li. FTence the diff(*rence equality can be 
written 




Suppose that //“ are taken equal to •••. a® 

respectively while is allowed to approach a". Jf we write 


//l .C] J .£i On a')! __ A Xn 

1 / 1-4 ^ i-'r ■■■’ ~ ^' 4 ’ 
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the n equations above gives us at once 
1 + 


J./-? 

Ja 


f' y 9^ Jay , . 

1 9 ay ja"' ’ 

•/<rt .y=i J.rj 


A'/‘n 

■j.r» 


0 + 




^ 0 ' 
J.rJ 


(If. 


For 1 ^ — ^0 siiffiriontly small, in particular for 


— h _ 1/(2 nL') 

where JJ is the upper bound of \dXjdXj\ in R, wo find that 
none of the integrals on the right can exceed (//2, where Q' 
is the maximum of any in this interval. By using 

the value of t and of the index / for the eorresponding 
which yields this maximum, we establish the fact 
that Q' is at most 2 (compare with previous section). 

Also by ditferentiation of the equalities above it ai)])ears 
that the derivatives of these ratios as to f do not 

exceed 2nlJ. 

(.-onsequently Ascoli’s theorem can b(^ applicnl to show that 
if Jj-y be allowed to approach 0 suitably, th(» difference ratios 
will approach limits, which may be designated by ///, and 
that these satisfy the integral equations 



8;r; 

dX. 

d,rj 


tjjdt, 


9 Xu 


dXj 
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Evidently these conditions are equivalent to the n ^equations 
of variation' 


( 3 ) 


<l^i 

dt 



dXi 

dor: 


yj 


{i 1, •••. n), 


and the set of initial conditions 


yiih) — ' ly y^iU) " ■ fl, • • ijn {to) - 0. 

But these n equations and conditions, joined with the n equa- 
tions (1) and attached conditions, form a system of equations 
and 2n initial conditions in rri, • • •, ?/i, . • to Avhich 

the existence and uniqueness theorems apply; we recall that 
dXildxj as well as Xi satisfy Lipschitz conditions. Since 
the functions //i are uniquely determined, the ratios AxJA^\ 
approach the limits yi uniformly no matter how J.rJ ap- 
proaches 0.* 

In this way it is seen that for any i. and j the partial 
derivatives y. -- dxjdxj exist and satisfy the equations of 
variation and initial conditions 


//I (i?o) 0, • • • , (fo) ■ 

yj {to) - 1 . ujw {to) ^ 0, • . • , (^o) 0. 

By application of the first continuity theorem it follows that 
these functions not only exist, but are continuous 

in af and / — 

5. Some extensions. The above theorems may be 
extended and completed in various ways. 

In the first place suppose that the functions Xi are uniformly 
continuous functions of .r, , • • • , Xw and a parameter c, for x 
in jR and c! c; < c", and furthermore satisfy a Lipschitz 
condition in the 1 variables Xi, • • •. t;,. r. Consider the 
system of + 1 differential equations 

dxi/dt • • •. Xn, xn 1 1 ) O’ = 1, • * n), 

dxn+l/df 0, 

* Otherwise, by Ascoli’s theorem, another distinct set y, could be found. 
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with initial conditions 

-nifo) = x] (/ iu 

Avhere is in It, and c<c<c". The existence, uniqueness 
and first continuity theorems apply to show that a unique 
solution Xi{t) (/ = 1, • • •, n+1) exists and is continuous in x\ 
and c. But these functions clearly satisfy the equations 
and conditions 

dXildt = • • •, Xny 6‘), Xi{fo) — .To ('/ " 1 , • • • . n) . 

If Xi have in addition bounded first partial derivations in 
.^ 1 , • • xny c satisfying Lipschitz conditions in these variables, 
then dxi/dc will also exist by the second continuity theorem. 

Consequently the existcfnce, miiqueness, and continuity theorems 
can he immediately extended to the case in which the right- 
hand, members Xt in the diffe^'^tial equations ( 1 ) contain one 
(yr more parameters. 

Again, suppose that Xi involve t as well as .n, •••, x^t, 
A similar consideration of the n + 1 differential equations 

d ,x i f d t X^i (t/ 1 • * * * » '-^ /< j -I 1 ? * * * ) 5 d Xti-\- \ / di t - 1 

with n + 1 initial conditions 

Xi{U) (/ - 1 , • • •, n); Xn-\i{to) to 

shows that there will exist a solution when t is suitably 
restricted, and that there is only one solution if the functions 
Xi{xi, • • • , Xnj t) satisfy a Lipschitz condition in ici, • • •, L 
Analogs of the first and second continuity theorems are 
easily formulated for such a system also. 

Thus a similar extension is possible to the case in which the 
functions Xi involve the time t 

Again, let us suppose that Xi contain only the variables 
xi,---,xn but possess continuous partial derivatives up to 
those of order /^>0, while the partial derivatives of the 
yth order satisfy Lipschitz conditions. The method of proof 



12 


DYNAMICAL SYSTEMS 


of the second continuity tlieoi*ein given above shows that the 
given system (1) of differential equations can be replaced by 
a system of the same type of order 2n with ./‘i, • • Xn and 
/A? where //,• •= d.ritda^l for instance, as dependent 

variables; this system of order 2n consists of course of the 
n given equations and the n equations of variation. Xow 
if we apply the second continuitj' theorem to this augmented 
system, we conclude at once that the second partial derivatives 
0- 0.7*5 and likewise 0^ ;/•, / 0 0 .r® Avill exist and be 
continuous. Jii the augmented system, however, the right- 
hand members will in general possess continuous lirst partial 
derivatives of order fv — 1 which will satisfy a Japschitz 
condition. 

Eepeating the above process we obtain the existence of 
])artial derivatives of Xn up to those of order // which 

respect to the variables ./•y, 

In cane f/iv functions Xi of .n , . . . . possess continuous 
frst partial fleriratiirs of order /i while the partial derirafires 
of order /i satisfy Li pschitz conditions, the cowpo}icnts',v\, •••,.7'^/ 
considered as functions of • • •, f — tvill possess con- 
tinaous partial deriratires in these rarialdes of order fi . 

An iini)()rtant case, and the only one entering subse(iueiitly 
into consideration, is that in which the functions Xf admit 
continuous ])artial derivatives of all orders in the variables 
concerned. The components .n, • • ./Vt will then necessarily 
l)ossess continuous i)artial derivatives of all orders in 

^.0 ... ^.0 / f 

Iffurfhernwre, the functions Xi are analytic ht . • • •, ./« , the 

components ./‘i, • • .in considered as fwnctions of • • ., .i^^, f — 

will he analytic in these rarialdes. 

Let us indicate briefly a ])roof of this important fact. 

We observe first that it suffices to show that the unique 
solution of (1) for which x reduces to .7® for f - - 0 has 
components analytic in • • •, here the device used 

in the proof of the second continuity theorem, namely the 
introduction of f'~f — /q in the differential equations, is 
applicable. 
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Furthermore by writing 






in these equationsy it becomes clear that we need only i)rove 
the components to be analytic in in 

the neighborhood of the ongin. 

Now since X, inv then analytic in the neighborhood of 
the origin, we may write 


X « 


M 



r 


+ •f'n 


(/ - 


where M is a sufficiently large imsilive quantity and r is a 
sufficicmtly small ])ositive quantity. Th(' relations written 
nu'an that every coefficient in the series expansion of in 
powers of xi, does not exceed the corresponding 

coefficient of the series on the light in numerical value."' 

Now considtn* tin* (*-omi)arison differential S 3 ^stenl 



/' 


of which the unique solution which satisfies the conditions 


for f - 0 is evidently given by 

•c yj-\ u (/ !,•••, n). 


when' u is defined by the implicit ecpiation 


••• 




•mr 

2r 


Mt, 


In this case 'j\, • • • , Xn are clearly analytic in aj, • • - y ./", / ; 
furthermore the exi)licit formulas obtained for xi, •••, on 

* For a proof of this type of relation see, for instance, E. Picard, TraiU 
vol. % chap. 9. 
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successive differentiation of the comparison system and setting 
t = 0 shows that the coefficients in the 
convergent power series for xi, Xn in x\, • • • , < are 

all positive. 

But the inequality relations written above obviously imply 
similar relations between any partial derivatives of Xi and 
of the same partial derivative of the right-hand member of 
the comparison equations. Thus we see in succession that 
the formal series made out with coefficients obtained by 
successive differentiation of the equations (1) as to ^ 

and setting t = 0, must converge since the 

coefficients are less than the corresponding coefficients of 
known convergent series. Thus these formal series define 
analytic functions .r,, • • Xn, while the mode of determination 
of these functions renders it certain that every difference 
function 

dxjd t — Xi{xij • • • , Xn) (^ = 1, • • • , n)f 

considered as functions of • • • , x^^^ vanishes together with 
all of its partial derivatives at the origin when these analytic 
functions are substituted in. Hence these difference functions 
must vanish identically. Thus Xi,---,Xn obtained in this 
formal manner will constitute the unique solution satisfying 
the prescribed conditions, and the stated analyticity is proved. 

6. The principle of the conservation of energy.* 
Conservative systems. In the case of many dynamical 
systems the geometric configuration is determined by m ‘co- 
ordinates’ Qif • • - j Qm having a spatial nature, while the state 
of the system is fixed by the coordinates and the velocities 
Qh • * Qm where g'i = dqi/dt. Such a system is said to have 
m ‘de>grees of freedom’. With these coordinates may be corre- 
lated ‘generalized external forces’ Qi so that by definition 

*For historical and critical remarks concerning this principle see the 
article by A. Voss in the Encyklopddie der mathematischen Wissenschaften, 
vol. 4 or in the French version by E. and F. Cosserat. I presented the results 
here obtained at the Chicago Colloquium in 1920. The following treatment 
of the principle differs essentially from any other which I have seen. 



I. PHYSICAL ASPECTS 


15 


the ^work* W done on the system is given by 

m 

dW= ZQjdqj 

in which the differential symbols have their ordinary signifi- 
cance. 

We shall assume that the functions Qi are real, single-valued, 
analytic functions of the coordinates, velocities, and accele- 
rations; thus there is one and only one set of external forces Qt 
which yields a prescribed set of accelerations for a given set 
of coordinate values and velocities. In this case the variables 
determining the state of the system are clearly the 2 m co- 
ordinates and velocities. 

As a concrete model of such a dynamical system, we may 
think of a concealed mechanism which is controlled by a set 
of m rods which project from a wall. If the rods project 
by distances then are the ordinary 

forces applied to these I’ods in an outward direction. 

The fundamental hypothesis which embodies the principle 
of the conservation ot energy is that if, by any application 
of such external forces, the dynamical system is carried through 
a closed cycle, so that the set of 2 m final values of qi and qi 
coincides with the set of initial values, the total amount of 
work done on the system during the cycle vanishes. Any 
system of this type will be called ^conservative \ 

Conservative dynamical systems can only be regarded as 
idealizations of the systems actually found in nature, but 
nevertheless they are of great importance. 

Let us now consider the properties of such a conservative 
system. If it is carried through a cycle ABC A and a modified 
cycle AB'CAj (which may be reimesented graphically by closed 
curves in the 2 m dimensional space of the qi and qi), the 
work done in parts ABC and AB'C is the same, namely the 
negative of that done along the common part 614. Thus the 
work done along the part' AC is independent of the path 
taken, and so depends only upon the values of gi, •••, gm, 
gi, • ••, gm at C: 
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J '-oC m 

=^- <y(gi, •••• flmj fjlf • • • « (7wi)| • 


By differentiation with respect to f we obtain the following 
fundamental identity in the 3 m variables qt, q[, q'/: 


( 4 ) 



This relation must subsist if the principle of the conservation 
of energy is to hold, and conversely it is easily seen to ensure 
that the principle is valid. 

It is possible to give the identity an interesting explicit 
form. Let us endeavor to determine a function L of the 2 m 
variables q,\ q'i so tliat the following identity holds: 


y\d 9-/-1 

Mldf [dq'jl dqj\ 



^=1 




Comparing the co(d‘Hcients of q/ on both sides, we find 
7)1 conditions 

y dUj , d]V 
- d,,y 

which hold if 



as follows by differentiation with respect to /yl. Comparing 
the remaining terms which are independent of q/, we get 
the further condition 


V d-L , , ^dL , 
oqidqj dqj 



dW 

dq, 


f/j 


which is obviously satislied if L satisfies (5). 

A value of L for which (5) holds can always be found. 
Observe first that if Qi, • • - , Qm can be expanded in ascending 
powers of the velocities qx, • • •, ({m, then no first degree terms 
appear in W, That is, we have 
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W ^Wo + ^+W,+ Wn+ 

where the subscript indicates the degree of the term in the 
velocities. In fact the presence of a term Wi would lead 
to a term not involving the velocities on the right-hand side 
of the fundamental identity whereas there is no such term 
on the left. If we substitute the above expansion of W and 
the corresponding expansion of L, 


Jj — /vo -f" 7^1 + Lj -f- • • • 


in the partial differential equation (5) while noting that by 
Euler’s theorem concerning homogeneous functions, 

I. ...). 

7=1 ^ 7 / 

and if we equate terms of equal degree in the v(do cities, 
we And 

Lo = ~iV,„ L,- H'., .... U , •••. 

while Li is unrestricted. 

Any such function L may be called a ^principal function’ 
associated with the arbitrary conservative system with which 
we started. When the linear terms in the velocities are 
lacking in L, a special function is obtained which has 
important properties. 

On defining the functions Ri by means of the equations 


( 6 ) 


Qi 


d / 9 /> \ 
dt \d^i] 


dL 

dqi 


+ Ri 


(/ == 1, ..., n), 


we observe that by the definition of L we have 

m 

( 7 ) - 0 . 

Conversely, if Qi, • • • , Qm are of such a form that (7) obtains, 
the principle of the conservation of energy holds. 
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If W is the trork function of a conservative dijnamical systein 
ami if L is the associated prineiiml funciioiu then the yeneralhed 
ejiernal forces Qi may he mitten in the form (H), (7). 

The italicized conclusion above may be eximessed in a 
somewhat different fashion. As is customary, let us call a 
dynamical system for which Ih 0 (/ = 1 . • . . , y^) a 
* Lagrangian’ system. Also let us call a system IT 0 a 
Sion-energic* system. The appropriateness of the latter new 
term lies in the fact that whatever external forces may bo 
a])plied no work can bo done. Tn this case wo may take 
L : 0 also. The alternative statement is the following: 

Any conservative dynamical system has e.rtenia I forces fvhirh 
are the sum of the forces of a Layranyian system and of a 
non-cneryic system. 

Before leaving this topic we may note that for unconstrained 
motion we have - -- • • • --- Q,a 0 by definition. Here the 
equations of motion take the form 


d idL \ dL 

dt \ dq\ / diji 


— Hi (/ 1 . • • • , m) 


Avhere the (|uantities Hi are subject to (7). Hence we may 
state the following conclusion: 

An anconstraiiwdy conservative, dynamical system anderyoes 
the same motion as a Layranyian system to which a set if 
non-eneryic e.vUn'nat forces is applied. 

An unconstrained conservative dynamical system clearly 
admits an energy integral W ~ const., which by means 
of (o) can be written in the alternative form 



const. 


Lagrangian and non-energic systems have been defined by 
means of the tyi)es of the external forces. These definitions 
are not mutually exclusive. Tn fact let us inquire when 
a dynamical system will be both non-energic and Tjagrangian. 
Since it is non-energic, we have 
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ir -- iro +»;+••• ■ • 0, 


and hence we find the most general function 

m 

L = In ttjqj. 

Since the system is Lagi-angiaii. Ave may take Ni - 0 for 
every /, and thus find directly 


Qi -- 



9«j 

dqj 


'>>11 1 


f 

QJ 


a — !.•••, h). 


Hence for a S3^stein to be of both types the generalized 
external forces must have this S])e(*i1ic form. 

It is worthy of note that in the ease m = 1 , e(|iiation (7) 
implies that iA is zero, so that any conservative dynamical 
system with a single degree of freedom is Lagrangian. 
Similarly in the case w -- 2 the external forces may be 
represented in the form 


Qi ^ 


<1 idIA 
ilf\dq[] 


0 L 




Qt 


d /a//\ 8A ^ , 
df\dqU d(// 


where A is an arbitrary function of tlie coordinates, velocities, 
and accelerations. 

7. Change of variables in conservative systems. 

In the iirst instance the coordinates qt of a conseiwative 
dynamical system are actual distances, while tlu' Qi are 
forces Avhich act in the direction of these coordinates. But 
for most physical purposes it is not desirable to adhere to 
a single set of coordinates. 

Let us now dejim^ the modified external forces Qj corres- 
l)onding to the new cooi’dinates q, by means of the e(|uations 

Jl, d qj 

(8) O’ 1. •••.»). 

AVhen this definition is adopted and a further change of 
variables from qi is majie, while the new external forces 
arc defined in terms of Q; by analogous formulas, it is found 
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that the final functions Qi obtained have the same expressions 
as if only a single direct change of variables is made. This 
group property is an immediate consequence of the above 
definition. 

Hence the Qi are uniquely defined for any coordinate 
system whatsoever. 

It may be observed that for change from one rectangular 
system to another the above formula for the determination 
of the Qi in terms of Qi agrees with that obtained by the 
ordinary laws for the composition of forces. In more general 
cases the equations above define the generalized force com- 
ponents in the appropriate sense. 

Now on account of the identity 

rti m 

dW - ^ Qjdqj -- Z Qjdqj. 

J 3 ./--I 

it follows that the system will remain a conservative dynamical 
system according to our definition, in these new coordinates. 
Furthermore the modified work function will be the same 
as before (up to an additive constant), and since the formulas 
of transformation of the velocities 

m rv 

Qi = ^ ^ Qj a ^ 1 - • ■ »«) 

are linear and homogeneous in the velocities, it follows that 
the various components Wo, Wg, • • • in W will be unaltered. 

If we agree for the sake of definiteness always to choose 
the unique determination of L which lacks linear terms in 
the velocities, it follows that the principal function L is the 
same in both problems. 

Suppose now that we define 7?/ by means of the equations 


Qi 


d / 9 \ 
dt \ 9 ^/ 


dL 

dqi 




where L is the* first given principal function, but expressed 
in terms of the new variables qi. 
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It is easy to prove the formal identities 

,}^Adt \ dqj} dqj\ dqi dt \ 9 ^'/ dqi 

{i = 1 , .. .. n), 

where on the left side is any function of qi^ qU To see this, 
we note that from the linear relationship written between the 
variables qi and q! we have 


dqi 

Sqj 

dqi 

H'j’ 

dqi 

dqj 


i 

1. • 

■ •. n). 

Hence w(‘ deduce for 

any / 






Pm ^ 

ni 

y 

r <l / 8y d<ij\ _ 

dq 

1 


Ut Uq'jll 

dq, 

./ = ! 

Ydt *9 q'j 9 ql 1 

937 

dt ' 

1 dqi j\ 



'Ll 

'99.\ f dq 

1/ 

lu] 




dt\ 

Hll ; . Hj 

iH \ 

dijil 



Moreover we have also for any i 

V H 

dqj dqi dq^ dqj dq, * 

Subtracting the two identities thus obtained we obtain the 
specified identity. 

This identity with — L shows of couise that the func- 
tions Bi as obtained from Bi by the defining formulas have 
the same structure as those which give % in terms of ft. 
Hence we are led to the following general result: 

If the rariables of a (miserratlve dynamind 

system arc transformed to the system remains 

consefiimtivc in the new variables with L, W unaltered, while 
Qif Bi are both modified to eorrespondiny new expressions 
obtained as in (8). In particular then if the system is La- 
grangian or non-energic in the first set of variables, it remains 
so in the modified variables. 
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8. Geometrical constraints. We are now in a i)ositi()n 
to (leal with the question of ‘geometrical constraints.' Let 
us suppose that various geometrical points of the given 
conservative sj^stem are iixed or arc constrained to lie in 
smooth curves or surfaces or to move subject to connections 
by various iigid bars without mass. 

The effect of such constraints is to reduce the number of 
degrees of freedom. In fact, by imopeiiy taking coordinates 
(/ly • • •> I///M /** conditions of constraint may be made to take 

the form 

' const.. • . *, qta - const. (ji = m — /,). 


Now demote by L tliat which L Ixicomes Avlum the /.: con- 
strained coordinates • • •, tjMt, have these assigned constant 
values, while the corresiioiidiug q,, q/ vanish of course. Then 
it is clear that 


dL ^ dL dL ^ dL 
d q, d qi ’ 9 q'l 9 q] 


(/ 1, . . /(), 


Hence we liave the relations 



where Qt and I\i are defined as usual. 

Hut the original external forces Q.i may be decomposed 
into a sum 

V/+ /% (/= L m). 


in which the ^forces of constraint’ Pi can do no work for 
any i)Ossible displacement subject to the constraints. It follows 
that the functions must vanish when the co- 

ordinates are selected as above. Hence we may replace 
Qi l>y Qi ill the foimula above for ?! == 1, • • •, /#. 

Thus we are led to the following conclusion: 

If (I conserratin^. ilqnamival aystem with m degrees of freedom 
is subject to 1{ geometriad cofistr dints, it may be treated as 
such a ronservafire system with m — k degrees of freedom. 
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9. Internal characterization of Lagrangian systems. 

In most of th(? dynamical applications, Lagrangian systems 
can be regarded as dealing with a system of particles subject 
to certain forces and geometrical constraints. This tyi>o (»f 
internal characterization formed the basis of ijagi'ange's 
derivation of these equations, and is considered briefly in 
the present section, in the next section an external charac- 
terization is developed. 

We shall begin by considering three particular types of 
particles in ordinary space: 

(a) The inertial particle. 

Here if .r, //, s: are the rectangular coordinates of the 
particle, the external forces A\ )\ Z in the directions of tlie 
corresponding axes are proportional to the accelerations in 
these directions: 

A' mx\ Y -= m//', Z = 

where the constant of i)roportionality, a?, is termed the ^mass’ 
of the particle. 

This is the case of an ordinary mass particle. 

The particle is seen to be of Lagrangian tyi)e with Ijagrangiau 
function 

L — m + f/^ + /**) , 

and L is its ‘kinetic/ energy. 

(b) I'/ie non-kinefic particle. 

Such a particle is subject to forces inde])eudent of the 
velocity and having tlie particular form: 

X = —d V/d .r, Y ~ —dv/df/, Z —d V/d r 

where V depends on tlie coordinates of the particle in space. 
Here the dynamical system is Lagiangian with i. — - Y, 
The function — T" is the ‘potential' energy of the particle 
due to the held of force in which the jiarticle moves. 

An electrified particle of slight mass moving in a static 
electric field is nearly of this t^^pe. 
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(c) The gyroscopic particle. 

By definition the gyroscopic particle is subject to forces 
with components of the type 

X {dcc/dy' — d filda^y' ct! d s : — dYl^x)z\ 

SO that the force vector is perpendicular to the velocity vector 
and therefore can do no work. Nevertheless the system is 
Lagrangian with 

Tj ax A- fiy . 

It will be noted that this is the type of special Lagrangian 
system which is also non-energic. 

An electrically charged particle of negligible mass moving 
in a static magnetic field falls under this case. 

(d) The system of general'ited particles. 

If a particle moves subject to a sum of forces of the 
inertial, non-kinetic, and gyroscopic ty])es it may be termed a 
generalized particle. Such a situation is realized for example 
when an ordinary mass particle moves in a gravitational field. 
It is evident that the resultant system will then be Ijagrangian 
with a principal function merely the sum of the principal 
functions associated with the comi)onent forces. 

Consider further a set of such particles which do not at 
first interact in any way. If we add together the Lagrangian 
functions for the several particles, there is obtained a single 
function L which can serve as a single function from which 
the equations of motion of the system of particles may bo 
derived. 

It is necessary of course to use suitable variables (a?^, yt, zi) 
where ^ — 1, 2. • • •, m to differentiate between the coordinates 
of the various particles. 

Clearly this yields a principal function L which will be 
(juadratic in the velocities. It is another step in the way 
of generalization to take L to be any quadratic polynomial 
in the velocities, in which the homogeneous quadratic part 
is the kinetic energy T, in which the term U independent 
of the velocities is the potential energy, and in which the 
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homogeneous term of first degree may be called the ‘gyroscopic 
energy’.. 

Furthermore, as has been seen above, we may suppose 
the particles to be subject to certain types of geometrical 
constraints, thus diminishing the number of degrees of freedom, 
without affecting the Lagrangian character of the problem. 

It is such a system of generalized particles which suffices 
for most of the applications. 

(e) The generalized particle in m-dimmsional space. 

By an obvious extension into which we shall not enter 
here it appears that a single mass particle lying on an 
m-dimensional manifold defined by a quadratic differential 
form, subject to a field of force derived from a potential 
function in the surface, and furthermore to gyroscopic forces 
derived from some linear function of the velocities in the 
surface, will be of Lagrangian type. The function L is 
quadratic in the velocities. (\)nversely any Lagrangian system 
with m degrees of freedom for which L is quadratic in the 
velocities is representable by the motion of a mass particle 
in such an >u-dimeusional manifold. 

Thus we may interpret the motion of any dynamical system 
with m degrees of freedom as isomorphic with the motion 
of a single generalized particle on a suitable m-dimensional 
surface. 

lo. External characterization of Lagrangian 
systems." In this section we propose to characterize an 
important type of Lagrangian systems by means of certain 
simple properties ot the external forces. 

In fact, we shall characterize those ‘regular’ dynamical 
systems for which the Ijagrangian function L is a quadratic 
function of the velocities, without first degree terms. These 
form an important class of dynamical systems in which L 
has the form T—U where T is homogeneous and quadratic 

* The material of this section was presented before the Chicago 
Colloquium ill 1920. For an analytic characterization of the Lagrangian 
system in the case when the external forces are linear in the velocities 
see E. T. Whittaker, Analytical Dynamics^ p. 45. 
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ill the velocities, while U is a function of the coordinates 
only. It will be observed that regular systems remain of 
this type undei* an arbitrary transfonnation of the coordinates 
(lu 7 // 1 - 

The first of the characteristic iiroperties which we shall 
state is the following: 

J. The iixfvrml forces vary linearly a'ith ihe coorilinafe 
(urelerathns. 

Evidently this means that we may write. 

■ni 

Qi - 

J 1 

where ay, b, do not involve the accelerations. 

IT. PRINCIIT.K OK Rk(:ii»uo(:tty. The vhanye in the accete- 
ration qj tine to a chanye in the i-th force Qi is the same 
as the chanye in the acceleration q7 dae to an eqaal chanye 
in the j-th force Qj, (i, J = 1, •••, 7i)r 
In order to see what this means we suppose that Qk re- 
ceives a certain acceleration increment Q, in which case the 
above equations give 

HI 

Q(hi, 2^fhjAiq7 (/ --■ 1. •••. m) 

J 1 

where A denotes the increment as usual and where d//., 1 

for i /r and du,^ 0 for / | A*. 

Now suppose that Qi receives the same increment, ^^"e 

find similarly 

m 

Q^d 2^ ^UjA'iqj* 

J 1 

If we assume that the determinant atj is not zero, we 

may solve these eiiuations and obtain for all /, A*. / 

m 

AiQi — ^ 2j a^jQ^jh aticQn A^qi — ^ a-iiQ, 

J - 1 

where aij is the cofactoi* of the element in the .;-th row and 
i-tli column of aij |, divided by this determinant. Putting 

* Compare Rayleigh, Theory of Souml^ vol. 1, chap. 4. 
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/ — I and / /.* respectively, we obtain from IL aik 0 /. 7 . 

Thus the cofactors mj are symmetric in / and whence it 
follows that the elements mj are symmetric also, i. e. we 
must have mj - aji for all values of / and 

Ill, For a famihj of mnilar motions, the forrrs itro ijna- 
tfraf'ir functions of the s]jee(L 

hi other words, let (jt - ---- q,(f), (/ ^ 1, . • m) be a motion 
of the system. Suppose that the motion is s])eeded up in 
the ratio A to 1. The external forces become 

ni 

Qi f Hi Oh* -* flm, Az/J, Az/;„)A^/y 

j=^ 

+ •••» •••• 

inasmuch as the coordinates zy/ are unalteied while, the 
velocities z/J and the accelerations (// are multiplied by A 
and A^ respectively. 

Jf these expressions Q, are to b(' quadratic in A (z//, z/I, z/," 
being: entirely independent variables of course), the functions (t,j 
cannot depend on the velocities, while hi will be quadratic 
ill them. Thus in virtue of JJJ we obtain more ])recisely 


m m m 

7 1 JJc 1 j \ 

where the functions ritj, hiju, h, depend only uiion the 
coordinates z/i , • • • , z/«t. 

This form is rendered still more siiecific, by the following* 
hypothesis. 

IV. ItKVKiisiinLlT^. Any motion under presrrihed external 
forces may equally he described in the rerersed order of lime. 

The meaning here is that the above relations continue to 
hold when t is replaced by — /. Hut this changes the ve- 
locities to their negatives while leaving the coordinates qi 
and the accelerations tp unaltered. We infer that the 
functions must be lacking. Hence we may write 
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Qi ^ ^ ^Hjk qj qk-V h 

i-1 J.* = l 

where cnj, byh -- hucj, h involve only the coordinates. 

All of the properties I to IV so far employed are invariant 
under a change of coordinates qi and have to do with the' 
nature of the external forces in the neighborhood of a set 
of values gj, •••. 

By a suitable choice of coordiuntes at a point 
we can reduce the eor‘pressio77s for Qt. • • • , Qm to the shnple form 

Qi q7 fb} (i !,•••, 7n) 

at that point. 

To establish this fact we assume that is at 

the origin, and make a first linear transformation 

ill 

qi ---- ^ dij qj (/ -- 1 , • • . , in). 

j = \ 

where the dij are constants with fiy | 0. For the functions Qi 
we have then 

ill rv 

j--\ oq, ./----i 

Hence we find by substitution for every /, 

til 

Qi — 2 ajk dji djdqi'+^mni^ independent of q'l. •••, r/„'. 

It follows that if we choose our transformation so as to 
transform the quadratic form 

Til 

^ ajkifjm- 
j,k- 1 

into the sum of squares 

the quantities aq will be 0 for i^j and 1 for i—j. Con- 
sequently it is at least legitimate to assume that aij has 
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been reduced to djj at the origin by this preliminary trans- 
formation, so that we have 

ni 

Qi qi + . h%h q) Qk + ?>/ (?* - 1 , • • • , n?) 

at the origin. 

Now suppose that we write further 

^ m 

qi qi + \2 2 Ktc 

Jt k^—l 

where the constants have the values specified in the 
equations above. We find by differentiation that the equations 

g'i ="= ql T]'i' --- (/"+ ^ qj q'k O' 0 •••. »») 

.hk~ 1 

hold at the origin. 

It is then found at once that in these variables the 
formula for Qi has the stated form at the origin. 

V. CoNSEKVATioiv OF ENERGY. The dynamical system is 
ivnservative. 

If TF is the work function we have the fundamental relation 

m 

dyy - yQjqjdt. 

characteristic of conservative systems. But the sum on the 
right is linear in the accelerations, and comparing the 
coefficients of q'J obtained by employing the form for Qi above 


we find 

alF/8gj 

1 ; 

1, •• 

• , m) 

whence 

w 

-- T+U 



where 

T 

1 Wl 








and where If is a function of gi, •••, g^ only. 
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Kmployilig this more specific form for W, we have of 
course L = T — U according: to the earlier developments, 
and thence 



where lit satisfy (7). But the first two terms on the I’ight 
yield expressions just like those for those derived above for Qi, 
the terms in (jj being identical. Tt follows that we must 
have the differences i?, of the form 


m 

Hi ^ ’»)• 

A])plying now the above condition (7) we conclude further 
that for all /,.y, /»• the relations 


c/y/c + (jh'i + Chij — 0, n — 0 


must obtain whei’e (',jk = r,hj also of coiu'se. 

Hence principles 1-V lead to the type of external forces, 

■■ >if (a</T)+ dq, + 

where the ciju "" Ciifj are functions of the cocirdiiiates such 
that for all /•• 

Cjhi'}- (*kij ~ Ih 


Tt remains to specify a final condition, as simple as i)()ssibk\, 
which will allow us to conclude oy/- ~ 0 for all /(. 

VI. Jf btj a parfirt(/fir rlioitv of voordinafes, tin* h'hivtiv 
toicrgy T is mndr statioiuuif hi (p, • • •, (jm f(f vprfahi point 
7“, • • •, Him the forms ifirht armlr rations trhirh air in- 
drpendmt of fJir ret or Hies, 

»Supi)ose for a moment that such a stationary 7^ exists, so 
that we have at 7 J, 7 ®^ 

dafdtjk 0 J{ = 1 , • • •, w)- 
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The form for Qi at this point becomes 

Qi lij a'l + -g^ +. ' yi- QJ Qk- 

It is to be observed that the form of Q,- employed holds for 
any coordinate system. Now if these forces Qi are to be 
independent of the velocities, we must have njic ” 0 for 
all ifjjJi in the special coordinate system and thus in the 
most general system by the known law of transformation of 
the terms Consequently the desired Lagrangian form of 
external forc.es is obtained. 

The hypothesis that a stationary T exists is justified by 
the well-known fact that for any coordinates of geodesic type 
at the surface element ds where 

m 

rfs® ^ flijrhiidijj 
ij 1 

has coefficients (Hj stationary at this point. 

Conversely, it is readily seen that a regular Lagrangian 
system has external forces Qi which satisfy I-VJ. 

II. Dissipative systems. Conservative systems are oftmi 
limiting cases of what is found in nature, since actual work 
is usually done on the system during a closed cycle. A system 
for which work is done may be called dissipative. More 
explicitly we shall define dissipative systems to be such that 


whei*e 


-- 


!L 

dt 



dL 

d(ji 


+ 


(/ ---- 1 , • • . , m) 


m 



Fulthermore we shall assume that the equality sign can only 
hold for motions in a manifold of dimensionality less than 
m in the m-dimensional coordinate space. 

Supi)Ose now that such a system is unconstrained, or at 
least is subject to external forces which do no work, so that 


m 


^ Qj QJ 


0 . 
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Because of the obvious relation 


clW , V ,, , 


0 , 


where W denotes the work function associated with L. namely 



we infer tliat }V constantly diminishes toward some limiting 
value TFo. It is assumed that the work function cannot 
diminish to — oo. 

Now consider the limiting motions of the given motion. 
Along these motions W has this limiting value Wo, and of 
course the sum 

^ UJ 

vanishes. 

A dissipative system of this type tends in its iineomtrained 
motion either toivard equilibrium oi% more generally, toward the 
motion of a consefi'vative system with fewer degrees of freedom. 



(^HAPTKR IJ 


VAKIATIONAL PIUNCIPLKS AND APPLICATIONS 

I. An algebraic variational principle. On tlie foiinal 
side of dynamics it lias proved to be a fact of fundamental 
importance that the differential equations can in general be 
obtained by demanding that the Variation’ of some definite 
integral vanishes. 

To make clear the essential nature of the \'ariational 
method, we may consider an analogous question con(*erning 
ordinary maxima and minima. 

Let there be given n (equations in y/ unknown quantities. 

•••, .»•„) - 0 0 == 1, •••. 

in which the left hand-members are expressible as the jiartial 
derivatives of a single unknown real analytic function F, 

fi - () F! 9 (/ ^ 1 , . . • , yy ) 

The n equations are then of the special type which aiisi's 
in the determination of the maxima and minima of F, and 
they may be combined in one symbolic equation dF ~ 0. 
Their significance is that for the values .rj, ..., F under 
consideration, the function F is ^stationary’. 

Now suppose that the variables Ti arc changed to /y/ in 
the 71 equations, where the relation between xi and y/i is one- 
to-one and analytic. Since the phenomenon of a stationary 
value of F is clearly independent of the particular variables 
in terms of which F is expressed, the solutions of the original 
equations can be expressed in the characteristic differential 
form (IF = 0, in the new as well as the old variables. 
This furnishes a means of obtaining an equivalent system of 

33 ft 
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equations in the new variables, which is in general simpler 
than that of direct substitution in the original equations. 

In cases when it is not possible to write the given equations 
in the special form, it is frequently possible to tind combinations 
of these equations which may be so written. 

Moreover any non-specialized set of n equations in .ri, • • • , 
of the form first written is equivalent to 2n equations obtained 
from (IF 0 where 

y - ifj 

at least provided that the determinant \dfjdxj\ \ 0. For we 
find that Xn\-u •••, X 2 h are 0, Avhile .r,, .7,, must satisfy 

the required equations. 

From these circumstances it is easy to conjecture that 
the signilicance of the analogous variational i)rinci])les of 
dynamics is laigely formal. 

2. Hamilton’s principle. Let us formulate the concept 
of a ^stationary integral’. Sui)pose that the ('quations 

Xi = Xi{t,X) (/ 1 , .... m) 

ret)resent a family of functions depending on the parameter A 
in such wise that for 2 = 0 we have a given set of functions. 

rr.(f, 0) == (i =- 1, •••. tn). 

We shall assume that the functions are continuous 

with continuous first and second partial derivatives in / and /. 
and also that these functions of f and I vanish identically 
sufficiently near to the two ends of the interval (ifo? h) undei* 
consideration, 

Xi(t^ A) = 0 (/() < t ^ ^ i ^ 

Under these conditions the integral 
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where F and its partial derivatives of the first two orders 
are taken continuous, is said to be * stationary’ for 
if for every snch family of functions we have 


81 -■= 


9i| 

9 A |a=« 


8X 0 . 


This amounts to the equation for % -- 0, 



91 ’ 8xj , 

8.r, af + 


9^ 9j5j\ 
9.rj dXj 


dt 


0 . 


Integrating by parts and noting that dxi vanislies at the end 
points, Ave obtain the eqiwalent equations 



In particular we may take 

rr. {f^X) ;rO (^) -f xd.v^ (/ - - 1 , • • •. m) 


where the functions dj'i arc arbitrary continuous functions 
of t witli a continuous first and second derivative except that 
they are to vanish near to U and U, 

In this way the condition that the integral be stationary 
is found to be equivalent to the system of m differential 
equations of Euler in 


d_ __dF 
dt \9j'// 9,7'/ 


0 


(-; =- 1, . • m). 


In fact the above integral can not vanish for all possible 
admissible functions cci{t,X) unless this condition is satisfied.* 
But the m equations just written are identical in form 
with the Lagrangian equations except that L is replaced by F, 
Hence we obtain the following important result: 

* See, for example, 0. Bolza, Vorlesungen iiber Variationsrechnung, 
chap. 1, for fuller statements and arguments. 
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The Lagrangian equatiom may he given the variational 
form known as Hamilton's principle. 



According to the principle which led ns to introduce the 
concept of variation, we may affect any desired change of 
variables in the given Lagrangian equations by introducing 
the new variables in the function L, To this fact is due 
much of the convenience of the Lagrangian form. 

3. The principle of least action. There is a second 
well-knowii variational form for the Lagrangian equations 
termed the ^principle of least action*, and we proceed to 
clarify the relation of this principle to the one just formulated. 
We assume that L ~ X 2 + L 14 -A) is quadratic in the 
velocities, and recall that the Lagrangian equations admit 
the energy integral 

II' A. • 

It is on this fact that our considerations will be based. 

Let us confine attention to the case where the energy 
constant c has a specified value, say c = ' 0. Hence we have 
L 2 - " Lq along the motion --- (/”(/). (/ 1. • • •, m). con- 

sidered. 

Now define / as follows: 

= J — f' ( V' L. — Vu Ydi = f' (2 1 

This yields 

dl* = (57—2 r' {VL. — \''U) {dV L.—dVLo) dt. 

Accordingly, iftheg9(^) satisfy the assumed energy condition 
we shall have 

ST' ^ dl 

for all variations of the Hence if tlu^ q] in addition 
satisfy the Lagrangian equations, so that dl — 0, we shall 
have d/* = 0 also. 
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The integrand of 7* is positively homogeneous of dimen- 
sions unity in the derivatives ql Consequently the numerical 
value of this integral 7* is independent of the parameter t 
used along the path of integration, and the value of the 
integral depends only on the path in gi, • • • , qm space ;t for 
variations of the admitted tyi)e the end points of the path 
are fixed. Thus the integi*al of energy can be regarded as 
merely determining the parameter U since if we write 

t ■ I uai, 

the integral relation is satisfied in the new parameter t. 

Consequently, if we have d/* — - 0 for qi--(t]{i) and if 
the new parameter t is chosen in this manner, we liave 
also for q. - - 

An alffTnat'ire variational form for the equations of iiiofion 
of such a Laqranqian system is d 7* = 0, or more eTpHeifly, 

( 2 ) dr'{2['UU V l^x)<0 0 

provided that T/o is so chosen that the energy constant vanishes, 
and the para>]neter t is determined, as specified. 

The equation d 7'" ^ 0 constitutes the ^principle of least 

action’ for this i)roblem, and is usually given for the case 
where the linear term Lx in the velocities is not lU’esent. 

By means of this principle not only the variables qt 
but also the variable t may be transformed with facility. 
Indeed, it is obvious that the condition ^ 0 is invariant 
in form under a transformation of the dependent variables qi 
to new variables qi. For along the transformed curve the 
same variational condition will be satisfied, except that L is 
replaced by its expression in terms of the new variables, 
while t has the same meaning as before. Consequently in 
order to transform these vanables, it is sufficient to effect 
the transformation of L directly. The corresponding trans- 

t See 0. Bolza, Voiiesungen iiber Variationsrechnung, chap. 5. 
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formed equations are then obtained by the use of the new 
expression for L, 

The allowable type of transformation of the independent 
variable f is the following: 


dt qm)dt. 


In other words, the differential element of time is divided 
by a factor depending upon the coordinates. We may 
determine the nature of the modification which the Langrangian 
equations undergo as a result of this transformation as follows : 
We note that the integral may be written equally well 

1* ^ j-*' (2 + /» A ) dt . 

This modified integral is of tht^ same form as before if we s(*t 
L = 

Furthermore di* vaiiislies along the curve whether ^ or 
be regarded as parameter. By this transformation of t, then, 
the equations of Lagrange and the given integral condition 
go over into other equations of the same type with the 
principal function L multiplied by jw . 

The differeitfial form Ldti^ invariant under transformations 
of either type. We conclude therefore the following fact: 
By a transJormatioN 

Qi • •• . <lm) (« = 1 . • ••,»»), dt = . ■ •, q„^dt, 

the Lagrangian equations with emrgy constant 0 go over into 
a like set of equations with energy constant 0 in which L is 
obtained from the formula. 

Ldt “ Ldt. 

In the reversible case we have Li - 0, and thus 
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where cls^ = LoL^idiY is the squared element of arc on 
a surface with coordinates •••, q,n. 

Thus in the reversible erne with ,fixe(l energy constant the 
curves of motion may be intev'preted as yeodesi(%s on the 
m-dimmsional surface with squared element of arc 

ds^- - -- l.,,U{dtY^ 

This result indicates the degree of generality which attaches 
to the geodesic problem on an m-dimensional surface. 

4. Normal form (two degrees of freedom). The 
transformations deduced above admit of particularly elegant 
application of the case of two degrees of freedom. In this 
case the differential element 

7^2 d t^ ~ ^ (^11 dq^-\-'‘2 u,v> dqi dq^ -f- Ut 2 dq^ 

may be regarded as the squared element of arc length of 
a certain two-dimensional surface. By choosing and 
to be the c.oOrdiiiates of an isothermal net on the surface, 
the squared element of arc is given the form 

d-q0. 

Consequently if we clioose the function y as 1/A, and make 
the transformation of t above, A reduces to 1. 

J^'or a given Lugratu/iun system with two degrees of free- 
dom and given energy constant 0, there exist variables of the 
((hove type for which the principal function L has the form 

L -- (gf -f q2) uf/[-\ dq'zf- )'• 

The equations and coiulition then take the normal fm m 

qif A 5^2 — 9 yid (ji , qf — A qi --- dyld q2 

(A - da/dq. — dfildqi), 

^ r- 

* See iny paper Dynamical Systems with, Two Deyrees of Freedom, 
Trans. Amer. Math. Soc., vol. 18 (1917), sections 2-5. 
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Now if we regard , q^ as the rectangular coordinates of 
a particle of unit mass in the ])lano, it is seen that the 
above equations express the fact that the particle moves 
subject to a field of force derived from a potential energy 
— Y and a force of magnitude Xv per])endicular to the direction 
of motion, where r denotes velocity. 

Any such Lagranyiav system with fu'o (tryrees of freedom 
can he regarded as that of a mass yarficte in the qi, q^-plane, 
sahjert to a ronservaf/ re field of force der teed from a ])oie}Uial 
energy — and a. non-eneryic force Xr relocify) acting 
in a direction perpend icnlar to the direction of motion, 

5. Ignorable codrdinates. The search for integrals is a 
task of fundamental importance in connection with differential 
systems. The question as to whether integrals of a parti(*ular 
type exist or not can usually be ansAveierl by formal methods. 
Their determination has been considered in many cases. In 
order to refer somewhat to this phase of dynamics, we con- 
sider briefly integrals of Ijagrangian systems which art' either 
linear or quadratic in the velocitic^s. The variables q^, . • • , 
are confined to the small neighborhood of a ])oint 7J, • • •, 7^^^ 
while 7!, • • are arbitrary for the integrals treated. 

We shall assume that L is quadratic in the velocities with 
the homogeneous (juadratic component a ])ositive detinite 
foi*m. 

There is one very simple case in whicli a ]>articular integral 
of the Lagrangian equations linear in the velocities can be 
found immediately, namely the case in which one of the 
co()rdiuates, as 7,, does not appear explicitly in the principal 
function Jj, In this case, the corresponding differential 
e((uatiou becomes 


so that 

d fjd q[ ~ c 

is an integral linear in the velocities. The coordinate (p 
is then said to be an ‘ignorable coordinate'. 
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It may be proved by the method of variation that the 
m — 1 equations remaining, which give a system of m — 1 
equations of the second order in (/g, •••, <]ni after the above 
integral has been used to eliminate can be expressed in 
l^agrangian form. Let us denote by L tlie function of 
^2? • ' - ^ 7m? 7*2? • • •? 7m obtained from L by this elimination. 

7i? • * *? ffni satisfy the given Ijagrangiaii equations, we hnd 
for an arbitrary variation of • • • , qm 



y dL 

97; 



after an integration by parts; hero q[ is determined by the 
integral relation, althougli q^ is not determined u]) to an 
additive constant. If the dV/g, •••, dqy^ vanisli near the 
end points, this reduces to 



7i ignor(Me conrdhiafe, the Lagrangian equations 

can he replaced hg a set of Lagrayigian equations in 72, 7m 
only, aitlf modified principal fancfion 



in which the hnown integral is used to eliminate q[. 

We sketch the above reduction of the number of degrees 
of freedom by use of such an integral because it is typical 
^of the kind of reduction aimed at in many dynamical problems, 
namely a reduction maintaining the genei-al form of the 
equations. 

6. The method of multipliers, fiot us ask next the 
following question: Under what conditions is it possible to 
find m ‘multipliers’ Jlfi, depending upon the coordinates and 
the velocities, such that when the Lagrangian equations are 
multiplied by J/i, •••, Mm respectively and added, the left- 
hand member of the resulting equation is the exact derivative 
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of a function V linear in the velocities? If a set of such 
multipliers exist, we have 



rj[V 
df * 


Evidently this will lead to a generalization of the notion 
of ignorable coordinates, in which special case we have 
Mi 1 for some ^ while Mj ^ 0 for / 

On comparing coeMcients of q'/ we derive first 


Z Mj 

J- 1 


dq'i dqj 


d V 

dq\ 


(i ].•••, m). 


Here, because of the assumption on L, the coefficients of Mj 
are functions of the coordinates only. The right-hand membei- 
is also a function of the coordinates onl}^ since V is linear 
in the qi. Hence the functions Mi must involve only the 
coordinates, and partial integration with respect to qi yields 


V 



-\-S{qiy • • •. qm)^ 


For a given V only one such a set of functions Mij S exist, 
since the coefticients dL/dqj of Mj are linearly independent 
expressions in the velocities, qi. Furthermore, this type of 
relation will persist if the variables are changed, since an 
integral linear in the velocities remains linear under any 
change of variable. Making then, a change from qi to q^, 
we find 


V = 


in 


Z M; 

J,U=l 


dL 

dqL 


8gfc 


+ S. 


Thus the new coefticients are given 
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From the known theor}^ of linear partial differential equations 
of the first order, we can determine m functionally independent 
functions qi such that Ave have the relations: 


Ml — - 1 , M 2 — • • • " Mni 0 . 

On making this change, we obtain 

V = dLld'qi + S. 

Dittei'entiating with respect to f, and using the first La- 
grangian equation, Ave find the identity 


dL 

dqi 


- 1 - 


ydS 


qj = 0 . 


Hence dJjTdq^ is linear in the A^elocities. (Consequently the 
(juadratic terms in L must haA^e the form 


Hi 

~ (72 ; * * •; qm) q,) qk • 

1 

Now let us write 


m 

Li =-- ■ ■ ■. <lm)qj. 1^0 = P{(H, (Jm). 

j=l 


Then the above identity simplifies to 


y dhj 
j=^-i 9(/i 




dS 

^qj 


qj 


0 . 


We infer at once that e is independent of gj, and that if 
we write /S'* == f^SV/gi, then Lx is given by 


■ ^ g'j + ^ (U) Qj, 

j=i oqj >=2 


i. e., by an exact differential augmented by a linear expression 
in ^2? • • •» gm with coefficients depending only upon ^2, • • •, 
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Since the L function may be modihed by an exact derivative 
without affecting* the variation and the Lagrangian eciuatious', 
Avc may omit the first tei m in />! . Hence L may be Avritten 
so as not to involve the coordinate qx directly. 

Tlw most f/enerdl rase, ia which multipliers AIi{qi^ •••, qm) 
of the rurious Laffratufitui equations exist, by the aid of which 
the left-hand members (f tJiese equations may be combi )ied to 
fonn an exact deriratire of a function Y Imear in the relocities 
7ij****7mj reduces by chanye if ear i able to the case of an 
iynorable coordinate (ji in trhich all of the multipliers but one 
are zero and that one is unity. 

The existenc(‘ of such linear inh'grals can be deteiiiiined 
by purely geometric methods. We observe^ tliat in the 
derivation of the result above, only transformations involving 
qu •••; qvi Avere made so that / was iincbanged. Hence the 
quadratic differential form ds'^ -- Lidt“ is an immriaut, 
Avhicb in the final variables has coefficients only involving 
7s* •••; Qm- Ihit of course this analytic pioperty merely 
means that the suiface Avitli differential (dement belonging 
to this form admits of one-parameter continuous group of 
transformations into itself, 

7i qi + 72 -- 72* • • • * 7«i — ■ dm * 

A necessary condition for the existence of sueJi a yenendiccd 
iynorable coordinate is that the surface ds'^ — - it t~ ad- 

mits of a one-parameter continuous yroup of transfonuidious 
into itself. 

We shall not atUmipt to develo]) such necessary conditions 
further. 

7. The general integral linear in the velocities. 

80 far as our reasoning aboA^e is concerned, we cannot as 
y('t infer that all integrals linear in the velocities can be 
obtained by tlie method of generalized ignomble coordinates. 
However, this may be demonstrated to be the case as follows. 

Since is by assumption a positive definite form, Ave may 
Avrite the integi al in the form used in the i)receding section. 
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r V lA 

^ ~ ,2^ ^r 

j-i oqj 

wliere Mi and S are functions of the coordinates only. 
Kmploying exactly the method of that section, it appears 
that by a suitable change of variables we can take il/i - 1, 

d/a = . . . = M>,ti 0, and then by differentiation as to i 
it appears just as there, that L is essentially independent 
of qi. so that is ignorable. 

llio. method of tonltipUers specif ed yields all inteyrals of 
Ihe Lagrafiyian eqaaiioyis which arc Ihicar in the relocitics. 

8. Conditional integrals linear in the velocities. 
In the preceding section we have considered integrals linear 
in the velocities which hold for all values of the energy 
constant. A more difficult problem is that of obtaining the 
conditional integral, holding for a specif ed particular value 
of the (uiergy constant c, say for c ^ 0. We proceed to 

treat this ])roblem for the case of two degrees of freedom. 
Here, by the use of the normalizing variables obtained earlier, 
we may writ(j the equations of motion and the energy integral 
in the form: 

y' + Kd - f/'-iy ~ ;v; y"+i/" - r, 

where for instance, denotes dy/bj-. 

Moreover, since any chang(» of variables leav(*s the linear 
nature of the integi^al unaltered, the integral may be written 

1^ - If my n ~ /r, 

when' it is understood that this relation is required to hold 
only when the energy constant vanishes. 

If the linear integral be differentiated as to the time, the 
equation which results must b(' an identity in virtue of the 
differential equations of motion written above and the energy 
I'elation. The differential equations may be employed to 
eliminate .r", if . When this has been done, an equation 
(liiadratic in y is obtained, which must be an identity 
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in virtue of tlie integral relation alone. The quadratic terms 
are 

Qy + w*®) 

In order that this sum shall combine with those of lower 
degrees in y' by use of the integral relation, it must be 
of the form + This implies 

lx ly 

i. e., that 

I = llyf m — 7Ar 

where is a harmonic function. 

The integral can now be written: 

Hyx! -\-Uxy' ™ /»'. 

According to the principles outlined above in section 4, a 
further arbitrary conformal transformation of the .r, ^-i>lane. 
joined with the appropriate change in will leave th(‘ 
differential equation and integral relation in the normal form. 
In order to simplify further the linear integral, Ave shall 
choose the transfoimation to y defined l)y 


X -h ty 


r 

J liy ^ I 1(.r 


(/ -- I '—n. 


This is evidently conformal in type. The inverse trans- 
formation, 

x + 'hj -- f{x-{-iy\ 


is also conformal, and we have 


'/(x + iy) 


dx-\ -idy 1“ 
dx-\-id~y 




2 

X* 


Now le( the transformed value of t be defined by 
(It -= (.ul + ii^^)(lt 
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From this last equation we find at once 

x' -\-iy — + ///') 

where x' dxIdU y' — dy/di. Thus we have in i)ar- 
ticnlar 

x' ^ il,,x' + f{.ry> 


Consequently when such a further ti ansforniation has been 
made, the above integral is simplified to 

x'-^i) --- A-. 

Now let this integral be diifcrentiated as to t and let x' 
be eliminated by means of the first Lagrangian equation. 
There results 

n,c X + {7iy — X) y + /.r 0, 


which must vanish identically in virtue of the integral re- 
lation. Therefore, we (conclude that the left-hand member 
vanishes identically in x , y , But this will happen only if 
I and y are functions of y only. In this case the equation 
can be made to vanish identically by a proper choice of 

namely j ^dy. 

Jf such a dynamical system with tivo degrees of freedom with 
enei'gy constant 0 admits of a conditional integral linear in 
the reloci tieSy then by means of a suitable transformation of 
the coordinates and the time, the equations can be taken in 
normal form trith 

^ * + //' ■) + n (jf) ./■' + y (y), 


SO that the system contains the ignorable coordinate x. 
integrable case the mrves of motion are given by 


t --- 


j I 'i 


(ci—n)dy . 


V^2y — (ci — 7iy 


2r — (ci — 7iY 


i 'h Oj • 


hi this 
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9. Integrals quadratic in the velocities. The energy 
integral is a known integral which is quadratic in the velo- 
cities. Furthermore it is well known that dynamical systems 
of the so-called Lioiiville type with L of the form 

L - \ rZn{qj)q'f-iWITP), 

^ J 1 

m m 

admit of m integrals quadratic in the velocities, in particular 

(h — rni 4 - HH - - Cl (/ 1 , • • • , m), 

and can be completely integrated. 

We propose here only to discuss a special converse problem: 
to determine the conditions under which a Lagrangian system 
with two degrees of freedom and of reversible type, with energy 
constant 0, admits of a conditional integral 

2 ( 0 . -[- 2 h .r fj 4- C //^) I - ;/ - k 

where 0 , •••,./ are functions of .r and //, and where «, &, c 
are not all identically zero. 

If such an integral exists, any transformation of Xj y, t 
of the type discussed in section 3 leaves the form of the 
integral unaltered. Hence we may transform the equations 
to the normal form foi' which 

+ +r- 

Differentiating the above assumed integral relation, and 
making use of the Lagrangian equations to eliminate a;", 2 /", 
we obtain a polynomial of the third degree in y at most, 
which must vanish identically in virtue of the above integral 
relation. Now the third degi*ee terms are 

y ax ^ ?/+ {^u + ^ 4 + y ^ ’ 
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and these must combine with those of lower degree by virtue 
of the integral relation. This can only happen if this poly- 
nomial is divisible by + i. if 

((x ^ (iy f'y ^ IKv* 

These arc the Caiuihy-liiemanii differential equations for the 
conjugate harmonic functions a — c, 2/>, and we may write 

n~'C 2uys h — Hx, 

where n is a harmonic function. 

Our conclusion is that the hypothetical integral has qiiadrati<* 
terms 

2 ''' T Ux 1/ — 2 Hy 1/ f- i> (x + !/ ) . 

Taking account of the energy relation we may replace the 
last term by 2p;'. The remaining quadratic terms may 
be written 

— SR l(«|, — i ll.r) {■>■' 4- il/'f] 

where SR stands for ‘the real ])art of. 

Now write 

---- l/(u,y+/Ur) 

so that / is an analytic function of ./ +///. Make the change 
of variables 

0^ + iy -=- "= 1/ 

which leaves the normal form of the equations unaltered. 
We find that the above quadratic terms, which may be written 

2 I \/'Uf J 


become 
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in the new variables. Hence, dropping the bars, the integral 
relation takes the simplified form 

^ 4- dx' 4 ey' 4/ = h. 

Again if this be differentiated with respect to f as before, 
there is obtained 

dm 4“ {(ly 4- C.r) IJ 4" Cy 

+ (/a? + Y.r) “h {fy — Yy) u' + ^h'.r + (^Yy ' 0 . 


The linear terms must vanish so that we find 


r = V W4'- f 


Hut for this value of y the differential ecjiiatioiis are of 
immediately integrable type: 

If a reversihJr Lafjranfjinn system with two degrees of freedom 
and ndth the energy constant 0 admits of a conditional mtegral 
quadratic in the velocities and distinct from the energy mtegral, 
then, hy a transformation of variables, the equations and 
integnd, tahe the form 

■r" == 9' (r ) . y" - (y ) , I 4 !/'') - 9 W 4 Hy) ■ 

A specif f I qa,adratic integral is Hum 

— - — //") ™ ("'■) — d (//) + h 


and the equations are integrable irith 


1 


r { 

■ d// 

\ 2 . 


12 ,1 



The Liouville type of equations is essentially an equi- 
valent case. 

10. The Hamiltonian equations. Next we proceed to 
formulate another important t^^pe of variational principle, 
which leads to the so-called Hamiltonian or canonical fonn 
of the equations of dynamics. 
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Let us write 

J r til m 1 

^VjQ'j — ^i>p'j+L{qu •■■.g.m, n. • • •• r^ylt == 0, 

«„ Lj=i j- -\ j 

ill which the n are the functions of i>i, * • • • •• 

properly defined by the m equations 

Pi — dL/dvi {i = 1 , •••. m). 


and where yji, • • • . pnu * • • * 3,**^ to be varied independently. 

The first m equations, obtained from the variation of jJi, • • •. pm, 
are of course 


d /^\ 
dt\dj/il dp] 


j=\ \ opi 

— (/'» + >■( = 0. 


dL d vj \ 
drj dpi) 


where F stands for the integrand. The sec.ond set of m equa- 
tions can be likewise obtained and may be written 

p'i-^-dHjdqi ~~~ 0 , 


if we introduce the abbreviation H for 


^Pjrj—L. 


It is important to observe that the 2m differential equations 
so obtained are each only of the first order, wdth the general 
solution containing only 2 m arbitrary constants. 

The first set of equations show that the functions q^. 


which mak(' the integral stationary are such that 




Now let n be fixed as q'i. so that the integral reduces to the 
Lagrangian integral 

Liqu '•*. qm, gi, q'»i)df. 


I' 


The variation of qi, • qm is still arbitrary, but the variation 
ot pi, •••. Pm is determined. Furthermore if the variations 
of ^ 1 . • • •. q^n vanish near to and ti, so will the variations 
of pi, • • • . Pm- Hence we have 
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d ' Ldt 0, 

aloii#? q. — qlif), and we conclude that (^9 satisfy the associated 
Lagrangian equatioUvS, with r® = ^9', thus determining the 
corresponding 2;9. 

Thus each solution of the proposed variational problem 
leads to a so^^ution of the associated Lagrangian equations. 
The converse is also true, since the choice of qi at any 
time f is arbitrary and leads to an arbitrary set of values 
of qi, q'l. 

If iJw principal function for a Lagrangian sgstem is 
L{q\, q,n. 7i. •••. fni) and we form the function of 
p\. pm ^ qu ' - ^ qm defined hg 

m. 

( 3 ) H = - L [-'Zh<l'h 

1 

where the rariahles qi are to he eliminated hg means of the 
equations 

(4) Pi -- f)Lldg'i a - 1 

the original equations d^Ldt 0 mag he replaced hg the 
equiralent sgstem in pi. qi 

( 5 ) ^ 0, 

o)\ more explicitlg. 

(6) dpif dt — dH/dqt, dqi/ dt - d Hldpi (/ ™ 1 , • • •, 9w)* 

The equations (6) are the ^Hamiltonian’ equations, and the 
variables pi are called the ‘generalized momenta’. A pair of 
variables q, are called ‘conjugate’. Furthermore it is to 
be noted that the Hamiltonian ‘principal function’ H is the 
total energy expressed in terms of the generalized coiirdinates 
and momenta. The energy integral H ~ const, follows at 
once from the canonical equations. 
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It may be observed here that the above variational principle 
leads to the same canonical equations even if L and H involve 
the time 

Conversely, any Hamiltonian system (5), {i\),H being arbitrary, 
can be reduced to a Lagrangian system. 

To prove this statement we need only define X by tlie 
equation 

m 

, • • • • (Im, /•].•••. rm) ~E J'J 'J 

where pi, are functions of qi and n f>iven by the 

implicit relations 

r, -- dR/dp, (/ — 

It is obvious that the Lagrangian system witli this principal 
function L is associated with the prescribed function H in 
the way desired. 

If H contains f, so will L of course, and the same method 
is applicable, 

II. Transformation of the Hamiltonian equations. 

The variational principle (5) is remarkable in that it only 
involves the ^cond half of the derivatives pi, 

<'/!, under the integral sign, and those linearly with 

coefficients precisely the conjugate variables. X general 
l}oint transformation from pi, • • •, q-,n to pi, • • • , q-m will yield 
a form linear in pi, •••, q'm but not of this special type. 
We shall desire in the next section to consider the corresponding 
Pfaffian type of equation so obtained, which has certain 
advantages over the Hamiltonian type. 

A general ‘contact transformation’ preserving the canonical 
form is the following 

(7) pi dKldqi,pi ~^dXldq~i {i 

where K is an arbitrary function of gi, • • •, gj, • • g^, t 
except it must be such as to define a proper transformation 
from pi, • • • , gm to pi, • • • , gw^ by means of the above equations. 
We shall not undertake to explain the apparent artificiality in 
these equations, but proceed to prove that such transformations 
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do indeed leave invariant the canonical form. By use of the 
first m of these equations we modify the variational problem 
to the form 



dK 


<1J- 


H\ 


dt ^ 0 


where the independent variables are now taken as pi . • • • . q,„. 
But for these same variables, we have 



since the expression under the integral sign is an exact de- 
rivative. By subtraction and use of the second set of 7n 
equations of transformation we deduce 


6 



(H- H+dTddt), 


The tramfovmaiiou (7) preserves the Hamiltmiian form 
with JET = IJ’\-dKldt, In case the arbitrary function K 
yields a proper transformation. 

Similarly we may write 


(8) Pi = dK/dqi, q, - dKjdpi ^ 1, ••• , y/?)? 


and find a corresponding result. 

The transformation (8) also preserves the Hamiltonian form 
ivith H = H+dKjdt 

It deserves to be remarked that transformations of type (8) 
form a group. In fact such a transformation is characterized 
by the fact that 

m 

X ivj dqj-]r 'qj 

is an exact differential, dK, For a second such trans- 
formation from Pi , •• •, q,n to pi, • • •, r/m, there is a second 
characteristic dK, By addition we infer 
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m m 

Z (PJ dqj +Pj dqj) diK+K~Z PJ dqj), 

SO that the compound transformation is of the same type. 
Similarly the inverse of a transformation (7), or the resul> 
tant of an odd number of transformations is of the same 
type, while the resultant of an even number of transfor- 
mations (7) is of type (8).* 

12 . The Pfaffian equations. It is clear that Hamiltonian 
equations can be regarded as a special type arising from tin' 
more general Pfaffian variational principle, 

( 9 ) ^ j^''[Z/^JPj+Q]dt - 0 , 

in which the integral is linear in all of the first deri^ atives 
with arbitrary functions Pi, •••, P«, Q of /q, pn as 
coefficients, and n is even. 

If we develop these eejuations explicitly they become 


(lOj 



dpiJ 


({pj _ 9 9 

d t d’Pi 


0 (/ -- it). 


Furthermore these equations are evidently those of a de- 
generate Lagrangian problem with L 2 ~ 0, Li ^ ^ PjPh 
Lo ^ Q, so that there is the particular integral Q const. 
This reduces to the energy integral in the Hamiltonian cas(i. 

These equations admit of an arbitrary point transformation 
of all of the variables without losing their form. It is only 
necessary tr) determine the modified linear differential form 
under the integral sign by direct substitution. Thus the 
Pfaffian ecpiations admit of perfect flexibility of transformation, 
and in this respect are easier to deal with tliaii either the 
Lagrangian or Hamiltonian equations. 

13. On the significance of variational principles. 
Since the variational principles have taken an important 

* For the applications of the theory of contact transformations and for 
consideration of the associated Hamiltonian partial differential equation, 
tlio reader is referred to Whittaker. Anah/lical Dynamics, chans. 10, 11, 12. 
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part ill dynamical theory, it is of especial interest to deter- 
mine their real significance for dynamics. In other words, 
what especial properties are possessed by the Lagrangian, 
Hamiltonian or Pfaffian equations arising from the respective 
variational principles treated above? All of these can be 
regarded as systems of n ~ 2m equations of the first order 
if we introduce the new variables r, = q'i in the Lagraiigiaii 
equations. 

Let us first remark that so long as these equations are 
consideied in the vicinity of a point in the corresponding 
space of n dimensions not an equilibrium point, there are 
no especial characteristics to be found. 

Indeed if we take a dynamical system as defined by any 
set of n equations 

dxi/(l / -- (.Cl , • • • , !,•••. n). 

it will in general remain of the same type under an arbitrary 
jioint transformation 

Jfi = • • •. tjn) (v ' ■ L ♦ • w) 

\uider certain conditions. Two systems of this kind will 
naturally be termed ^equivalent' if it is possible to pass 
fi*om one to the other by an admissible point transformation 
of this kind. If we confine attention to the neighborhood 
of a point crj, • • •, at which not all of the Xi vanish, so 
that this is not an equilibrium point, the equivalence with 
other such systems is unrestricted, and the new equations 
may be taken to be 

(lyildf — 1, dyjdi = 0 (/ ~ 2, •••, w), 

for instance. This is readily seen as follows. Conceive of 
the given differential system as defining a steady fluid motion 
in a?!, • • xn space so that the curves of motion are defined 
by the solution xi = (/ ^- 1 , • • m)- These curves 

which have a definite direction with direction cosines pro- 
portional to A"i, • ••. Xn may be deformed into the straight 
lines 
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U \ — * 2/2 — <^7 • * *? 2 /^/ Oi 

of a ^1, • ••, 2/n space by one-to-one analytic deformation. 
Consequently the transformed equations have as general 
solution 

6*1 , ^2 — ^‘2 7 • * • 7 yn <'n 7 


whence it follows immediately that tliose equations have the 
desired normal form. 

Hence in such a domain there is no distinction between 
equations derived from a variational i)rinci])le and the most 
general equation. 

In the following cha])ter we shall see that variational 
])riiiciples play an important role in connec-tioii with the 
formal stability of dynamical systems near equilibrium or 
periodic motion. Indeed this appears to be their principal 
significance for dynamics. 

One further interesting remark concerning variational prin- 
ciples may be made here. Suppose that we start with 
V arbitrary equations of the form 


(1 1) (h'ijdt - A'fCr,. • • .ryj, /) (/ -- 1 , • • •. //)• 

The equations of variation are 


<///y 

(1/ 


V 

— 


aA 7 

~da\ 


!/j 


O' = 1, • • •. •«)• 


There can be formally integrated at once if the general 
solution 

Ji (f 7 , • • • 7 Oj) (i = 1 , • • • . )C) 

is at hand, namely 

Vi = /»i H h 1 , • • • . n) 

u Cl 0 ( n 

where ki, ••• , kn are arbitrary constants. 

Similarly the adjoint system to the equations of variation 



(/ == 1, • • •, n) 
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( 12 ) 


ds!i 

liT ~ ~j4{ 


can be integrated explicitly by taking 


. _L 1 9/" 


^'n h a 1 . 


^0. 


Hence the given system (11) of equations of the first 
order can be called ^equivalent’ to that of the extended 
system (11), (12) of twice the order in the 2n variables 
* • *, -2n, since the explicit solution of cither 
system involves that of the other. But the extended 
system (11), (12) is Hamiltonian with e-onjugate variables 
Xi, Si, and witli 

tn 

H = —Z ^J^J, 

J = 1 

as may be directly verified. 

These remarks serve to indicate the care necessary in 
assigning to the variational principles their true significance. 
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FORMAL ASPECTS OF DYNAMICS 

I. Introductory remarks. Jn the preceding cliapter it 
was pointed out that a system of ordinary differential equations 

( 1 ) ilxiUit == • . .. .Vn) {i - 1 , • • n) 

was devoid of iiivariantive characteristics under the general 
grou]) of one-to-one, analytic transformations 

(2) :n ^ T* (.Ti. ‘ 0 ^ 1. • • •. w). 

provided that attention be confined to the vicinity of any 
l>oint .r9. This was done under the assumption that the 
functions Xi were analytic and did not all vanish at the 
point 

The simplest ease in which iiivariantive charac'teristics can 
he expected to arise is that of a iioint of efpiilibrium, the 
condition for which is Xf -- 0, (I 1, •••, /O- Another 
important case, which may be regarded as including this 
one, is that associated with the neighborhood of a periodic 
solution of (1) of period r 

■n = yi(0 O' = 1; • • »t). 

If we write lluni 

j', fi (/) + O’ =■- 1. • • •. n), 

the equations take the more general form 

(»3) (fft'i! (It A / ? * ’ *J '^*11 y 0 0 1 > ■ ’ *7 ? 

Avhere tlie functions A'^- are analytic in .ri, *••, .v,, and 
periodic in t with the ])eriod r of the motion, and vanish at 
the origin in the new space for all values of f. 

We shall treat the question of the invariantive characteristics 

59 
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for the ^generalized equilibrium problem' defined by a system 
of this more general type. 

In the present chapter we shall in the main restrict attention 
to those purely formal properties which have no regard to 
the convergence or divergence of the seiies employed, and 
which take for granted an equilibrium point or a known 
periodic motion. By doing so we shall be able to develo]) 
to a considerable extent the formal significance of the La- 
gi*angian, Hamiltonian and Pfaffiaii types of equations employed 
in dynamics. In order to do this we propose first of all to 
develop the characteristics of what may be called the general 
case of the equilibrium problem, and then to pass on to the 
more special types referred to, so that a comparison may 
be effected. 

a. The formal group. As a matter of notational con- 
venience, the equilibrium point of (3) will be kept at the 
origin in all cases. The typo of transformation considered 
will be 


(4) 


^0 (0 ^ (0 -O Xk -| 




j\k=\ 


where the real coefticients (i,j, (liju. • • • are periodic analytic 
functions of / with period / , such that the determinant | aij | 
is not zero for any t Evidently two of these transformations 
performed successively may be united into a single composite 
transformation, while the inverse of such a transformation 
is another of the same type. Furthermore, the form (3) of 
the differential equations is clearly maintained under this 
group of transformations. 

Imagine now that divergent series ai)i)ear in (4). The 
right-hand members Xi of the transformed diffei ential equations 
will then be given as definite formal power series in iCj, 
with coefficients analytic in t and of period r, and these series 
will lack constant terms. Thus along with the formal group 
we obtain corresponding formal differential equations. Now' 
it is to be particularly stressed that the ordinary laws for 
composition of transformations, and for deriving the associated 
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differential (filiations, hold in the case of divergence as well 
as in that of convergence. This is an obvious consequence 
of the fact that when the formal series involved are broken 
off at terms of high degree, actual transformations and actual 
differential equations are obtained for which these formal 
laws are valid. By including terms of higher and higher 
degree the lower degree terms in the differential equations 
are not affected. Proceeding thus to the formal limiting case, 
we infer that the usual purely formal relations will continue 
to hold in the case of divergence. 

In many cases it is convenient to introduce a slight exten- 
sion of the above formal grou]) so as to take care of certain 
pairs of variables xi and Xj in a special way. In fa(*t it is 
convenient to introduce conjugate variables 

? - -t- P — 1 ,77, // Xi — K — 1 Xj 

so that if Xc and 77 are real, ? and ^ are conjugate imagi- 
narics, and conversely. At the same time the transformation 
from ccj, • • •, xn to .'ri, • • may be expressed in terms of 
the conjugate pairs such as 'tj and the corresponding trans- 
formed variables The series involved are then charac- 

terized by the property that if the conjugate variables ? and 
are given conjugate imaginary values, while those not so paired 
are real, then the same will hold for tl)e new variables. If 
we go back to the underlying transtormation belonging to 
the formal group, the new variables ^1, will be real 

if 7*1, • • • , Xn are. 

It is not difficult to determine the characteristics of the 
formal series which appear in the transformation of such 
conjugate pairs of variables. If the transformation within 
the original group be written 

77 Ji{xij //i, • • • , //a, X2s-^t O ' ’ ' f 77t) ? 

//, r/f (xi, fjfi, . • . , Xs, f/s, X2S~\ 1 , • • • , 7 * h ). 

(/ -- 1, s), 

Xi hi(xij //I, • • •, Xsj tjsj ./.•2S+1, • • •, Xn), 

{i - 25+ I, • • • , n). 
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where Xi, . ./'s, i/s are the s pairs of associated variables, 

theD the conjugate variables are 

*/ == Xi +V—1 /A, 71 i --- Xi — |/— If/, {; =r^ s) 

with like definitions of in terms of yt. Hence Ave 

have explicitly 

f', ■ - ./; (i^L + v 0/2, (S, — „)/2 l — T . . • • . ;/•,«+,. .... X„) 

+ .'A ((?! 0- V 0/2. (?1 — i; I )/2 r — 1 , • • ■ . ,r2,v m, • ■ • , Xn) ^ — 1 

for / -- 1, • • •, .V with like formulas foi* ///, (/ - 1, • • •. s) and 

for Xi, {I 2.*? f 1, n), when avc employ the modified 

variables. Clearly the series on the right have the i)roperties 
of the transformations of the formal group except that the 
periodic coefficients are in general compk'x. 

If we examine the form of these series we ])erceive at 
once that they posses the following additional characteristic 
l)roperty. If the pairs fji be interchanged in the series 
on the right, and if at the same time the periodic coefficient, s be 
replaced by their conjugates, then the series for ?/, 1 . ••• . .v) 

are interchanged, Avhile those for ./*?,(/ 2.s • + 1 , • • u.) are 

unaltered. 

It is readily proved that this necessary formal proi)erty 
is also sufficient. In fact suppose that x„ ijt are real (piantities 
and define '%i, rji as before so that ?/, are conjugate complex 
quantities. Wrife 

h * • •• X‘>sl lf • • Xn. f) ii = 1, • • •, .S'). 

fji • • *, 7is, X2s-^1, • • •• Xn, f) (/ -- 1, • • •. .S‘), 

Xi • • •, '/.V, X 2 s>-\, • • •. X„, f) (l = 2s+ 1, • • •. il)j 

Avhere the series (/»/, tpi, xt assumed to have the stated 
formal property and, at the outset, to be convergent. If 
then Ave use the * as superscript to denote the ^conjugate 
of’, we find, for instance, 
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5* = • • •, J , • • • , t) 

(^l> * * *7 “^Sy ^*2s4 1 7 * ’ *' Xnj 0 ■ Viy 

here designates the formal series obtained from by 
replacing the periodic coefficients by their conjugates. Hence 
h and fji are conjugates also. The same kind of argument 
shows that Xi must be real for / — 25 + 1, .•*, 7i, 

In case the series of tlie underlying formal group are 
divergent, the series belonging to conjugate variables may 
also be divergent. But of course the above formal property 
is still maintained as may be proved by breaking of the 
formal series at terms of high degree and then applying 
the above argument. 

As a very simple instance of the change from real to 
conjugate variables let us suppose that the transformation 
in real form involves one pair of variables x^ y as follows: 

,/• =: .rc()S(^+^ — vT'^) — ysiii(^ + if — (7® 
y ~ X sin ( f — r r ”) + // cos {0-^f — r r ^) . 

Evidently this is a transfoianation of the admitted type 
with T ~ 2 ft, Introducing the corresponding pair of con- 
jugate variables ly Ave find readily 

and the characteristic property of the series on tlu^ right is 
at once verified. 

3. Formal solutions. vSui)pose that we substitute in 
the system (3) of differential equations und(n* consideration 

(5) Xi = Fi{t n, • . .. cn) (/ I 7 • • •? ^0* 

where the Fi are formal power series in the n arbitrary 
constants without constant terms but such that 

the determinant dFildcj\ is not zero for any t at the origin. 
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and where the coefficients in these series are real and analytic 
in the series may converge or diverge. Tt may happen 
that the n equations (3) so obtained will be satisfied identically 
by these series Xi in the formal sense. In this case we shall 
say that the series (5) give the ^general formal solution’ of 
the given differential system. 

In a special case the coefficients in Fi may happen to be 
periodic in t of period t. There would then be defined 
a corresponding transformation 

Xi " - Fi(t , //t , * • • . yn) ™ 1 , • • • , ti) 

in the formal group. If the associated formal differential 
system is 

dyijd t ^ Yi (//i , • • • . </n, 0 r/ 1 , . . . . 7/.), 


we have then the formal identities 


^Fj_ I 'y y 

df dyj 


n. f) (/ - 


in which the arguments of Fi are //i, ^ of course. 

But the precise meaning of the hypothesis that the Fi yield 
a formal solution is that 


a FJd t Xi{Fu ^ ^.Fn. t) a = 1 , • • • , n), 

where now ci, • • •, cn replace //i, • • y^ as the variables in 
the series Fi. And if we replace ci, •• •. Cn by yij-’-. yn 
respectively, as we may, and compare with the equations 
which precede, it appears that 

n 

^id Fi/dy,) Yj ■ - 0 . 

;==i 

whence of course 0, / ~ 1, • . m. Consequently this 

special case is the case in which the given differential system 
can be formally transformed into the normal form 


dxi/dt “ 0 


(:l -- 1 , • • • , 
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Ji trciiisformation witliiii tlic specified formal f^roiip. As 
we shall sec, this is not in f?oneral possible of accomplishment. 

Jf the cnriahtes in (3) nm transformed iriihin the format 
group, ang general formal solution (5) is transformed into 
a general formal solution of the transfmmed equations. 

An easy way of i>r()ving this is to extend the formal group 
foi* the moment by allowing analytic, coefficients not i)eriodic 
of period / . There will then be a transfoimation. obtained 
from (5) by replacing by //i, •••,//« respectively, 

which is in the exten(i(»d groii]). and which takes tlie given 
eipiations into tin* system for which 1'/ 0 (/ -— 1 , • • n) 

as before. But the transformed system in ./ i. . • can then 
b(' taken into this special system directly by means of the 
composite transformation taking ./•/ to and then to g,. 
But this means precisely that the general solution of the 
transformed system may be obtained in Wui si)ecified manner. 
Jt is assumed in this reasoning that the formal laws remain 
valid within the extended formal gi'ou]). 

7V/C most general formal solution ./*# - d\. •••, dt!), 

(/ ■— 1, •••, q! i^) ohiained from a)ig 2 nirticular 

formal solution (b) hg substitution of n arhitrarg real series 
in d\, • • • , d,t ftr cj , .... say 

c/ ^ *j', (di. . . dn) (i 1 , • • •, n). 

irith the sole proriso tJuit the determinant | dfrt/^dj- is not 'cro 
for di ••• dn 0. 

This almost obvious fact ]nay also be established readily 
by use of the extended group. The two transformations 


Fi {t ^ 4] , • • • , .i«), (/ , U'i 1 • • • , U'lt') 

(/ - 1 , • n) 

take the equations (3) into 

dzildt — 0, dwjdt 0 (/ - 

respectively. Hence we may write 

(i ^ 1, •••, n) 
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as the transformation taking* directly the equations in .2,. •••, 
into the equations in We infer at onee tliat 

. (iffi ^ jl'£i .. 

f/t d f j \ d irj fl t (ft 

so that the variable t does not ai)i)ear in </*i, •••, H'n* i. e., 

.;/ «/'/ Or,, • • iCn) U 1, • • •, y/). 

Thus we obtain the formal identities 

/^UO '/'i. 0- 

proviih'd that we re])laee /rj, • • •. by y/,, , d,, res])eetiv('Iy. 

This is tin* relationship which we set out to i)rove. Of course* 
\diy,l()dj \ is not 0 for y/, ^ ••• d,i --- 0 by virtue of the 

definition of the extended j^roiij). 

The ({uestion of the existence of formal solutions is 
immediately disposed of. In fac.t let us take r, ///, • • • , r,i - //jj 
wluM’e /y” stands for tin* value of //, at / Tlien it 

lias been established that the «:eneTal solution 

/// A’/ (0 r,, . . o,) {/ 

is analytic in for r, , (/ small and 

for any / lyinf>’ in the / interval for r, ... t-- r„ 0. Hut 
the solution is then .r, — ()(/- 1, • • •. /i) foi* ft// values of /. 
so that the solution is analytic in c,. • • • . r„ , f for / arbitrarily 
larf»'e, provided that , C/ are then sufficiently small. Thus 
the right-hand niembers may be expanded in power series 
in Cl, •••, r,i with coefficients analytic in f for all values of f. 
Furthermore we have clearly for f - /„ 

d/y (d;; — 1 ; dfj =0, / | .y)* 

Hence d(f>,/dri (/ 1, • • u) constitute n linearly independent 

solutions of the equations of variation for 7 - I, •• •, u, and 
the determinant will not vanish for any f. 

Then* e.riai foiina/ aolnttona ttf nnt/ si/stou ( 3 ). 
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It is obvious that if eonjiiffate variables are introduced in 
the fashion of tlie preceding section, then the formal solutions 
will have a corresponding modified foi’in. 

The significance of the formal solutions will bo specified 
further in the following cha]>ter. Suffice it to say hei*e that 
these are the tyi)e of solutions actually employed in astronomical 
problems when the perturbations of a i>eriodic motion need 
to h(‘ calculated. 

4. The equilibrium problem. As has be(Mi pointed 
out earlier (section 1). the simplest case for consideration is 
that presented by an ordinary ('(|uilil)rium point. For this 
case the functions A'l, •••. do not. involve t explicitly. 

In dealing with this s])ecial case we shall use only trans- 
formations of the formal grouji which do not involve the time /. 
The (vpiations of variation tak(» the form 

n 

thhhU w O//// 1, •••,;/) 

1 

wIktc the constants r,j are the values of dX^lh.r, evaluated 
at the origin. In the c.ase to which we limit attention at 
tirst th(' determinant equation 

(H) r,f 0 

has H roots •••, nin. not subj(‘ct to any coininensin’ability 
relation 

(7) /’lao i \-fniihi t) 

tor any set ol integers /i. •••./;, not all zero. 1^hes(* loots 
aie real exccqit possibly for cei-tain conjugat(' iinaginaiy pairs. 
It is to be noted that the assumed ineipialily excludes the 
])ossil)ilit.y of a zero loot so that the iletenninant \r,/ is 
not zero. 

Now we can clearly determine a square a i ray l,j , ( /, j -- 1 
with h not all zero for any particular 7, such that the sets 
A/. j satisfy the n homogeneous linear equations 

n 

hi' hit lilL* 

y - 1 
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In fact the vanishing of the determinant ot this system 
gives precisely the defining equation for the roots mic More- 
over the determinant is not zero. This fact and the 
reasoning whicli follows are of course well known in the 
ordinary theory of linear transformations; ln»wever, foi- the 
sake of comidetencss the reasoning is included. In fact, 
suppose the contrary to be true, so that multiidieis (>i. •••, {>n 
not all zero exist such that 

H 

^ 1,1 (!, 0 (/ -- 1 . • • • . •//) . 

7=1 

Multiplying the earlier equations by (>/.. (/,• - 
adding, there results at once 

n 

fl 2^ fih iifl, QL 
U 1 

SO that uuQi, (/ — - 1, •••, n), also yield a second set of such 
multipliers. ( 'oniinuing in this way we infer that (>;, • • • 

must form further sets of multipliers. H(‘nc(' by linear com- 
bination still more' general sets of miiltiidiers 

(Co -f- Cj ///^ -(- c., -I -f- c ^ M (/ 1 , • . • , o) , 

are obtained. Hut the n ((uantities in parentheses here can 
be made to tak(^ on n arbitrarily assigned values, just because* 
the roots m, arc distinct. Jn particular the coefficient of 
Hh I H can be replaced by 1 while all the others are 
made to vanish. But this would necessitate that lih - 0. 
( / ^ 1, •••, 7/), contrary to hypothesis. Consequently \l,j\ 
cannot vanish. 

It is also obvious that we may take the quantities h, so 
that in the tiansformation 

n 

Ih - 

/ 1 

from iji to Zij the variables .r, and Zj corresponding to con- 
jugate imaginary roots no and mj will have conjugate imaginary 
values when are real, and conversely. 
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Now let us introduce this change of variables in the special 
type of equations (1) under consideration. The equations 
obtained by substitution in (1) of the linear expressions in 
it for ijt will then assume the fonn 

^ ' l i ^ ^fj -.y I" • * * (y 1 , • • •, yy). 

.y— 1 t y --1 

where the terms of higher than the tirst degree in .'i, •••, 
in the riglit-liand members are only indicated; in tlius writing 
the first terms on the right, the characteristic property of 
the quantities /,, is of course employed. It follows from these 
relations tliat tlu' eciuations in have the form 

- m, 4/ + • • • (/ — 1, • • - , y/) 

where only tlu' linear terms are explicitly written. 

Thus we may take the system to be of the imepai’ed form 

il •I'll d f - hif .^‘y A / f./'i j • • • . ) ( y ' — 1. •••j 

in wliicli we may wiite 

Fi - - ~| Fiii -f- . . . ( y - I , • • • , , 

with F,h a lioniogeneous polynomial of degiee /.• in .cj, .rJ^, 
\V(' shall show next that we can obtain formal series 

V'y ./yy) VVl»+ -|- • • • - 1 , 

such that th(^ transfoi*mation 

~ + (/ 1, . • n) 

reduces the diff(n(*ntial (Mjuations to the form 


(f.rfldf --- nil j'i (y - 1. • • •, n). 


This will be achieved. i)rovided that the equations 

<l .r, hi f -f- y/ t - mt (./* + tju) (y i y • • • ? 
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follow in consequence of the differential equations in jCf Using 
these equations to eliminate dTi/dt, we obtain as the desired 
relations 

H. 

^ '/'// 9 Kf) <i + ^}) " lift 9 f 

.y--i 

(v -- 1 , w). 

On expanding Fj and 9>i in series, these take the form for 

1, //. 

/ 1 n ,r, 


Flc + 



9 </</.• 





2>-i n 


d:/‘, 


V//.. 


liOt US consider the Hist equation written for any /, which 
obviously constitutes a ])artial differential equation for 
The coefficient o of tlie term 

•••/,. =^- 2 ) 

in 9>r2 tlien evidently determined in terms of the analogous 
coefficient df of F^j be means of the equations 


d/ + • • • 4" if/ — 1) nL -f- — 4“ f» noj (‘t — 0. 


Hut the term in parenthesis is not zero by virtue of tlie 
hypothesis made concerning the quantities wo-, so that r, can 
be determined as desired. Hence there is a unique set of 
homogeneous quadratic polynomials 9^,2 satisfying the first set 
of the equations written above. 

In the same way the second set of equations determines 9>, \ 
uniquely since the equation for determination of the coefficients 
in 90-3 is of the same general typ(‘ as above except that we 
have /i "h • • • 4 “ - 3 in this case. 

Ignoring then the questions of I'.onvergence of the s('rii‘s 
employed w^e arrive at the following conclusion: 
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lifj means of a formal traiu^formation 

n 2 n 

~ .A (^'1 » • • • , ^ Ifj Zj + U ^ hjk Zk 

j--.l 

(/ 1 , • . n) 

iviih \ltj\ I 0, the differrntial equations (1) with an t/rdhiarf/ 
equUihriam point of (jenera! type at the oriyin. van he rertarert 
to the normal form 

(0) (Ujdt mu, a 


.VO that vorrespondhiy to vonjnyate roots m, and mj tJtere are 
voujnyate variables and Zj, 

Sinco the normal form just written is intep:rable with 
gf'iieral solution 

z, <,e ’ (/ — 1 , • . 

wc may state Ww following* conclusion also: 

71te correspo)idiny formal sot at ion of {\) may he n'rifteu in 
the form 

Ji (ci e ‘ 0/ c ” ) (/ ■- 1 . • • •. y/) 


trhere the f, are the same format poarr fferies <(s appear nt 
the transform af ion to normal form. 

5. The generalized equilibrium problem. It is not 
difficult to extend the above method to the generalized equili- 
brium problem in which we start with equations of the form (3). 
here the equations of variation form a system of // oidinary 
linear differential equations 


dyjdt 


dX, I 

1 = 1 OJj |( „ 


(/■ 


id 


with coefficients 9AV9 ojt=o which are analytic periodic 
functions of 1 of period t. Let /yu, • • •, ynk^ (/»’ ~ 1, • ^0? 

give for each h a solution such that the n solutions are 
linearly independent. Then the general solution is a lineai' 
combination of these particular solutions. When t is increased 
by f , the equations of variation are unaltered. Hence we 
have 
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n 

tjik (< + *) - ^ yii if) Cia (/,/«•= I , • • • , »i) • 

Now if we define m\, • • - , as in (8) by means of the square 
airay c^j thus obtained, we may choose another linearly in- 
dependent set of n solutions which will reduce the above 
relations to a noimial form 

Utk (^ + 0 ^ f/ik (/, - 1 , • • • , 

We confine ourselves as before to the f^eneral case, in 
that we exclude linear c.ommensurability relations between 
/*ii /hn and 2 7r |/ — l/r, where //a ~ Tn this 

event a?i, - ni,,, arc all distinct. 

Now let us write the elements appearing in the solution 
of the equations of variation in the form 

!/,I; ('./■• -- 1 , •••. I>), 

when it is apparent that the functions ptk will ])e periodic, of 
])eriod /. Furthermore from a familiar theorem we know 
that the determinant 


is nowhen^ 0. Consequently the particular lineai* change of 
variables 

n 

■‘‘i " ^ O ■ Ir •••■ «) 

J = l 

from j*i, •••, to ii, r,i, is within the admitted group. 
The equations of variation will have a solution 

I/, (/ - 1 , n) 

for /.• ^ 1, •••, /A, so that the new equations must be 

(I'tidt (/ 1 , •••, > a ). 

Consequently we infer that it is no resti'iction to write the 
given equations in the prepared form 
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dxt/dt + t) 


(/ - 1 , }i) 


where Ft is periodic in t of period r of course. It is ob- 
vious that if certain pairs of the quantities mi are conjugate 
imaginaries tlie transformation of variables employed may 
be taken to be of the admitted conjugate type. 

Suppose that we continue by elfecling a further trans- 
formation of the same ty])c as in the ordinary equilibrium 
problem save that the coefficients in tlie series f// need not 
be constants but may be periodic analytic functions of / of 
period r. Jf we endeavor to choose this sot of functions 
7 'i so as to normalize the transformed differential equations 
as in the special c.aso of ordinary equilibrium we obtain 
analogous equations, namely 


F,, -I 


d 

"a/ 





F,.+ 



2’ 


p\q- li 





On considering a typical term in 

u. -F •••+/« 2), 

we find as the recpiired conditions 

"f + I ^1 • • • + (^/ — l)/^’+**‘ 0 

(/ - 1, • ••, n) 

where di is the like coefficient in Fr*, Here the coefficient 
A of Vi is not zero, and it is immediately possible to solve 
for VI, 

Vi (f) ^ * 

This solution will be periodic in t of period r if and only if 
ki ( 1 — P d, (f) d t . 

1*70 
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It is possible to (letermiue hi in one and only one way so 
that this equation holds, provided that A is not an integral 
multiple of 2/^^ -ih, But this relation would require a 
connnensurability relation between the ‘multipliers' /ii. • • - , 
and2;fl “ 1/r of the excluded type. 

Thus, as before, no diflieiilty arises in determining ••• . 

in succession in such fashion that the desired noiinal form 
is obtained. 

/>// ntrnns of n formal h'antformafion 


’•'i 




.h,. f) 


^ ffj (0 h ^ 2 'a + • • • 




“ a/.- - 1 




triflt hj a ndhjiiv ni t tna! ^Ko iodir <f period r, and f,j{f) -| 0. 
fhr differential eqaa/ions (3) tril/f a (/eneratized efptdihrianf 
point at the orifpn of f/enerat type ea)i <dso he redared to the 
normal form 

(10) d:,/dt fhz, (/ K...,y/). 


The eorrespondinf/ format sofation of (3) is then eridenttf/ 

IJi ,/)(n • • • , n, f) (y ■- 1, • • •, n), 

6. On the Hamiltonian multipliers. As a liist step 
towaid obtaining an analogous normal foim for a Hamiltonian 
system of eciuations at an e(|uilil)rium i)oint, we demonstrate 
some fundamental well-known pro])erties of th(' multipliers 
in this cas(».''' 

Here the equations occur in the particular form 


( 11 ) 


dp, d fl dq, 0 H 

d f dq, ' df b p 


where H is a real analytic function of n 2 m variables 
p\i •••. qm» If these equations have an equilibrium i)oint at 

* Of. Poinc-an*, Leg MHhodcs nouvellcs de la Necanupie cHvste, vol. 1, 
chap i. His ‘characteristic exponents’ are our multipliers. 
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the origin, then evidently all of tin* first partial derivatives 
of H vanish at the origin and if we ignore an additive 
eonstant in H we may write 

H - ifs + Z/sH-..., 

wliere % is a lioniogeneous polynomial of degree* k in tliese 
dependent variables and where in particular we have 

^ ^ / I J \ 

H-i - lijklO'li- 1 - 2 

Here we may take nj,, r,j but h,, are in genei’al 

distinct from bji. 

The ('(piations of variation are obtained by replacing H 
by and ff, by /'*/, and may be written in the 
explicit form 


tn m 


<ip,<n 

- V/. />_ 

w *J 

^ ^*0 Qi • 



J 1 




m 



(iq,l(U 

^ (ftj Pj -[" ^ bfj Qj 0 — 1 • 

./ 1 = i 

• • • , )/() 


which is a particular type of system of 2m linear differential 
equations of the first order with constant coefficients. 

Onr fii’st remark is merely to the effect that in f/mnnl 
the multipliers will be distinct. To verify this tact, it is 
merely necessary to exhibit the 2i)f exponential solutions in 
a single s])Ocial case. If we take 

m 1 

the equations of variation reduce to 

(IhMt - - f*iPi O' 1, •••. >»') 

with 2»( particular solutions 

Pi - ‘ . Qi - =F c ' ' 
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where d^j has its usual significance. Hence the 2 m values 
of the inultijfiiers are ±/o.- — 1 , (A* !>•••? ”0? ‘'wd 

will be distinct if arc distinct positive numbers, 

for instance. 

Before leaving the special case just cited Ave note that 
if H 2 is of this si)ecial form, we can introduce conjugate 
variables 

+ r — 1 f/n m — 1 7/ (/ = 1 . • • • , m), 


and then Ave find 

(I S, d if d rjf 

(Ti ~ ’9/// ’ dt 



1 , m) 


AAiiere H ~ —2\ — 17/ and iL takes the normal form 


fii '■ — ^ /'/ I -1 hm- 

J 1 

Consequently under this typ(' of change of Amriables the 
Hamiltonian form of the difi'erential (upiations is maintained. 
In this event the equations of A^ariatiou are still simpler, 
namely of the form 

d'S,fdf ^ I - 1 d til! dt “ -fii I' —1 fh 

(/ 1, • . m). 

This type of conjugate variables plays an important role 
later on. 

Let us sui)p()se then that Ave are confronted by the general 
case in Avhich the 2 m multipliers are distinct. We proi)Ose 
to shoAV that these quantities occur in m distinct pairs, each 
one the negative of the multiplier ])aiied with it. This has 
already been seen above to be true in the special case cited. 

Since the multipliers are distinct by hy])othesis, a complete 
set of solutions 

7^17c, • * 7^ wj/o j * * •? QmU (J^' = 1 < * * *? 2/7?), 

exists of the form 

Puc =- Qm = (/ -I,.-.,?)*, 
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where the coiTes])Oii(liiig detcnniiiaiit of constants of order 2)u 
formed from Due is not 0. Such a complete set of 
])tirticular solutions lias the property that the most general 
solution is exiiressible as a linear combination of thes(j 
particular ones. 

Ihit if Pi, Qi and are any two solutions of the 

equations of variation we liave 

m 

2/’ I'j - Q]) ‘‘onst- 

j - I 

This fact is readily verified by differentiation with respect 
to /, and use of the ecfuations of variation, when it is seen 
that the deiivative of the left-hand side reduces identically 
to zero. 

Tf thou Ave substitute in this integral relation, pairs of the 
above particailar solutions W(' find 

m 

2 UhkCd ~ - C',k 1>,1) — C-Oiist. 

J 1 

for all /r and /. This clearly implies at once that either 
h~\-h is 0 or that the constant on the right-hand side is 0. 
A proper use of this fact will lead ns easily to the desired 
conclusion. 

If each It has a corresponding I, such that + — 0, 
then there is clearly only one such root and the property 
under consideration is proved. Hut in the contrary case 
some root as h has no value so paired with it. Hence, in 
the integTal relations deduced above, the right-liand members 
must vanish for ! ~ • •y'iin if // has this A^alue, Avhence 

Ave find 

P\h' f \l “h * • • “f" Pmk Pnd PlK P\l • • • — f iKnl ' ' H 

= 1, • . 2m), 

These 2 m equations arc linear and homogeneous in 
A/,, ■ • A/ifc, — Ci/c, • • •, — Cmu, so that the determinant of 
their coefficients Avould necessarily vanish. Hut this determinant 
is precisely the determinant of order 2m referred to above 
Avhich cannot be zero. Hence there is no such root. 
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In f/enera/ at an oquitihrinm pohit for the Hamiltmvimi 
equations the multipliers ran he grouped in m pairs Xi, — A/, 
(/ -- 1, • • •, m)j and are all distinct. 

It is plain that in general the multipliers are real or are 
grouped in (‘onjugate imaginary pairs with distinct moduli. 
(\)nseqneiitly the conjugate of an imaginary multiplier must 
coincide with its negative. By passing to the special cases 
by a limiting process we conclude further: 

The multipliers Xi are either real or pure imaginarg quantities. 

We define the general ecpiilibrium i)oint of tliis type as 
the one in which Ai, ...,A„i are not subject to any linear 
coinmensurability relation of the type (7), and confine attention 
to this genei'al cast*.. 

7. Normalization of Assuming then tliat the equili- 
brium point of the Hamiltonian system under consideration 
is of this general type, we can effect a linear transformation 
of variables 

«? tn 

ih ^ (/;) ■ 7 / (fo h ' 1 " !h fh) 

(/ 1 , . . .. ni). 

which reduces the corresponding etiuations of variation to 
the normal form 

dF,/dt --- A, r,. dQjdt ----- - A, fA if 

In fact this reduction (see section 4) merely required that 
the roots of the characteristic ecpiation (0) be distinct, as is 
here the case. Of course the associated i)airs g, are taken 
as corresponding to associated roots A,, — A,. If A/ is real. 
Pi. q, are real variables. If A/ is a pure imaginary, ]h. qi are 
conjugate variables. 

W^ ])ropose to demonstrate that this linear transformation 
does not destroy the Hamiltonian form of the ef|uations. 

To begin with Ave observe that the equations of variation 
can be Avi'itten in the variational Hamiltonian form 
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ill which H is replaced by its second dcgre(? terms. Under the 
above linear change of variables this evidently takes the form 

n ni 

Z{KjuPjPk\-LjuQjPL 

J,h~\ 

+ J/;;,- Pj (/,. + .V/A- Qj QL) - J <lt --- (J , 

where we may write 

m 

H, ^ (h‘j, Pj Pu f,SV. PjQ,.+ ri,Qj(h). 

Here the dashes over the letters have been omitted, and we 
may obviously assume 

N„ - Nj,. T,j-= Tu (/‘.i - I.--*, m). 

Applying the ordinaiy Lagrangiau iiile this gives th(» eipiations 
of variation in the new variabh^s, 
j V fP I 

VI 

+ + ■ H. 

j-i 

( / 1 . • • • , n/ ) , 

/ I I 

-Jf [ 2] (•»//<• Pj + -2 {P,, p: 4- -V-; <i'i) 

ni 

-i Hi^j. P, + 'iT'j(h) - - 0. 

(/ 1, • • *. m). 

But the solutions of these eipiations ai'(‘ known. In iiarti- 
cular we have a solution 

<^,=0 (/ l....,//() 

whicli when substituted in the first of tin' above eijnations 
gives at once 

h{Ku, - K, k) 2 liu: -- 0 . 

Interchanging / and /r, and noting that — h\, avc infer 
further for any / and /.■ 
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{?u-h)(Kia-Ki,) 0, 

so that Kjci ^ Kile for i distinct from J: as well as for / — * 7i. 
It follows also that J?ijc vanishes for all / and L 
Similarly Ave can infer that Nia Nj, and that Tuc vanishes 
from the second set of equations. Thus the terms 

m m 

Z 1) PL ZMjkQj(A 

. ,k='zi 

arc exact derivatives, and may be omitted under the integral 
sign. The equations of variation are thus of the more 
special form 

, I wj 1 HL m 

'l-\ Z>%Qi 0 (/- 

(If Lj=i J i- 1 J--\ 

f r Wl 'I Ml 'Ml 

-‘If \ Mj, Pj\ - Z Lj P'j + Z 'S:,, ~ (/ -^ 1 . . . . . m ) . 

To determine these equations still more c()mi)letely we 
substitute 

P - 0, - ...,w) 

in the first set of these equations, and obtain immediately 
for all / and k 

iMu 0. 

iSimilarly from the second set we obtain for all / and l\ 
h{Mi~L,K)^-^ui-- 0 . 

Intei’chaiiging i and k in this equation, and comparing the 
equation obtained with the ])recediiig one we infer that for 
/ -|: k Ave have 

Mik ~ Lkij Sijc --- 0 . 

In consequence the sum 

m 

Z iPjlcQjPl: + JHjkPjQ!c) 

J,k -1 
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(lifers from the sum 

VI 

J- l 

and so fi'om 

m 

;=i 

by an exact differential. Thus it is legitimate to write the 
principle* of variation in the specific form 

<5 2 ( ^4 - 4./) 4 Q'j + 2 '4 4 f,?; U ^ ■ 0 

I ./ 1 7 -=1 J 

in such innv variables with equations of variation'^' 

{M,i— LiDQyV^Siiih 0, (Mn—Lh)t^}-^uPi 0 

(/ - 1, • • •, a/), 

so til at we have nec(3ssarily 

(il/// ^>?v) 1, • * * , Ja). 

Considc'r now the simplest case when every root A, is real. 
In this case if we replace the real variable by 

Fi {Mn~U)P. (; - I/..., aO 

the variational ]>rinciple is seen to have the form 

/’hr 1 

<5 h QjU* 0 . 

>-7-^1 .;-=i J 

'I'his further change of variables is legitimate inasmuch as y/,. ij, 
were not determined up to real multipliers in this case. It 
ap])ears then that the term 

m 

2 Pj Qi 

7 = ( 

* The constants Mm — L„ are not zero since the equations of variation 
<lo not degenerate. 
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rciiuiiiKs of essentially the siiine form after the linear trans- 
formation. 

Another case is that in which evei-y is a i)ure imaginary 
quantity. Here by taking the pairs yy/, (ji appropriately we 
can clearly write the pure imaginary (piantities Mn — La as 
-1, in 0. Here we may replace Pi A)., by 

Pi - I Hi Pi, Qi = I ()iQ,i (/ - 1. . . in) 

when a like variational form is obtained. 

It is apparent that this same linear change of variables 
must presei ve the original Hamiltonian form since 

HI 

2pj <h 

f I 

is essentially unaltered by this transformation. 

Btj a miiahlc preliinhmrtj linear trfnifif(n''in(itioii irith eon- 
slant coefjieients any Hamiltonian stjsteni nith eqailihriam point 
of yenoral type at the oriyin may he taken in a normalized 
form in irhirh 

m 

H i> - - 

8. The Hamiltonian equilibrium problem. In order 
to further normalize the Hamiltonian equations in the vicinity 
of an equilibrium point, we propose to ai)ply a series of 
transfoi'mations 

Pi dKld<p, (ji d Kid Pi (/ - 1, .... m) 

with 

HI 

S = Zpj<j> + s, + fu + ••• 


where TTu, ... ai’e homogeiuious functions of pi, 

1, ..., m) of degree indicated by the subscripts. Such 
transformations have been seen to leave the Hamiltonian form 
undisturbed and to form a group. It will be observed that 
if Zs ^ 0 for s A 2, the transformation is the identity. 
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We begin by taking Ks = 0, s>3, and by attempting to 
select 7 \h so as to simplify as far as ])ossible. Here we 
have 

j), --- j)f + d /CJdf/ij (], = (Ji 1- a Knidp, (/ ],•••, in). 

If Ave solve explicitly for jiu q,, {/ , in) in terms of 

qt^ U ~ 1* we Avill clearly obtain 

j), --- prV'd f---, qi ^ qi — a -[- • • • 

(/- 1, ni), 

Avhere Ju denotes the function obtained by replacing q^ by qf 
in Ks- terms explicitly written give the series expansion 
up to the terms of the third degree. T\w modiiied value 
of //, obtained by di)*ect substitution is 

(pi + 9 K^/d f/i -| . • • • q,to — dKs /dp „t "h • * -f 77:} 'j- • • •, 


where the arguments of i/4, ••• are the same as those 
of i/a. To terms of th(^ third degree inclusive Ave find then 


H 



dKs 

dq, 


~'PJ 


dK:\ 

^PJ I 


■r 7/3(7^! > • * qm) + • • •. 


Thus, as would be expected, the form of i/a is unmodified 
Avhihi 7/;} takes the form 

in Avhich Ks is at our disiiosal. Now any term in Ks may 
be Avritten 

(«1 + •••+/*«> - 3). 


The cori’esponding term in tlic modified i/3 has a coefficient 
c Vn (fil — + • * ' “t" iff HI — (hii)] + A 
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in whicli h is the coefficient analogous to c in the original H^, 
Moreover the coefficient of c cannot vanish unless 


fix 


. • • • , fim ^^//? * 


which is clearly not possible inasmuch as the sum of all 
the «/s and /i/s is 2. Thus by ])ro])er choice of each r \v(* 
<*.an make the new vanish. 

If now we proceed to try to eliminate //, as far as possible 
by a further transformation of the same typo in which K,s 0 
except for s 4 we obtain a transformation 

Pi pi-\ « A7/^7/ -f • • •. qi “ qt - d Kl'l'a ... 

(/ I, • • •, aO 

which does not affect or H,x 0, but alters Hi to 


V 1 A", h Ki \ . „ , 


qm ^ • 


Here we can eliminate the terms of Hx save those Avhich 
contain each p,. q, to the same degree, namely those of 
the forms 

<* ( Vi q> pi 'A PJ <lJ (i'J 1 . • • • . aO , 


by the same method. For we hav( 


4 * ’ * i fifn “1 


in this case, and all terms can be made to disappear except 
those for which cci ■ fii, (1 - 1, •••. w). i. e., those of the 
stated type. 

Thus it is readily seen that by an infinite series of steps we 
can eliminate from H all terms excc])t the terms in the 
m pi-oducts Pi q , . 

By snifahlc fransfor mat ions of the above types, a Hawil- 
tonkin system with equilibrium point of general type at the 
origin may he taken mto a normal Hamiltonian form, in uhieh 
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onhj the m products pi (p. •••. Pm ^m appear in H while 
has the specifd form 

m 

j=i 


It may bo noted that the linear transformation employed 
is also a contact transformation* so that in reality this normal 
form may be obtained through a single formal contact trans- 
formation. 

In this normal form the general formal solution is at once 
obtainable. If we write it} —piqi- the normal Hamiltonian 
(Mjnations may bo written 


dp, 

dt 


dji 

djr, 


hh 


d^ 

df 



('/ - 1, . . •, ///), 


wlience we find formally 


Pi(h c, (/ — ^ at). 


Thus the series dHIdjit reduce to constants and we arc led 
to the following conclusion in a purely formal manner: 

The (fenera! formal solution if the normal Hamiltonian 
eijaiftions near sach an eqaiUhriam point has the farm 


l>i — (t, <• 

1! 

1, • • 

• . /»). 

-- a/f («! A, • • 

• . eifu ^ni}/ 9 'T / ( / — 

1, •• 

•. m). 


hi terms of the original rarinbles the correspondhiff solution 
may he obtained trith the aid of the contact transformation 
relatimj the yiven rariahles and the normal rariahtes. 

9. Generalization of the Hamiltonian problem. If 


pi ^2(0? T db{t) (i 1 , •••. m) 
is a periodic motion of period and if we write 
Pi •fi+Ptj (It — Ti+^h 


■ See Whittaker, Analytical Dynamics, chap. 10. 
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then the differential equations for the niodilied variables are 
of Hamiltonian form with modihefl ])riiicipal function 

m 

H - ^ N+ 2’ W) 

J 1 

where the accents denote differentiation. Furthermore, tliis 
transformation may be written as a contact transformation 

jti --- 3K/d(/i, fj{ — - dl\ld‘p, {} -- 11}) 

with 

ill 

j 1 

In thcs(‘ new variables 11 is a function of /m. • • •• <jm and 
periodic- of pei'iod i in the last variahh'. witli p, ^ q, ~ 0. 
(/ 1, • • •, 111 ), a solution corresponding* to the ^iven ])ei*iodic 

motion. Thus, at least in a formal sense (see cha])ter W. 
section 1), the ])robl('m r(‘duces to one of geiK'valized ecpiili- 
brium. 

It will be our aim here to show that a reduction to normal 
foi'in for such a geiu'i'alized e(|uilil)riuni probhnn can be made 
which is altog('ther analogous to that mad(' al)0V(' in th(‘ 
cas(^ of ordinary e(iuilibrium. 

\Vc shall mer(dy call attention to t]u‘ niodilications necessary 
in tlie argument in dealing with this mor(* general j)roblem. 

The first diffenmee to which attention inanls to l)(‘ called 
is to th(' obvious fact that in the equations of variation tin* 
constants o,;. r,j ar(‘ replaced by ])eriodic functions of / 
Avitli period /. The second difference is that the constants 
Cy, Dij which appeared in the solutions of these equations 
are also such ])eriodic functions. 

These modifications do not, however, interfere witli tlu' 
argument made that the multi])liers may be groui)ed in id pairs 

^ 1 , — lotiij — 

where Ai, are real or pure imaginary. 

The geneial equilibrium point may here be appropriately 
defined as that in which there are no linear commensiir- 
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ability rebrdoiis between the n/ -f 1 quantities /i, •••. 
and 2 >t I — 1 / r. 

In the coiTesponding linear transformation the coefticients 
///;, ctjj f,j, fj,j are periodic in f of period i. ljikcwis(^ in tln^ 
variational principle the quantities 7?//, 

1\, are siinilai’ functions. ]n determining’ the form of these 
functions one liiids moditied conditions such as that 

4 (A'/., - A-,/.) I- -1-2 7.4 0. 


If } and // be jnterchiin«;’ed and the results subtracted, there 
is obtained 

{h\, - /v'„,) f (4 — 7.,) {Ku — A',/.) - 0. 


This differential equation in {Ku, — Kn) has no ])eriodic so- 
lution of period i (other than 0), just because ai*(‘ 

of the g’cneral tyi)(‘ assumed, [fence we infer as before that 
K,u. Ku, are (Mjual wliile 2 77^/. (fK,u/(/f. 

Hut in this cas(' 

in 

w A',/,//;///, 

/,A 1 

is an exact differential if 



1 


(IKju 

(ft 




be added wliile the negative of this last expression may be 
incorporated in 77. Thus it is clear that W(^ may assuiiu* 


K,j K„ K,j T,j 0 

as before. In fact similar slight modificatiuiis show that 
the same normal form for is obtained by this linear 
transformation in the generalized equilibrium problem as in 
the ordinary equilibrium problem. 

To make clear that the analogy is complete in dealing 
with i7s, Hi, let us consider the new Hs obtained by 
a transformation 
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Pi Pi-\- d Kn / 0 (p, /ji q; ^dK^I dpi {i 1 , • • • , m), 

where Kn is lioiiiogeueous of the third degree in pi. qu 
{i 1, •.*, m) with eoefficicnts which are periodic in t 
of period /, The new foim of is 



“f (Pl ? • • * « • 

(«i + • • • + 


in Kt and i*espectiveJy lead to a total corresponding 
equation 

% + - «i) 4 h K. - ««, )] 4- h -- 0. 

in the attempt to eliminate such a t(‘rm. This ordinaiy 
non-homogeneoiis linear eipiation of the iirst order will 
have one and only one periodic solution iuasmuj^ as tin' 
coeMcient of c is incommensurable with 2.fV — 1/t, since 
we are in the general case. Thus can be made to 
disappear. 

Likewise’ all the terms of can be made to disappear 
save those in the products piqi. (/ 1, m). The 

coefficients in these latter terms can be replaced by constants 
however; in fact this demand leads to an ecpiation of the form 


where C is an arbitraiy constant at our disi)osal; thus we find 
. - ^{V-h{t))df, 

which is obviously periodic of period v if C is chosen as 
the mean value of A(/) over a period. Hence we are led to 
the same conclusion as before. 

Btj means of such a series of transformations of the ijener aliped 
Mamilteynian eqiiilihriam prohJem, the Harailfonian function 
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}nay hp. ffiven the fin me normal form as was obtained in the 
rase of ordinary equilibrium.'^ 

lo. On the Pfaffian multipliers. Suppose now that 
we tak(' an (‘^tended PfaMan variation problem 


( 12 ) 







0 


which leads at once to the system of ordinary equations of 
order 2 m 


m 


idXi 

dXj\ 

djj 

dZ 

\ da-i 

S.r, ! 

(it 

dx, 


(/ 


1 , 


2w). 


We ])ropose to consider these equations in the case when 
there is an equilibrium ])oint at the orij^in, under the assumption 
that th(^ 2m analytic functions are such that the skew- 
symmetric determinant 

(' X, d Xj 

d Wj d X( 

is not 0 at the orij>:in. The constant terms in the series for 
th(‘ functions .V, may obviously be omitted throughout. 

It is clear that the Hamiltonian eipiations appt'ar as i\ 
special case of these Pfaffian equations (12). 

As will be shown in the following cha])ter, this generalization 
of the Hamiltonian (‘quations possesses the same property of 
automatically fulfilling all of the conditions foi* (annplete 
stability, once the obvious conditions for first order stability 
ar(* satisfied. Hence from this point of view tlie JTaffian 
e(iuations seem as significant for dynamics as the Hamiltonian 
e(|uations, although more general in type. Moreovei- they 
possess the additional advantage of maintaining their Pfaffian 
form nndei' an arbitrary transformation of the formal group. 

* The results of this chapter were aimouiicecl in my Chicago Colloquium 
lectures of 1920. The material s^o far given is obviously in close relation 
with previous work, and, in particular, the normal form in the Hamiltonian 
ruse is in relation with the formal trigonometric series in dynamics 
treated for instance in Whittaker, Anali/fical Dynamics, chap. 15. 
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111 fact it is only necessary to substitute the new variables 
under the integral sign in (12) to obtain the transformed 
functions .V, and Z. 

As a hrst step in the direction of obtaining a normal form 
for the l^faffian equations at an equilibrium point, wo ])ro- 
pose to prove that for these equations just as for tlie 
Hamiltonian equations the multipliers are associated in pairs 

To begin with we observe tliat in genci'al tiiese roots must 
be distinct since they aie distinct in the Hamiltonian sub-case. 

Now let us make the linear transformation with constant 
coefdcients whicli takes the equations of variation into nor- 
mal form. 'I'liis does not affect the Pfaffian form of course. 
Tlie correspomling equations of variation olifaiuod from (13) are 


, " I \ ^ .</ ^ I (It 0 Xi 0 


0 


and tliese must liave Ihe ])arficu]ar solutions 

//, d,i, ' (/ I , . . . , 2 aO 


for k 1; If i*'^ understood that Ihe partial deri- 

vatives involved in the equations of variation are evaluated 
at the origin. 

Substituting in these particular solutions we obtain readily 
\ 8 d :Vi I d J'i a ./•/, 

If we interchange I and k here, and subtract the equation 
so obtained from the one last written, we tind 


\ a ./'A- a j', } 

But if for each k we do not have - 0 foi' ^ 

it would follow from these equations that the skew-symmetric 
determinant specified above would necessarily vanish. This 
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is impossible since the equations of variation would then 
degenerate. Hence there is associated necessarily with the 
root A a second root ^ — A/.. This is precisely what we 
desired to prove. 

In the Ffaffimi etiuilihrinm problem the ntnlilpl/ers also occur 
in pairs^ one of cuch pair heinf/ the veffative of the other. 
These mnltipfiers map he desipnated bp Aj , — Aj , . • A^,^^ 

and will be real or pure imaphiarp qnaiitities. 

It is clear that the general case is to be detined as that 
ill which then* are no linear relations of coinmensurability 
between A,, •••, A^,, just as was done in the special Hamil- 
tonian case. We shall restrict ourselves to this genei’al case. 

II. Preliminary normalization in Pfaffian problem. 
It is very easy to establish the fact that the normalization 
ns(‘(I in th(‘ pivceding section makes the iirst degree terms 
ill A'l, • • •, take essentially the ilainiltonian form. Indeed 
if we call the 2m dependent variables p^, • . p,n^ (p. • • •. (jm, 
in such wise that p^. (p corres])ond to paired miiltijdiers 
I,. -A^ and if we let l\. •••, (^ni denote the coefficients ot 
pi, respectively under the integral sign in (12), the 

lireviously obtained (*(|uations between the iiartial derivatives 
hXi'd.rj at the origin take the form 


0 Ih a Pj 

dpj dpi ' 

^<Jj 


dil 

dq, 

djii 

^Pj 


dq, 

dqi 




1 , • • •, m). 


(/,7 K • • % uv, i ) j). 


l^he first sets of eiiuations show that the linear terms in Pi 
involving pi , • • • , p,n correspond to an exact differential, as 
do the linear terms of Qi m qx. • • •, qm- Similarly the second 
last set of equations shows that the term of P, involving (jj 
(/ j j) together with the corresponding term of Qj involving 
combine in a like manner. All of these terms may be omitted, 
and there remains for c.onsideration only terms 

m 

(f'j PJ <^<IJ + <h <lj <h>j) , 
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Avliicli evidently niny be replaced by 

7n. 

(o - 

In these terms no (i — di can vanish, because of the hypothesis 
that, the fundamental skew-symmetric determinant does not 
vanish at the origin. 

Jf then Pi, ip are real variables we may make the further 
linear transfoi*mation 

Pi Pi . Qi = — di) ([i (i 1 , . . • . //?) 


to obtain the desiied linear Hamiltonian term. On the other 
hand if pt, (j, are conjugate variables then c, and di are 
conjugate imagiiiaries and o * — dj is a i)iire imaginary (piantity 
— i. Here w(* may set 

Pi ^ qi ---■ ^ QQi 

if e '0. If ^ 0, we may interchange the roles of pi and q,, 

fjoi us turn next to consider the function Z. KSince we 
have an (‘quilibriuni ])oint at the origin, it is plain that 
dZ/dpi, bZ/r)(p. vanish there for / ■ 1 . 2, • • •, w, i. e., that 

there ar(‘ no linear terms in Z. The lowest terms in Z are 
then of the second degree. 

Thus it is apparent that the ecpiations of variation, which 
d(‘pend only on these first degree terms in .Vi. •••, A" 27 n? and 
upon tho sec.ond degree terms in Z, luv of the ^samc type 
as in the Hamiltonian case. In consequence the same linear 
transformation employed to obtain a normal form for these 
lowest degree terms gives -Z^ the form of in the 
Hamiltonian case. 

We can summarize our results as follows: 

B// a prdwihiary linear tramforwafion the Pfaffian equ(v~ 
tionii with an (^(/ailihrium point of yonernf type at the origin 
ran hr ariffrn 

(Pj n'j + Qjpj) -p\df 0 
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trhciv 

Pi pi 4“ Pi 2 ‘ ' f Qi Qi 2 “f- • • • ~ 1 . • » • , }n) , 

m 

P ~ ^ h pj 4“ H • 

Jr=l 

12. The Pfaffian equilibrium problem. After tliis 
prei)aratory work it is a simple matter to establish the 
^(Mieral result, which is that by means of point transforma- 
tions (independent of /), it is possible to reduce the Pfaffian 
type of equations to Hamiltonian form. More ])rocisely we 
iwopose to show that it is possible to reduce Q,\ (/ - 1, •••, in) 
to 0 by a suitable succession of such transformations without 
interfering with the normal form of7^. When this has. been 
accomi)lished, it is merely necessary to write 

Pi Pi. qi - <ii {f ' 1 . • • •. in) 

to obtain complete Hamiltonian form in the case when 70 . • • • , qm 
are r(‘al variables. A slight modification is necessary in case 
the variables p^, tp are not all real. 

Ill the real case siqqiose that we write 

j>i ■ Pi^ (]i 4 “ a 

where, according to our usual notation, is a homogeneous 
([uadratic polynomial in its arguments. The variational principh' 
takes a corresponding form in which the new coefficient /" 
has also an initial first degree term pi as desired, while for 
the new Qi we find readily expressions in series 

(/ - 1 . •■•.///). 

j ~ « 

Her(^ the liiieai’ terms are lacking, as desired, and only the 
(luadratic teims are written explicitly. 

Now we have 
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This identity shows that, by subtracting an exact (litti'rcntial 
under the integral sign, wc may modify the new Q12 to the 
foi’m (yr2 without introducing any first degreii terms 

in P,. Hence if avo take Gr^ Qi2j(i ~ 1 , •••, >n). the 
third degree terms in (^12 will liave been eliminated. 

Next by a further transformation 

jh ih. <ii G 1 , •••, w) 

Ave can similarly (diminate the third degree term in Qi, 
Procoding thus indefinitely we arrive at a variational form 

- 0 

where 

l\ -- 7 >H-/V 2 + *-- (/ - K •••, m). 

which can evidently be given Hamiltonian form in the manner 
indicated. 

Tn case some of the pairs of variables pi, (p are conjugate 
imaginaries Ave may first perform the simjde linear trans- 
formations to corresponding real variables 

Pi Uh-VqA -1 )/l — )'^ - 

so that the Unmpi (j\ is rejilaced by piq] except for an exact 
differential. Thus the normal form for P,, Qt is maintained 
for these real variables. Operating Avith them as indicated 
Ave can reach the same conclusion in this case also. 

Pf/ (i snifnhJr framformution of ihe, formal fjroajf, sat/ 

pi q>,{pi. • • •, 7m), 7^ • ’ '1 ^m) 0 =' 1 , 

Ihe general Pfaffian e(piilibriiim problem mag he made lo 
assume HamiJtiouian form. 

13. Generalization of the Pfaffian problem. Under 
the above circumstances it is natural to expect that ITaffiau 
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oquations containing the time t. with generalized equilibrium 
])oint at the origin, admit of formal reduction to Hamiltonian 
form. Tt is not difficult to establish the truth of this con- 
jecture on the basis of certain slight modifications of the 
above discussion. 

In the case of such equilibiium tl)e equations are defined by 
r 

with Xij (/ - 1, 2m), and Z periodic in t, that is by 

0 

In the first ])lace it is obvious that the multipliers are in 
general distinct by consideration of the same special case 
as was taken up in the oi'dinary equilibrium problem. 

Furthermore, the equations of variation may again be 
normalized by a linear transformation in which the coefficients 
involved are periodic analytic functions of t of period r, so 
as to have the solutions 

for k 1? • • *7 27)1. Tt follows that the multipliers A,- occur 
in pairs, eacli one of a pair being the negative of the other, 
by essentially the same argument as was used in the 
equilibrium problem. 

Moreover the same argument shows that the linear terms 
in P/, Q, lead to coitain exact differentials and tei’ins which 
may be absorbed in 7^, so that the same normal form for 
the first order terms in Pt, Qi and for the second order terms 
in K is obtained as before. 

Finally as in section 1 1 we write 

Pi ih , fji <]i + Oi2 


riM V / ^ jl ^ a* 

^ ^ }6i\dxj~' ‘d:nl (If dt ~d)‘i 

a 





(/ ~ 1 , m) 
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9 () 

where now (h'l has coefficients which are periodic in t of 
period r. 

Then by an obvious modification of the argument there 
made, we can make Qn “ 0 for i 1, .•*, m, and then in 
succession y*:*. ~ 0, • • • . 

By <( siiifahlc framformation of tli<\fonna I yrouy ihe (jonwal- 
hed Pfaffia')i irrohleyt)' of periodic onofioJi way he wade to 
assame Hamiltonian form. Heyive the 'tiormal form in tin' 
Hamiltonian ca.^e severs also in the Pfaffian case. 



CHAJ^TEH JV 


S'rABILlTY OF PERIODIC! MOTIONS 

I. On the reduction to generalized equilibrium. 
For motion near cquilibriiini of a Hamiltonian or. more g:enc- 
rally, of a Pfaffian system, the stable case is naturally defined 
as that in which the multipliers are pure imagina- 

ries, at least provided that there are no linear commen- 
surability relations between these multipliers. 

In this chapter, however, we shall limit attention to the 
analogous but somewhat more complicated (juestion of stability 
for motion near a periodic motion of such a systcnl.'’' The 
method employed involves a reduction to the case of generalized 
equilibrium. In the more general Pfaffian c.ase this can be 
accomplished by a change of variables 

in Avliich the periodic, functions of period r are th(> co- 

ordinates of the given periodic motion. By this means the 
functions A'l. • • •, X^mj ^ are modified (see (12), page 89), since 
they are no longer independent of t but periodic of period r; and 
the given motion now corresponds to generalized equilibrium 
at the origin in the new .r,, space. Hence we are 

led to consider the question of motion near such a point of 
generalized equilibrium. 

There is, however, a difficulty associated with this reduction 
to generalized equilibrium which was first signalized by 
Poincare for Hamiltonian systems, and which it is desirable 
to explain briefly. 

Following the analogy with the case of ordinaiy equilibrium, 
the stable case is defined as that in which the multipliers 
Kn are pure imaginaries, at least provided that there 

* Cf. my article Stability and the Equations of Dynamics, Amer. .fourn. 
Math., vol. 49 (1927) for a treatment of the equilibrium problem. 
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are no linear cominensurability relations between these multi- 
pliers and — 1/r. Ff such relations exist the questions 

to be considered become more complicated in character. 

Unfortunately, for a point of generalized equilibrium ob- 
tained by the above method of reduction, the multipliers Avill 
not satisfy this condition; more specifically, there will always 
be a multiplier 0, which is double of course. This may l)e 
readily seen. The Pfaffian system admits of the integral 
Z --- const, in the original variables, and therefore admits 
the integral 

Z{pf\ “f" !/’i» * * *? V’ 2 m) ~ const. 

in the modified variables. By differentiation with respect to 
the 2m arbitrary constants in the general solution .r*,, . • 
it appears that the linear relation 

dZ , , dZ 

^ -^1+ 1- 0-; -.'/■■!/« = '-onsf- 

o ,r\ 0 J 2m. 

subsists for 2m linearly independent solutions //i, • • •, of 
the equations of variation, and so for the most general 
solution; it is understood that dZid.vi, (/ = 1, • . 2m), have 

yi, as arguments. Now if the 2m multipliers 

-i: ^>- 1 . • • • ? ± are distinct, a complete set of 2 w solutions 

/// ^ ij - 1. • • •, 2m) 

for Ji' ^ 1, • • •, 2m exists UmH ^ — ^t)f which p,, are of 
period 7 in ^ Since dZ/dxi are also periodic, substitution of 
these solutions in the linear integral relations in the ///s leads 
immediately to the conclusion that the constants on the right- 
hand side must vanish, at least for h I 0. But if thes(^ 
constants vanished for such a complete set of solutions, the 
constants would vanish for every solution y/i, • • •, y 2 m* This 
cannot be the case since 7 / 1 , • • - , yovi can be taken arbitrarily 
for any particular value of tr 

* It is not i)ossible for dZJdx. to vanish simultaneously for i = 1 , . . 2w? 
along the original motion, since the Pfaffian equations then yield 
(lxjdt=^0, (i=l, ...,2m) which is impossible, the case of ordinary" 
equilibrium being excluded. 
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There is then a pair of solutions of the equations of 
variation which belong to the multiplier 0. Now 

A- 4- A*) — - ^JH U) ('^ 1 ? • • •. 2m) 

for any k defines a solution of the given equations after the 
reduction, so that by differentiation with respect to A*, one 
solution of the equations of variation ^ 

//l ~ VO* * * *» //2m V^2?// 

is obtained. This has periodic components and so belongs 
to the multiplier 0. On the other hand the periodic motion 
with which we start is not isolated, but varies analytically 
with the constant c in the knoAvn integral (i. c., with the 
energy constant in the Hamiltonian case). This yields the 
second periodic solution 

!h - g-. •••, //2m -• g- , 

belonging to the multiplier 0. Jn general there will be 
no others. 

The difficulty may be turned in the following manner. 
The variable Z may be taken as one of the dependent vari~ 
ables .ri, • . *, .r 2 m, say as .r 2 m, in the original ./*i, • • •, .r 2 m 
space. Furthermore the variable 6 = X 27 n-i may be selected 
as the single angular cocirdinate, which increases by 27t when 
a circuit of the curve of periodic motion is made. The 
remaining coordinates xi, •••,x 2 m ~2 may be made to vanish 
along this curve. Now let us restrict attention to those 
motions near the given periodic motion for which 




has the same value as along this motion. With this under- 
standing, the Pfaffian system becomes of order 2 m — 1 in 
• * ., .^ 2 m 2 , Oy and may be written in the variational form 
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/2w<, -2 \ 

I ( 2 f -^2/« 1 “ 0, 

to which sot of eqiDitions must bo added the last equation 
of the first set. But the integrand is ])ositively homogeneous 
of dimensions unity in ./{. .^‘ 2 /w- 2 » so that 6 may be 

taken as parameter instead of f. Then the variational 
princi])le takes the form 



Hence we obtain a Pfaftian system of even order 2 in -2 
only instead of 2 in, in which the coefficients are periodic 
in a variable 0 of period 2//, and the known periodic motion 
corresponds to the origin in ./‘i, .r^m 2 space. 

By this second method of reduction to a generalized equi- 
librium problem, the formal difficulties referred to above are 
avoided. 

For these reasons, in dealing with the applications we can 
restrict attention to the case of generalized equilibrium of 
stable type as above defined. 

2. Stability of Pfaffian systems. Our starting point 
is furnished by the equations of motion, normalized to terms 
of an arbitrary degree .s' by means of an ai)propriate trans- 
formation defined by convergent series, according to the 
method of the preceding chapter. The equations are thus 
given the form 


( 1 ) 


(fpi 

dt 

d(jf 

dt 


dji 

dji, 

dH 

d Tti 1 


(/ - 1 . • • • 7/0 


where we may write 

m 

If Z + (.0 

./--I 


s or s + 1), 
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ill which Hh involves only the m products /r/ ^ of 

total degree k/2 in tt;, while are 

convergent power series in which commence with 

terms of degree not lower than .v-|-ly the coefficients being 
of (miirse analytic and periodic in / of period ?. 

Suppose that we write 

HI 

‘ 2 pj <jj- 

Kvideiitly h can be api)ro])riately regardc'd as measuring the 
distance of a point from equilibrium at any instant /; for, 
in terms of the original real variables ./j. •*., ./j,,,,, the 
function /r is given by a real i>ower series in .r,, .... 
which begins Avith a positive definite quadratic form in these 
vari abb's, 

2 Ht 

^ d/A (f) .c/.r/,. I- . . ., 

for all /, Avhenc(* 

2 HI 2 HI 

K !>■' 0 , 

,/ 1 ■ ./=■! 

in a certain neighboihood of the origin. 

It is obvious then that we can choose .V so large that- 

L,^s , 1 , i 1 y tf "' ' ^ (/ ].•••. n() 


Avithin a sufficiently small distance of the origin. 

Multiplying the first of the partially normalized equations (1) 
by r/,, the second by p,, and adding, we conclude 

- (/ 1. •••. w). 

From the definition of n, the ineijuality 


then folloAvs, so that 
- - m y 


1 du 
^ df 


V- 
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Integrating from to io i, we deduce from this last inequality 


J 


m S S \ t — /() i . 


Now let us ask in how short an interval of time v can 
exceed 2%. At the corresponding t we obtain 


I 

K 


0.9 ,..9 I 


irN :/ — /() I 


whence obviously since .v I , this cannot happen for 


( 2 ) 




1 

^ 2 m fi N u‘^ 


Hence the minimum time interval which must elapse before 
the initial distance tfo can double in magnitude is of the 
,‘?-th order in the reciprocal distance. 

In this same interval of time we obtain 


whence by integration 

(3) I I ^^1 (/ 


Also since H and its ])artial derivatives are polynomials, 
we have 

til 

• P ^ rii — j 2’'‘ + \t — /o' 

ij - !,•••, m) 

for 7ti^ vtV small. On the other hand from the normalized 
differential equations we find in this interval 


I 

\ dTCi d 7r, 


dm . dH I 
-dt + 


dqi dH i 
-Jt 


('/■ 1, • • •, in). 
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Combining these inequalities with the preceding set, there 
results 

dpi dH^ I dip a if® I 
df d TTi ’ i ' lit d m i 
< 2»+i ^’nl : 1 + 2* w iVPi»*+» I if — 


tor ^ ~ 1, •••, ///. These are essentially the same as the 
following inequalities 


df 




(f/i'' ^'^)j 


d I 

2'''- i-' -I- 2-*^ 


m X Pir ^ ' ^ ! 


f—L 


where yi — dlVjd/u are pure imaginary constants. The 
fact here made use of, namely that H and its partial deri- 
vatives as to ffi are pure imaginaries, can easily be verified: 

Ph Qh f • • • •? -^^0? interchanged and H be changed 
to its conjugate in (1), these equations are not altered; but 
this means that the conjugate of if coincides with its negative, 
i. c. that H is a piUM' imaginary function. Hy integration 
the above inequalities give 


0 ) 


Pi —ptc' " i . (ji — (/i tr ”1 

_ Xtrl'^ m X Fnl ’ ' | i " 


for i ---= 1 , • • •, in. 

Now if we return to the convergent power series expressing 
. • • • . in terms of , • * • , i/,,,. and if we i*eplace , • • • , by 


0 y.(f- 

PK' ’ 


0 

f/w ( 




respectively, the series obtained agree with the formal series 
solutions up to terms of the {s + l)-th order in the 2 m 
arbitrary constants jt>?, But the error committed in 

so doing is of the order of the differences appearing in (4). 
Hence if we express by means of the formal 

series solutions derived from the normal form, broken off 
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after the terms of degree s in the 2m arbitrary constants 
.. the error committed will not exceed in numerical 
value an expression 


dui*ing the intei-val (2), whore A. />, (' are suitably chosen 
positive constants. 

On account of the fact that .v is an arbiti-ary positive 
integer in the above ineciualities, these can be given a still 
more simple form. Supiiose that | / — /o is even more severely 
restricted than in (2), namely to be of the order at most 
(s/3) + 1 in the reciprocal distance. Then the constitutents 
of the sum above are clearly of order exceeding .s73 in the 
distance Uo itself. Oouscquently if all the terms of the formal 
series solutions of degree exceeding .v/3 are discarded, the 
order of the error will exceed .sv'3. But s/3 is arbitrary, whence^ 
the conclusion: 

If this format series sofafiou (f the (jenerataeil Ifafjian 
eqaiUhriam, prohlem of stable fi/jte as* (rriffen to terms of an 
art)itrar(j degree s in the initiat rataes <f the 

arhitrarg constants, the 2 m trigonometric sums so obtained 
aitt hare coefficients of at most thefrst order in Uo. a)id u'itf 
n^greseut the coordinates ./'i, uifh (Ot error of order 

^ at most during a time interral of at teasf the recigrocat 
order. Kere //<, represents tfie distance to the origin for t /o 
in x'l, . • *, x-im space. 

When written out (explicitly these trigoiiometiic sums for 
Cl, • • •, X 2 m have the real form 


where 

/J -1 


^4() — b ^'1/ (*()s Ij t T [>j sill tjf) 
J 


i\ 


d/Ti d /T 


m 


\ h I 


in which /i, i^n, are integers, and where Ai, Bi are 
polynomials in whose terms are of degree at least 

d and not more than s. 
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3. Instability of Pfaffian systems. In the case when 
some of the multipliers h are real, the situation is entirely 
altered. If we assume that there are positive and negative 
multipliers ± ^ 1 , ■ • • , ±4, there will be a real /c-dimensional, 
analytic manifold of curves of motion approaching the curve 
of periodic motion. Points on these curves near to the periodic 
motion leave its vicinity in a relatively short interval of time. 
More exactly, the distance will exceed 


if //() denotes the initial distance from the motion at t U 
and A is a positive constant less than the least positive 
multiplier. Similarly if f decreases the distance uq may 
increase in a like mannei* along a second real analytic 
manifold of mirves. 

Kvidently such a situation is entii'ely dilferent from that 
found in the stable case and is ])roper]y termed unstable. 

We shall not enter upon a derivation of results of this 
sort, the first of which were obtained by Poincare. ’' 

4. Complete stability. The work of section 2 makes 
it clear that Pfaffian and Hamiltonian systems possess a 
si)e(des of complete formal or trigonometric stability, in case 
^>' 1 , •• •? 2>t|/ — 1/r are juire imaginary quantities Avithout 

linear relations of commensurability. Let us elaborate this 
concept of ‘complete stability'. 

Consider a dift'erential system of even order 2»/, 

(5) dXi / d f Xi in , . . . , x:i„i , /) (/ I , • • • , 2 m), 

for which the origin is a ])oint of generalized equilibrium. 
Supj)ose that for t ~ the point is at a distance ^ from 
the origin. Let T be any fixed time interval, f any positive 
integer, and • .*, .V 2 m^ 0 polynomial with terms of 

lowest degree in the coordinates and with coefficients 
analytic and of period r in If then it is possible always 

* For some of the fundamental results see Picard, Traite d'Analpae, 
vol. 3, dial). 1. 
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to approximate to Fs for — to I S T with an error less 
numerically than 

by a trigonometric sum of order N 

N 

2 (Aicoslj t + Bjmxlj t) (|// — lj\ 'y- 1 > 0), 

J--=r:0 

where i/, N, I depend only on / and F^, and where 4 0, 

the equations (5) will be said to be ^completely stable’. 

As a very simple example consider the pair of equations 

(I .vj (it - /»• j (I j‘J df - — /»• Xi , 

of which the general solution is 

./‘i A c.os /.• f F sin /»• f . .7’^ — .1 sin k f + B cos k / , 

so that tlie coordinates are represented by trigono- 

metric sums of the first order. Any polynomial Fs of degi’ee 
fi can also be exactly represented by a sum of order A’' 
not exceeding 2'^‘ ' \ Hence the conditions of the definition 
ar(i satisfied. 

The results of sedlon 2 show that hi the case of Hamiltonia'U 
or Pfaffiaii sf/steiuSf there will be complete stahijihf if there is 
ordinary stability as defined earlier. 

This is obvious since the differences // — // which enter 
in the trigonometric- sums of section 2 are nearly given by 
a certain limited number of integral linear combinations of 
the m + 1 quantities ' ~ 1 , • • InJ^ ' — 1^2 w/tj and no 
such combination vanishes. 

In case of complete stability, the solutions of the normalized 
ecpiations of variation (chapter III, section 5) are limits of 
trigonometric sums of the specified type, and are trigonometric 
by the lemma on trigonometric sums of sections 5,6. Hence 
the multipliers are pure imaginaries. 

It is important to establish that this definition of com- 
plete stability is independent of the particular coordinates 
.ri, • • •, X 2 ni selected. In fact, suppose that the given system 
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is completely stable. Let us make the admissible change of 
variables 

Xi C-ri, . . . , i) (/ 1 ? • • • ? 2 m) 

in which are analytic in xi, • • X 2 w,, ^ vanish at the 
origin, and are such that the determinant \dtpildxj\ is not 0 
there, while the coefficients in are analytic periodic func- 
tions of f of period r. Then the two variables 


f [xjf-t • 

. . _4_ ^.2 11/2 
' 2wJ K 

f - [0,7 + • 

. . M 11/21 

^ •^2mJ \t 


evidently serve equally avcII to nieasui-e the distance from 
the origin at t -- fo. since we have 

0 sU :7) 

in the neighborhood of the origin. 

Now consider any polynomial • • •. f) which can 

obviously be Avritten 

where P " is a polynomial in with terms of lowest 

degree s while Q is given by a power series commencing 
with terms of degree at least /+ i»'+ 1. It is clear that the 
polynomial P can be re])resented by a trigonometric sum of 
the si)ecified type with an error of order /+ s + 1 iii by 
the condition foi’ complete stability, while it is clear further- 
more that (i is of order /+. S' + 1. Hence it is plain that 
Psixi. • • •, x 2 /h) can be represented by the same trigonometric 
sum in the desired manner. I^his establishes the complete 
stability in the new variables. 

The mere fact that the multipliers of the system of 2 m 
equations of the first order fall into pure imaginary pairs by 
no means ensures complete stabilit}'^ in the above sense. 
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A sufficiently simple example is furnished by the pair of 
equations 

d ,rjd t ~ ]{ (j -f 'X (./“ + if) , d. {fid i — /.• r + /y + if) , 

ill which /*• is positive, and the fundamental period is taken 
as 2 7r. The multipliers are then pure ima^inaries, namely 
’■hliV — T. But if the first of these equations be multi- 
plied by 2./‘, the second by 2//, and the two equations so 
modified be added, th(‘re results 


dnidf 2/r 


whene.e, by a further integration 


(n - 'jr+if), 


1 


(Jo 

2 iio {t /()) 


But, if there were comidete stability, it would be possibh' 
to find a fixed integer so large that, for some (‘onstant A", 
the inequality 




Kir!: 


held, in which Sy represents a trigonometric exiiression of 
order iV of tlu' siiecified type; this follows from the fact that n 
is a homogeneous polynomial of the second degree in x and yy, 
while Ho is the scpiared distance This iiKMjuality may be 
written 

! (( — do AA — ((o 

"o "d 


K do . 


Now let do ap])roa(di 0. It is obvious that 

' do 


lim - 

u„~o 


We infer then that 


lim 


S\ 


■do 




t— /c). 


But the expression on the left is a trigonometric sum of 
order at most N of the specified form, and approaches its 
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limit uniformly. Consequently by the lemma on trigonometric 
sums considered in sections 5, 6, the limit of this sum is 
necessarily a sum of the same type. However it is impossible 
that2(/ — ^o) should be so represented. Hence in this case 
there is not complete stability. 

The condition that the multipliers be ])iire imaginaries has 
been seen to be necessary for complete stability even if not 
sufficient. Henceforth we shall assume that, if the m pairs of 
pure imaginary multipliers be denoted by 
there are no linear commensurability relations between 
•••, In, and 2jt V — l/r. Of course by so doing 
certain (\\ceptional c.ases are excluded which require further 
study. 

For complete- stability an infinite number of conditions 
besides that of pure imaginary multipliers will be found to 
be requisite. 

5. Normal form for completely stable systems. 

We have already seen that Pfaffian and Hamiltonian systems 
of equations possess the property of complete stability, in 
case the characteristic numbers are pure imaginaries. It 
becomes a very interesting question to determine the most 
general case in which there is complete stability and to find 
the characteristics of motion near generalized equilibrium in 
this case. This we shall do by establishing a suitable normal 
form for equations of completely stable type. 

Since the multipliers ^ 1 , • • •. Im are of the stated type, we 
may transform the variables a,, to pi, •••, (j,n by 

a linear transformation so that the transformed system is 

dp,. / (It - — A/ Pi + P/, d (n / d t -- Xi (ji 4- Q, (/ 1 , • • • . m) 

with Pi, Qi conjugate, and 1% Qi beginning with terms of at 
least the second degree. 

Now change the variables once more by writing 

2H ~ Pf ~l~ 9i2f Qi ~ Qi 4“ 1? •• •? 
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It is readily found that the equations preserve their form, 
with the new Pi,Qi having homogeneous quadratic ten^ms 



respectively. On inspecting these terms and making use of 
the incommensurability of the multipliers, it appears at once 
that these new expressions can be made to vanish in one 
and only one way. Tn fact let 

it ) • ■ • p!: /,'■■■ (“> H • • • -f A. - ^ 

be such a term in Fi while the (corresponding term in 
has a coefficient By comparison there is obtained the 

differential equation for <jf> 

m + [z h ■ - a] V' + = 0. 

which can be satisfied by a ])eriodic function of period r 
unless the coefficient of y is an integral multiple of 
27tV—\It. This is not possible because of the hypothesis 
of incommensurability. Moreover the periodic solution is 
iinhiue (cf. chapter ill, section 9). 

Thus all of the second degree terms in /% may be 
removed. 

By a precisely similar method all of the third degree terms 
in P/, Qi may be removed by a further transformation 

Vi --- Vi + 9^/8, qi - qi + {'i = 1 , • • w) 

except when the analogous coefficients 

m m 

z («y - iSj) h - h, Z («; - fij) h + h 

j=i j- 1 

(«tH — + -= 3) 
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vanish. Such exceptional terms will have the form 

P(.t)pipjqj, Q(f)<iiPjqj 0 = » 0 - 

But even in these terms the functions y, ip may be so selected 
as to make the new coefficients, namely 

reduce to constants (cf. chapter III, section 9). Hence we 
may normalize Pi, Qi so that 

Pi = Pi (c/i 2hqi-\- h Cim pm Qm) + • • • , 

Qi = qi (dilPl qi-[ h dim Pm qm) + • • • > 

where the complete terms Piz, Q/s of the third degree appear 
explicitly written in the right-hand members. 

Our next step will be to show that in the event of com- 
plete stability we must have the further relations 

q, Pm + P, Qis = 0 (</ zr..-: 1, . . Ui), 

i. e., vij-\~ dij “ 0, == 1, • • •, m). In order to establish 

this fact we employ the following lemma which is almost 
self-evident: 

Lemma on trigonometric sums. If a sequence of trigono- 
metric sums of the type 

N 

^ (Aj cos // / -t- Bj sin // f) 
j=o 

with N, I fixed while Aj, B,, h vary except that lo “ 0, 
approaches a limit ip{t) uniformly in some interval, then5p(0 
is itself a trigonometric sum of order at most N in this 
interval. 

The proof of this simple lemma is deferred to the follow- 
ing section. 

Consider the quadratic polynomials pi qi in the coordinates. 
We find from the given equations 
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i\'& +pi + • • •» 0* "" 

wiiere the terms not explicitly indicated are at least of the 
fifth degree, and where the terms written explicitly are 


y>/ <]i [(oi + <h\) pi ^/i + * • • + ('’ ‘nn “{~ jhn (/?>J 

(/ -- !,•••, i)}). 

W(* desire to ])rove that these terms vanish identically. 

Now the differential equations above lead at once to the 
inequalities 

djTi'df ; (^i ~ Pif/i) 

for / - 1, 2, • • • , where tt,, . • are of course positive 
or 0. From these last inequalities it follows that we have 


\dt('df\ •> niKtr 


and thence 

n -- Ho ‘-4 m K i / - - U | 



2 m KTnl 


for any given interval of time |f — ^ ^ provided that 
is sufficiently small. This follows by the methods of section 2. 
Hence ii — Uq is of the second order in throughout this 
interval, while the inequalities for (hij^df show that /r* — id] 
is also. Thus 

<H 4 " IH Q.n , 

which is a quadratic polynomial in yri, •••, differs from 
its value at f ~ U by terms of the third order in Uo? and 
the differential equations above give 


d f 






By integration there results 


(/ - 1. •••, m). 




LTxtf 

a - - 1. • • m) 


in the interval under consideration. 
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Suppose now that we write 

v\ **** (•/ - 1, •••. m). 

«i, • • being m arbitrary pairs of conjugate imaginaries, 
and su])pose that the positive quantity e approaches 0. The 
inequality last written in which is to be regarded as 
a constant multiple of shows that we have 


Urn 








where the limit is approached uniformly in the interval under 
consideration. On the other hand iri can be approximated 
to by a trigonometric sum of the specified type to terms of 
order in this interval, and consequently (yr. — can 
be approximated to terms of order e. Thus the left-hand 
member is the uniform limit of a trigonometiic sum having 
the proi)erties specified in the lemma, and must therefore 
itself be trigonometric. This can only be true if the sums 
vanish for all values of / and y, as we desired to 

prove. 

Thus we have to terms of the third order for i 1, •••, m. 


dlhldt 

~p, r/jj + 


r “ ] 

dqjdf -- 

'v w'/yj + 


Evidently we have begun a process which enables us to 
remove terms T)f higher and higher degree in P,, Qt ex(*(‘i)t 
for terms with factors q, respectively, and coefficients which 
are polynomials in the m products p, q,-, one being precisely 
the negative of the other. 

coyu'plctefij sfahle st/stnni of equations ( 5 ) maij he redace/l 
formnlhj to the normal form 


00 d'Si/dt 


dfjildt ~ M,rj, {i ^ 1 ? ^'0 
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where i¥i , • • • , Mm (ive inire imaginary poirer series in the m 
oariahles h, /. e., 

ni 

Mi A; — <:,j '£j 4 ... (/ 1 , . • • , i») , 

and are eon j agate pairs of variables. 

(‘oncerselg, if any set of equations have this normal form, 
the argument of seetimi 2 is available to show that there is 
complete stahili tg. 

6 . Proof of the lemma of section 5 . Let us consider 
a sequence of trigonometric sums ifJ (/) of the type prescribed 
in the lemma to be proved. For such a sum we have 

+ + if* -0 

where D indicates ordinaiy differentiation with respect to t in 
the symbolic differential oj)erator on the left. Direct integration 
2 iV + 1 tim(is gives 

■■■ 

where l\t) is a polynomial of degree at most 2N. 

Now all of the // exceed I in absolute value, for by 
hypothesis 

\1.\-:J (/- !,•••, A^). 

It is clear then that, by suitable choice of a sub-sequence 
if*(t), the reciprocals m, ^ Mh, which are less numerically 
than Ml, will approach limits mf with |mfl 1/L Any 
two of the quantities will be distinct unless both are 0 
of course. Now divide both members of the above integral 
e(iuation by the product l\ and pass to the limit. 

Since if* approaches f uniformly, we obtain at once 

(l I + • ■ • + -f 9 (<) ^ Q{t), 
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where Q{t), being the uniformly approached limit of a 
sequence of polynomials F(t) of degree not exceeding 2N, is 
itself such a polynomial. This leads at once to the conclusion 
that f satislies the linear differential equation with constant 
coefficients 

D^ + i) ... (m*2 />M- 1 )] <>' 0 . 

with general solution a trigonometric sum 


A' 

^-■’o {*!»•*)] 

where the sum is only extended over those values of j for 
which nij is not 0. Hence is of the stated type. 

7. Reversibility and complete stability. It would 
be possible to show further how intimately the vaiiational 
principle and the requirement of complete stability are intor- 
related.t Instead I prefer to follow another direction of 
thought in order to show that the requirement of complete 
stability is also very intimately connected with that of re- 
vei’sibility in time of the given differential system, provided that 
the ordinary definition of reversibility is suitably generalized. 

We shall say that a system (5) with generalized eipiilibrium 
]>oint at the origin is ‘reversible’ if when t is changed to 
— t the system then obtained is equivalent to (5) under the 
formal group. 

By this change of sign of the multipliers A/ are chang(Ml 
to their negatives — A/. Hence it is obvious at the outset 
that in the reversible case of even order, these multij)liers 
are grouped in pairs, each member of a pair being the negative 
of the other. We are primarily interested in the case Avlnm 
these multipliers are furthermore pure imaginaries and with- 
out linear commensurability relations. For this reason we 
shall assume that these conditions for first order stability are 
satisfied. 


t See my paper, Siahilify and the Equations of Dynamics, loc. cit. 
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It is clear that this definition of reversibility is independent 
of the dependent variables employed. Hence if we have 
a completely stable system to begin with, we may take it 
in the normal form (6). The change of t to — t gives 
a modified system, 

d'^i/df Ml ?/, drill dt — Mitii (/ - 1, •••, 

where we introduce the dashes to avoid confusion. Hut it 
is possible to pass from one set of equations to the other 
by the aid of the transformation of the formal grou]) 

i”/ - h (/ -^ 1, •••, m). 

Thn'ejhre if Htnr is sfahilift/ of the first order, a neressart/ 
rondifion for ronrplete stahifitij is that (5) is rerersitde in the 
sense oj' the ahore definition. 

It remains to ])rove that this simple necessary condition 
of reversibility, together with the requirement that tin? 
multipliers are of the prescribed type, is also sufficient. 

The same process of normalization used in section 5 leads 
us to the normal form of more general type 

(7) d'^i/dt dfji/dt = Vifif (/ = 1, •••, m), 

where /'/, T/ ai’c functions of the tn pi*oducts ^/i, • • •. hn^n, 
with initial terms — A,- respectively. This may be obtained 
without the hyi)othesis of complete stability. 

Now if we change / to — t these normalized equations 
be(M)me 

(H) d'i,!df — drifdt - — T"/ jy/ (/ — 1 , •••, ?>i)- 

Idiese are to be equivalent, by hypothesis, to the original 
equations (7). It is to be observed that the equations (8) 
ai-e the same in form as (7) save that the roles of and rj, 
are interchanged, while — — V, take the place of V„ r, 
respeetividy. 

Hut it is readily proved that the most general transformation 
preserving this normal form (7) is of the ty])e 
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(9) ^ Vf Oi O' 1. •••, m). 

where f, and </, are arbitraiy power series in the w* products 
wot lacking constant terms, and Avith co- 
efficients independent of f. 

The fact tliat these transformations do preseiTO tlie noimial 
form is obvious ui)on direct substitution. In the first place, 
we note that the inverse relations are of the same type 

^ ?/ 71, fj, k, 0 K * • 

with 

J\ht (j,k, 1 {i 1 , 

Hence we find 

d'^Jdt U, I 

whore 

[ m ^ f I 

f>, + Z (u, + r,) f; ,ij - s, 7/,), 

J 1 J 

together with like expressions for drit Id f and T,, for / 1 , . • • , . 

In oi-der to establish the fact that this group of trans- 
formations is the most general ju-eserviiig tlie normal form, 
we shall proct'ed step by step. 

' Consider the terms of the first degree in any such series 
for fji. These may be written 

respectively, so that Ave must have, for instance, 

d .... T ^ da . dh . 

dJ ^ d t dt 

~h H“ • • •> 

if the normal form is to be preserved to terms of the first 
degree only. Hence we infer that h vanishes and a is a con- 
stant. Similarly r vanishes and d is a constant, conjugate 
to a. 
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Of course this means that the transformations from 
to rji are of the specified form as far as the first degree 
terms are concerned. 

Hence the most general transformation which preserves 
the normal form may be obtained by the composition of the 
special linear transformation of the group 

~ o?,, fji - df], a 1. 

and a transformation of the form 

“h fjt 4 

in whicli f', Gi begins with terms of at least the second 
degree. 

Denote the quadratic terms in F, and G, by and Gr> 
respectively. Thus we have to consider 


-f- Fri fjt - -f" ■ D • • • , w) 

with inverse transformation 

!•/ - — Frj t// -■ — Gr> h * • • ■ !.•••,«/). 


in which F,^, (^2 are merely F,2f Gri respectively Avith y/, 
replaced by ?/, respectively. We are to determine what 
is the most general form of F^ij Gj^ which can preserve the 
normal form. Now we have 



for / ^ 1 . •••. 0?, Avhence by comparison of second degree 
terms 


— hFri- 


J -I \ 


fv dFvi 




■ nr 


dFrA , dFti 






dt 


The constituent terms which may occur in Fi2 can be dis- 
cussed by the methods of section 5 , and this leads to the 
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conclusion that F/o must vanish. Likewise (7^2 is found to 
vanish. Thus the transformation has the stated form to terms 
of the second degree inclusive, and it is necessary to con- 
sider next a transformation 

--h F/3-h • • • , til ^j} ‘ • 0 

with inverse transformation 

Vf (/ - 1. *.•, m). 


Here we are led to m equations 


— F,:i 



dFn dF,A 

9?/ / 


F/3 

9> 

(/ 




1, • • •, w), 


where A Un denotes the difference between the se(!ond degree 
components of Ut and F,, when , • • •, replace 

hnrjtn iu F,. Tlius JF /2 is a linear function of 
these m, products with constant coefficients. But the method 
of section 5 shows then that F,^^ contains a factor in every 
term, these terms being of the form 


m 

(*' " 1, •••, »«). 

j -I 

Of course (.r,s has a corresponding similar form in which rji 
appears as a factor. 

It follows that the transformation has the stated form to 
terms of the third degree inclusive. But then the most 
general transformation can be expressed as one of the specified 
group followed by a further transformation 


-f' -^^#4 'h • • • ' -f* Fa 4 • i’' - l,***.m), 

and we can continue the above method of treatment to the 
terms of fourth degree and of all higher degrees. Thus we 
arrive at the conclusion desired that the most general type 
of formal transformation preserving the normal foim is given 
by (9). 
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It remains to consider in what cases it is possible to pass 
from (7) to (8) by a transformation of the type (9), where 
now we shall introduce dashes so as to distinguish the two 
sets of variables and ?i, • • •, lyy/i. If we write 

/o hrji, I'Fi C/z + Vi, we obtain the two 

associated sets of equations in m , • • • , ^.,>4 and ui, •••, ^,>4 

(10) d ujd t ~ IF; {u\y • • • , Um) f(i (/ 1 ? * • • j 

(11) d m /dt -- ~ W, (ui , • ‘ , dm) n / (^’ 1 ? • • • , aO? 

while we have the relations 

(12) u, dihiiuu • • ','^hn)'lc, (?(1, • • 'UwO ^ lO h{uu U,Z4) 

{I = 1, • . m), 

Furthermore the constant term in U is {t,, a I'eal positi\^e 
constant, for reasons given above. It is very easy to show 
that it is impossible that (10) and (11) are related by (12) 
unless Wi 0. 

To begin with, we recall that U, and 7? have constant 
terms which are the negatives of one another. In consequence 
17/ starts off with terms of positive degree r in ui, • ?o, 4, 
the aggregate of which we designate by Wh * If we perform 
the indicated change of variables, we obtain the identities 

—-j- = — Qi 17/- (a Ui, . • {)ni dm) U, H 

- Qi Wir{di , • • • , thu) Uz + • ‘ , 

in which only the terms of lowest degree r + 1 are ex])licitly 
indicated. Hence we obtain by comparison 

17>(Ui, • • •, Uwj) “}■ 17zv((>i Ui, • • •, Qm'^hn) — 0. 

But consider some term of Wir, say 

V, Hi' . . • («1 -f 1- = r). 

This identity yields 
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which is impossible for c, 0. Hence every term of W^r 
must vanish^ which is contrary to assumption. In consequence, 
we must have Wi - - 0,(/ 1, . . m). In other words the 

requirement of reversibility necessitates that the normal form 
(8) has the special property characteristic of the case of 
complete stability. 

Jf there is stnhiUiy of the first order, reversibHity is (t 
sufficient condition for complete stahility in the yeneralized 
equilih'ium prohlem. 

The case of ordinary eciuilibriiim is of course still simpler 
than that of generalized equilibrium, and the results are 
entirely analogous. 

8. Other types of stability. We have already defined 
stability of the first order, and complete or trigonometinc 
stability. It was proved in section 2 tliat, for the ecpiations 
of dynamics (taken as of Hamiltonian or Pfaffiau type), first 
order stability necessitated complete stability. Other types 
of stability also possess interest. 

In the first place as of the greatest theoretic importance 
may be mentioned 'permanent stability’, for which small 
dis])lacemeiits from e(piilibrium or periodic motion remain 
small for all time. This is the kind of stability of ordinary 
equilibrium when the potential energy is a minimum. The 
equations of dynamics are of the type for which this stability 
may obtain, although in general the problem of determining 
whether or not it does obtain is one of extraordinary diffi- 
culty, and constitutes the so-called 'problem of stability’. 
Thus far the problem has only been solved when a known 
convergent integral guarantees such actual stability of ])ei- 
manent type. 

Another type of stability is that in which these displace- 
ments remain small for a very long interval of increasing 
and decreasing time. A sufficient condition for such 'semi- 
permanent stability’ is the existence of a formal scries integral 
starting off with a homogeneous polynomial of least degree 
constituting a definite form in the dependent variables. It 
seems likely that a slight extension of this sufficient condition 
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will turn out to be necessary. Complete stability necessitates 
semi-permanent stability of course. 

Finally a type of ^unilateral stability’ in which the dis- 
placements remain small for ^ > 0, and in general tend to 
vanish as t increases indefinitely, has been considered by 
Liapounoff and others.* It is easy to demonstrate that if 
the m multipliers possess negative real parts, this kind of 
stability will obtain. Furthermore it is necessary for this kind 
of stability that none of these real parts arc positive. In the 
case of the equations of dynamics, however, the real parts 
of the multipliers can not all be negative, since with ever^^ 
multiplier A, is associated its negative. Thus the only possi- 
bility of unilateral stability in dynamics is seen to arise 
when the multipliers are pure imaginarics. In this case the 
proof of unilateral stability would lead to the proof of per- 
manent stability. 

Thus for the problems of dynamics the important types 
of stability are complete or trigonometric stability, and the 
permanent stability mentioned above. We shall recur later 
(chapter VIII) to the important problem of stability concerned 
with the interrelation of these two types. 

* See, for instance, Picard, TraiU d’ Analyse, vol. 3, chap. 8. 
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EXISTENCE OF PERIODIC MOTIONS 

I. Role of the periodic motions. The periodic motions, 
inclusive of equilibrium, form a very important class of 
motions of dynamical systems. It will be our principal aim 
in this chapter to consider various general methods by which 
the existence of periodic motions may be established. In 
the next chapter a deeper insight into the distribution of 
the periodic motions is obtained for dynamical systems with 
two degrees of freedom. Such systems are of the simplest 
non-integrable type. 

The case of a single equation of the first order presents 
no interest. If the equation is 

d.r/df -- A(.r). 

there will clearly be equilibrium for roots of A = 0, while 
for all other motions there will either be asymptotic approach 
to one of the equilibrium positions or indefinite increase of 
I ./• I . Here the equilibrium positions play the central role. 

For the case next in order of simplicity there are a pair 
of equations of the first order. Here the geometric methods 
of l^oincare* yield the qualitative characteristics of all possible 
motions, and it is found that the equilibrium positions and 
periodic motions play the central role. The next following 
section will be devoted to an example of this type. 

When we restrict attention, however, to a pair of equations 
of Hamiltonian or Pfaffian type (corresponding to a single 
degree of freedom), there is the special circumstance of an 
energy integral. Here we assume that the time t does not 

* See his paper l^ur les courhes dejiniea par une Equation differ entielle, 
Journal de Math6inatiques, ser. 3, vol. 7 (1881), vol. 8 (1882), ser. 4, vol. 1 
(188.5), vol. 2 (1886). 
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explicitly appear in the equations; the case when t is in- 
volved as a periodic variable is properly to be regarded as 
of the same degree of generality as that of two degrees of 
freedom. If we rei)resent the two variables g by points 
in the plane,* the curves of motion will pass one through 
each point and can only form closed curves or branches 
open toward intinity in both senses. The corresponding 
families of periodic motions and unstable motions constitute 
the totality of motions, except that certain of these curves 
may contain one or more equilibrium points, in which case 
there is asymptotic ai)proach to equilibrium in one or both 
senses. 

In the case of dynamical systems of more complicated type 
it is not clear that the periodic motions take an equally im- 
portant part. For dynamical systems with only two degree's 
of freedom, such as are considered in the next chapter, it 
is, however, almost certain that they continue to play a do- 
minant role. In more comi)licated cases of still more degrees 
of freedom, the recurrent motions, introduced in chapter VII, 
are perhaps to be regarded as the appropriate generalization 
of the periodic motions, and so likely to become of considerable 
theoretic importance. 

2. An example. The example alluded to in the preceding 
section is concerned with the rectilinear motion of a particle 
in a field of force of general type. 

More exactly stated, we consider the motion of a particle P 
of unit mass which moves in a line subject to a force /V, o) 
dependent on its space coordinate x and its velocity r.t For 
the sake of definiteness we shall assume that there is one 
and only one possible position of equilibrium in the line of 
motion, and that the motion under consideration is stable in 
the sense that, for f x and v remain limited in absolute 
magnitude. 

* It is conceivable that p, q are coordinates on a more complicated 
surface, but we will refer only to the simplest case here. 

t For an outline of the treatment here given see my paper, Stahilita 
e Periodicita nella Dinamica, Periodico di Matematiche, ser.4, vol.6 (1926). 
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The usual form for the equation of motion is the single 
equation 

~ f{x, dxidt), 

where / is a known function which we shall assume to be 
analytic in the two variables involved. On taking the point 
of equilibrium at x ~ 0 we have further 

/(0,0) - 0; fix, 0)^0 if ^‘-+0. 

Write dx/dt y and replace the above equation of the 
second order by the equivalent pair of equations of the first 
order 

dxjdt = y, dyidt fix,y). 

These are clearly a pair of equations of the type to which 
the existence and uniqueness theorems apply. 

If we take x, y as the rectangular coordinates of a point ^ 
in the plane, the possible motions of the particle correspond 
to analytic integral curves, filling the x, y plane, for which 

dyidx =^f(:x,y)ly. 

I^he only i)oint curve is the origin 0 which corresponds 
to equilibrium. The other curves have eveiy where a con- 
tinuously turning tangent, since not both dxjdt and dyidt 
vanish except at the origin. Moreover it is only along the 
X axis that the slope is 
infinite. 

Consider now the parti- 
cular integral curve corre- 
sponding to the given 
stable motion. I jet (see 
figure) be the point of this 
curve which corresponds 
to ^ 0. For definiteness 

we assume Qo to lie in 
the upper half-plane; the 
modifications in our statements necessary to make them apply 
if the point Qo lies in the lower half-plane are obvious. Since 
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(lx! dt =- y is positive as long as the point Q on the integral 
curve fails to cross the x axis, Q moves continually towards 
the right as / increases from 0. 

But by hypothesis the point Q lies in a square of sides 
2M with center at 0 and sides parallel to the axes. 

Hence, while t increases but remains less than any time 
corresponding to a crossing of the x axis, x, which is also 
increasing and bounded, must approach a limit x. 

If t approaches a finite limit t as x approaches then 
by the existence theorem the motion can be continued further, 
but of course not with ?/>0 according to the definition of t. 
Hence in this case y must be 0, and the curve crosses the 
X axis at (a?, 0). It is to be noted that x cannot be zero. 
Else we should have two solutions, namely the given solution 
yif) 2 iiso X 0, y — 0, both of which satisfy 
the initial conditions x “ ^ = 0 at < — and this 

would contradict the uniqueness theorem. 

Jf t approaches an infinite limit as x approaches x, we 
may show that (.r, y) approaches (0, 0). If possible suppose 
the contrary to be true. It is apparent that, inasmuch as x 
continually increases but remains less than M in absolute 
value while y also remains less than M in absolute value, 
the point (./*, y) either a])proaches a ])oint (,r, y), or a 
strip (x, y) where //o ^ 2 / < </i. 

But this second possibility would clearly require indefinitely 
large curvature x of the integral curve near (x*, ^o) and 
U', 7/,), given by 

(where /.r, fy denote partial derivatives), and an indefinitely 
small value of if + /®. This necessitates of course that 
yojyi vanish, contrary to hypothesis. 

Hence y must approach a value y as t approaches infinity. 
Now clearly the arc length 
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will become infinite with t unless (^r, y) approaches (0, 0), 
and indefinitely large arc length would also imply indefinitely 
large curvature. 

It follows then that either Q approaches the origin 0 from 
the left as t becomes infinite, or that Q crosses the axis at 
some point Qi = (.Ti, 0). 

In this second case it is obvious that the point Q, on 
crossing the x axis at Qi, starts to move to the left. J^y 
the argument employed above, Q will either continue to move 
to the left and approach O as < becomes infinite, or it must 
cross the ./* axis again at Q 2 (^rg, 0) for the second time. 

The point Q 2 must, however, lie on the opposite side of O 
from Qi in this case; otherwise /(x^ 0) and f(x 2 , 0) have 
the same sign, and the point Q would move downwards 
at Q 2 as well as at Qi. It is seen then that Qi falls to the 
right of 0, and to the left of 0. 

In fact it follows always that Qi is to the right of 0, for 
if Q lies to the left of 0, the particle cannot approach O 
aftei passing Qi since it then moves to the left. Thus a 
point Q 2 would fall on the same side of 0 as Qi, 

By repeating this argument indefinitely, we either arrive 
at a finite number of crossings Q\, Qt, • • Qn, alternately 
to right and left of 0, after the last of which Q appro- 
aches 0, or we find an indefinite set of points Qi^ Q 2 , •••. 

From the analysis situs of the figure it is apparent that 
the integral curve must either expand away from 0 towards 
a limiting oval about O; or must form such an oval; or 
must contract towards such an oval (like that indicated in 
the figure); or contract towards the point O itself. Of course 
the curve cannot touch or cross itself, by the elementary 
existence and uniqueness theorems. 

Hence we have the following types as the only possible 
ones for a stable rectilinear motion of a particle in a force 
field with single equilibrium position: 

(a) The particle oscillates indefinitely often back and forth 
past the equilibrium position with expanding amplitude, and 
approaches a periodic motion asymptotically. 
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(b) The particle oscillates periodically about the equilibrium 
])osition. 

(c) The particle oscillates indefinitely often back and fortli 
with decreasing amplitude and approaches a periodic motion. 

(d) The particle oscillates back and forth a finite or an 
infinite number of times and approaches the equilibrium 
position. 

(e) The particle is in the equilibrium position. 

A very clear idea of all the possible motions of the particle 
under an arbitrary law of force of this type is readily ob- 
tained, on the basis of the above discussion. 

Let us consider the ordered set of distinct closed < curves 
in the ./*, y plane corresponding to the periodic motions. All 
of these must evidently enclose the origin which can i)roperly 
be regarded as the innermost curve of the set. 

Any other curve of motion may lie between a pair of 
the periodic curves in which case it will continue between 
them always and so be stable. The particle then approaches 
one of these enclosing periodic motions asymptotically as t 
increases indefinitely and the other as f decreases indefinitely. 

In the only alternative case the curve will lie outside of 
the outermost curve of the set of periodic motions, and will 
ch'arly be stable in one and only one sense of time t and 
will approach the corresponding periodic motion asymptoti- 
cally in this sense. 

3. The minimum method. vSuppose now that we have 
a Lagrangian dynamical problem, 

d/ - d f’/vr// - 0, 

where Jj is a function of the space coordinates q,a 

and of the velocities q[, •••, being quadratic in these 
last variables. There is an integral of energy, namely 

L2 — Lo =- const. 

By adding an appropriate constant to Lo, we may assunui 
that the arbitrary constant vanishes for the given motion. 
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We propose to simplify the given problem by making use 
of the integral of energy which may then be written 

Tjq 0 . 

As has already been seen, it is possible to give an alter- 
native variational formulation of the problem 

d 1/ 2 L,) dt - 0 

(see chapter II, section 3), in which the integrand is pos- 
itively homogeneous of dimensions unity, so that the value 
of the integral is independent of the parameter t employed 
along the path of integration. 

Now the underlying variables here are gi, •••, g^^. But it 
is not important which particular set of variables is employed, 
since an arbitrary one-to-one, analytic transformation does 
not aft'ect the validity of the variational principle. It is 
important, however, to require that the sets of coordinate 
values gi, g^ form a certain analytic manifold M of 
known connectivity. Accordingly we assume that the co- 
efficients in L are analytic in gi, •••, qm over this manifold 
when gi, • • •, qm are properly chosen. Let us furthermore 
assume that — L\, which is a homogeneous quadratic 

form in the velocities, is a positive definite form. The 
expression ds'^ - Lq Tj^ dt^ may be considered as the clement 
of arc on the ^characteristic surface’ M, 

Let I denote any closed curve in M which cannot be con- 
tinuously deformed to a point. Here M is taken to be 
multiply connected in the sense of linear connectivity. 

Suppose further that under such deformation the integral I 
taken around the curve I increases indefinitely if I does not 
remain wholly on the finite part of the manifold, and also 
that 1 exceeds a certain positive constant Jo for any choice 
of Z. There will then be a positive lower bound for 1 along 
these curves. 

It is intuitively apparent that this bound will be attained, 
and will yield a closed curve corresponding to a periodic 
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motion. We shall not attempt here to enter any of the 
logical details but merely to state the result.* 

Oiren a Lagraiigian dynamical proh/on of this type tilth 

Li ~ Tj{) -j- Ij\ -f- Z/g , 

and such a rircuif I not deformable to a point on the charac- 
teristic surface, then, for the prescribed value c of the energy 
constant, i. e., of 

Jj^ LdQ ~ c, 

there e.rish a periodic motion of the same type as I for ivhich 

/ J^(2 1 T/>o + ~<) z;+ u) dt 

is an absolute minimum, 

Jf Li ~ 0 , so that the problem is reversible, the integral I 
becomes the arc length s on the characteristic surface, and the 
periodic motion corresponds to a closed geodesic of the given 
type. 

In the case of two degrees of fi*eedom 0?/ ~ 2), this minimum 
method yields only those periodic motions of unstable type 
for which the two non-vanishing multipliers are real.t Doubt- 
less analogous results hold for any number of degrees of 
freedom, and can be obtained by means of classical methods 
in the calculus of variations. 

Jf the energy constant c varies, it is almost obvious that 
these ])eriodic motions of minimum type vary analytically. 
Here is an instance then of the analytic continuation of a 
periodic motion with variation of a pai amoter (see section 0). 

4. Application to symmetric case. There is one case 
in which the direct application of the minimum method fails, 
namely that in which there is no circuit I on the characteristic 

Cf. my paper, Dynamical Systems with Two Degrees of Freedom^ 
Trans. Amer. Math. Soc., vol. IS (1017), where the minimum method is 
developed more fully, and the important antecedent papers by Hadamard, 
Whittaker, Hilbert and Signorini are referred to. 

t Cf. my paper (loc. cit), section 14. 
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surface not reducible to a point. It is interesting to observe 
that even here a slight modification of the minimum method 
may be applicable. This will be possible in those cases when 
the dynamical problem is ^symmetric’, in the sense that the 
points of the characteristic surface may be grouped in distinct 
symmetric pairs, such that I has the same value along any 
curve and along its symmetric image. When this proi)erty 
is satisfied and the coordinates (/i, • • • , qm of each point of 
a pair are taken to be locally the same, then Lq, Li, are 
also the same at symmetric points. 

To illustrate the idea involved, let the surface M be thought 
of as lying in ordinary space, and symmetric in the origin 
(but not passing through it), so that if .r, y, z are the co- 
ordinates of a point olM then --.r, — y, — 2 - are the coordi- 
nates of the symmetric point of M, Of course M is taken 
to be connected and as having the properties previously 
specified; in particular, M may be a convex surface symme- 
trical in the origin. The integral I may be thought of as 
ordinary arc length along a curve in the surface JZ. 

Now suppose any closed curve ABCDA is drawn in JZ 
such that ABC is the image of CD A, with A and (> as 
symmetrical points. Let this curve I be continuously deformed 
in any manner, but with the condition that it is always to 
be composed of two symmetrical arcs ABC, Cl) A, 

The integral / along I will then possess an absolute 
minimum which will be attained along some (Uirve of this 
type. In fact we need only regard symmetric points as iden- 
tical and consider 1 along the closed curve ABC on the 
modified manifold M' so defined. 

Jf a Layranyian irriMvm of Hits type admits of symmetry ia 
the sense speeijied, and if I is any syynmetric vircuit on the 
char aeteri Stic surface M, there will exist a symmetric periodic 
motion of the same type as I, for which J over any I is an 
absolute minimum. 

In particular let there be a closed m-dimensional analytic 
surface with the connectivity of a hypersphere, which lies 
in rm + l)-dimensional space and is symmetric in the origin. 


9 * 
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The result above is at once applicable and indicates the 
existence of at least one closed geodesic without multiple 
points. 

More generallij, if the Lagrangian j^rohlem of this type 
admits of an analytic transfo'rmatioyi T into itself tvhose lc4h 
iterate is the identical transfm'mation, and if I is a circuit 
invariant under T and not defm'mahle to a point mi M, there 
will exist a pe^'iodic motion of the same type as I, 

5. Whittaker’s criterion and analogous results. 
Hitherto we have dealt Avitli Lagrangian dynamical problems 
possessing characteristic surfaces M without any boundary 
save at infinity. It is, however, very simple to extend our 
results to the case when M has one or more analytic (m — 1 )- 
dimensional boundaries, provided that the unique short geo- 
desic arc joining any ordered pair of nearly points within M 
also lies within M. A boundary will be termed ^!onvex’ in 
case it has this property. 

In fact the minimizing curve in M is then either a closed 
extremal, in which case it is obviously not tangent to any 
of these boundaries and so lies within M, or it is composed 
of a finite or infinite number of extremal arcs whose vertices 
must lie 011 these boundaries of course. But, by the very 
definition of the convex boundary, boundary vertices cannot 
occur on the minimizing curve. In fact a short arc AVB of 
such a iniiiiraiziiig curve with vertex at V can be i-eplaced by 
the shorter single extremal arc AB, which must lie wholly 
within M, This is absurd. 

The surface M, defined in the preceding sectioyi, mag be 
assumed to possess any number of finite convex boundaries in 
addition to the possible boundaries at infinity ^ without affecting 
the existence theorems there obtained. 

The original- criterion of Whittaker referred to the re- 
versible case of two degrees of freedom when M was a 
ring. Here the result obtained is that there is a periodci 
motion of minimum type which makes a single circuit of 
the ring.* 

* Cf. my paper, loc. cit., sections 10-13. 
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6. The minimax method. By means of the ‘minimax’ 
method it is possible to establish the existence of still further 
])eriodic motions. 

Perhaps the simplest illustration of the method is obtained 
through the consideration of the geodesics on a torus-shaped 
surface in ordinary three-dimensional space. Evidently the 
minimum method explained above yields at least one closed 
geodesic having the type of any closed curve on the torus 
not deformable to a point. Now let a closed curve I be 
moved in any way from this minimizing geodesic back to the 
same position, while at least one of the two angular coordinates 
increases by 2 A:/r. It will be necessary certainly to increase 
the length of I during this movement of /, and there will 
be a least upper bound of length Z*, necessary in order that 
the movement be possible. At some intermediate stage then 
the varying curve will actually be of this length and will 
be taut. This position of I corresponds to a closed geodesic. 
Clearly it is not possible to deform all nearby curves of 
length less than Z* into one another or would not be the 
minimax specified. This property is characteristic of geodesics 
of minimax type. 

The above treatment is intuitive. However a rigorous 
treatment can be given.t 

More generally we arc led to the following conclusion: 

A Lagranffian -problem restricted as in sectmi 4 and with 
k > 1 periodic motions of minimum igpe associated with a 
closed curue Z, will necessarily pmsess at least Ic — 1 further 
periodic motions of minimaor type associated with this same 
circuit. 

If we omit consideration of all exceptional cases and use 
an intuitive form of reasoning, this more general principle 
may be made plausible as follows. Let 7i, be the 

values of the integral I along the Ic periodic motions of 
minimum type which are known to exist, and let i* be so 
large that it is possible to deform a curve I from any one of 

t Cf. my paper, loc. cit., sections 15-19, for a development of the 
minimax method in the case of two degrees of freedom. 
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the corresponding curves Zi, •••, & into any other without/ 
becoming as large as Z*. For definiteness let us suppose 
that /i, • • Tk are in increasing order of magnitude. 

I^et ?/ be a variable parameter and consider the closed 
curves I of the given type for which /<?l For u < Ix (the 
absolute minimum) there are no curves but, as xt increases 
through /i, closed curves not differing much from the curve 
for Ii are admitted, and the more xi increases the more 
extensive the variation of I about the (mrve for lx may be 
with Ku. Similarly as xt increases through Jg a new 
isolated set of curves I in the neighborhood of the curve 
for I 2 come into existence, for whicli Kn. And as n 
increases finally through a last /r-th set of curves comes 
into existence about the curve for Z/.. 

Now as XI increases some two of these k sets of curves 
may unite, i. e. it becomes ])Ossible to deform a curve I from 
the curve for one J« into a curve for /^. There will then 
be a least value of xi for Avhich this is possible, and a corres- 
ponding periodic motion of minimax type. Each time that 
such a union takes ])lace the number of sets of curves I 
with J H is diminishes by 1 . 

But when xi - - /* there is only one common group, so 
that /r — 1 unions have taken place. This is what we desired 
to prove. 

It is not difficult to show that, unless the periodic motion 
of minimax type is multi])le, only two sets of curves can 
coalesce at one of these critical values of xi. 

When the characteristic surface admits of discrete trans- 
formations into itself, an exceptional case arises in which 
the periodic motions of minimum type arc to be counted 
moi’e than once. This is the case o£the torus alluded to above. 

It is also of interest to observe that when a curve I is 
regarded as described k times, Zr > 1 , the motions of minimum 
type remain so, but the motions of minimax ty})e associated 
with them will not be the same as in the case A: - 1, but 
will be distinct from these. 

The general situation here recpiires further study. 
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7. Application to exceptional case. The case of the 
w#.- dimensional. Lagrangian problem when the characteristic 
surface can be set into one-to-one analytic correspondence 
with the hypersphere is of exceptional interest, but the mi- 
nimax method outlined above is not directly applicable since 
there are no closed curves I, not deformable to a point, 
from which to start. Nevertheless the existence of a periodic 
motion of minimax type may be established. 

In order to make the reasoning as concrete as possible we shall 
direct attention to the reversible geodesic problem, although it 
is clear that the reasoning applies equally well for a Lagrangian 
problem of the kind treated in the preceding sections, with 
characteristic surface homeomoridiic with the hypersphere. 

Our first step will be to define what is meant by a ^covering’ 
of the surface. In the case of a two-dimensional surface let 
th(' surface of the sphere be set into one-to-one analytic 
corrtispondence with the given surface. The small circles 
on the sphere in planes perpendicular to some axis are 
evidently carried into a set of closed analytic curves covering 
the given surface, two of these being point-curves. Thus 
we may conceive of the sjdierical surface as being distorted 
analytically to form a covering of the given surface M by 
means of this set of closed curves. The points of the covering 
can then be specified by two angular coordinate functions 0, ff 
on the surface where 6 and represent colatitude with respect 
to the given axis and longitude respectively. The given 
closed curves correspond to 0 ~ const., while y varies from 
0 to 2/r. The coordinate d ranges from 0 to tt only, with 
the two extreme values corresponding to the point curves. 

Now conceive of this covering as continuously deformed. 
This means that each point of the covering is carried by 
continuous variation into nearby points, while the curves of 
the covering go over into new curves. It is obvious that 
such a covering will always actually cover each point at 
least once and cannot reduce to a point.* 

* The suggestion for a proof may be found in a footnote, p. 24(3 of iny 
article, loc. cit., and this proof extends readily to the wj-dimensional case. 
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Similarly for the m-dimensional case, we introduce a system 
of small circles on the hyperspherc 

a?+ 1 

(./'i, rectangular coordinates) with equations 




in\ 1’ 




Here the null circles of the set are in one-to-one, continuous 
correspondence with an (m — l)-dimensional hypersphere. 

The image of this system of circles leads to an analytic 
covering of the given characteristic surface M, The points 
of the covering can then be specified by suitable coordinates, 
and we may conceive of the covei-ing as continuously varied. 
It is obvious that such a covering will always cover each 
point of M at least once. 

Now there is a maximum length L* for any image of 
a circle, and there can be selected a distance d such that 
two points at geodesic distance not greater than d from each 
other in M are connected by a unique minimizing geodesic 
of length Let n be the positive integer such that 

L* L* 

n n~ ] ' 

On the image of any circle select the ])oint Pi as the point 
which corresponds to f 0 and divide the curve into 7i arcs 


Pi Pi.PzF^. 


PnPu 


of equal length <d. Let a point Qf move from Pi to P^ fi 
(Pi-fi Pi) on each such arc in such wise that each arc 
is constantly divided proportionately. Consider the short 
geodesic arc Pi Qi and the arc Qi Pi~{ i of P? P/- 1-1 during this 
process. At the outset the combined arc is P/ Pm i while 
at the conclusion it has been varied continuously to the 
geodesic arc Pi Pm. 
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In this way we see that it is possible by continuous 
variation to replace the covering with the given images of the 
circles by a covering of closed curves made up of geodesic arcs 
Pi ‘ • P)i Pi . Furthermore it is clear that the maximum length 
of any curve of the new covering cannot exceed P*, while the 
maximum length of any component geodesic arc is less than d. 

This constitutes our ftfst step in a sequence of continuous 
variations of the given covering. The second step is to 
divide each curve of geodesic arcs in n equal parts starting 
with the midpoint of PiPg. Thus points are 

obtained, and a second modified covering made up of geodesic 
arcs •••, QnQ\, each of length less than d, while the 

closed curves are of length less than P*. The modification 
can be affected by essentially the same device as before. 

The process of successive ^-section and variation thus com- 
menced can be indefinitely continued. At each stage the 
individual arcs are of length less than <7, and the total length 
of each curve is less than P*, Furthermore the effect of 
each ste]) is to diminish (or at least not to increase) the 
length of the curve. 

It is conceivable that some of the intermediate curves 
I’educe to points during the process, but this would in no 
way invalidate the reasoning here made. However it is not 
possible that the maximum length of every curve becomes 
less than d. This may be seen readily. In the contrary 
case the curves • • • P, Pi of geodesic arcs of the corres- 
ponding covering can all be reduced to point-curves as 
follows: let each point Q move toward Pi along the unique 
short geodesic joining it to Pi , in such wise that proportional 
parts of this distance are simultaneously described by every 
])oint P. In this way the m-dimensional covering becomes 
(m — l)-dimensional at most, and so cannot pass through all 
points of M, which is absurd. 

In connection with this last step it should be noted that 
the process adopted leaves the set of points p an analytic 
(m — l)-dimensional manifold at each stage, so that no difficult 
point-set questions connected with dimensionality arise. 
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We infer that the maximum length Lp at the j;-th stage 
diminishes as p increases, and approaches a positive lower 
limit LT' d. 

It is now easy to prove that any corresponding sequence 
of geodesic arcs 

JY (p 1 , 2 , ...) 

for which the lengtli is this maximum Lp will contain a closed 
limiting geodesic of length L. In fact we shall be able to 
establish this fact at once on the basis of the following lemma : 

Lemma. If any closed curve of n equal arcs I\ Pa, • • • , P» Pi 
each of length d, and of total length ^ is modified to 
the curve of geodesic arcs /^i-.-Py^Pi, and then to the 
scries of geodesic arcs Q\ • • • (4n Qi joining the midpoint 
Qi of Pi Pjj with the points Qi, Qa of ?i-section, and if 
the exterior angle between the geodesics P/ P/+i at some 
vertex exceeds dy-O, then the difference between the length 
of the initial and final curve exceeds a specifiable positive 
constant dependent only on d. 

In the first place we note that the two steps each decu'case 
total length. Hence the proposition will certainly be true 
unless the first step changes the total length only very 
slightly. Since u is fixed one for all, this means that each 
geodesic arc P? Z^i is substantially the same in length as 
the original arc Pi P, ^i. By Osgood’s theorem in the calculus 
of variations, the original arc must be very near to the 
modified geodesic arc, and these latter arcs are nearly equal 
also. Hence the points of Q, of ?i-section of the geodesic 
arcs fall very near to the points half way between the points 
Pi of w-section on the original curve. In consequence it 
appears that if the exterior angle at any Pi-^^ exceeds a 
specified d the sum of the geodesic arcs Qi P+i and p+i 
will exceed the geodesic arc Qi Qi-\^i by a specifiable positive 
quantity. This would lead to the desired conclusion. 

Thus an outline of the proof has been given. Obviously 
the proof is of such a character that a full statement of all 
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the questions of uniformity involved would be lengthy, 
although the outline sufficiently indicates the general direction 
of procedure. 

On the basis of the lemma our discussion is at once 
completed. In fact the lengths of the sucessive curves 
specified would decrease indefinitely often by a specifiable 
amount unless the exterior angles at the vertices of the 
geodesic arcs approach 0 uniformly. Hence these exterior 
angles approach 0. Hut the points have at least one 
limit point P, and the directions of the geodesics have a 
limiting direction, so that there is a limiting geodesic which 
is clearly closed and of length L precisely. 

If the m-d'hnensional daracicfiistic s^nftrr M is homeomorphie 
with the m-dimeyisional hypeif'spherey there ewists at least one 
periodic motion ohfained hy the process specif ed aboce. 

It is natural to expect that such a motion is of minimax type, 
but we shall not attempt to establish this conjecture here. 
In the simplest case of two degrees of freedom this conjecture 
holds true. 

8. The extensions by Morse. The methods of minimum 
and minimax suffice only to give certain of the periodic motions. 
Itemarkable recent work by Morse* indicates with a high 
degree of probability that all of the types of periodic motions 
can be discovered by suitable extension of these methods, 
based on a deeper use of the principles of analysis situs. 
Moreover the number of j)eriodic motions of the various types 
(the minimum and minimax types being the simplest of a 
series) are characterized by certain interrelations discovered 
by Morse, although so far only explicitly developed by him 
as to apply to dynamical systems with two degi-ees of free- 
dom in the neighborhood of a periodic motion. 

9. The method of analytic continuation. The method 
of analytic continuation of Hill and Poincare starts with a 

^ See his paper Relations Between the Critical Points of a Function 
of n Independent Variables, Trans. Amer. Math. Soc., vol. 27 (1925), and a 
forthcoming paper, A Theory of the Ordinary Problem of the Calculus 
of Variations m the Large. 
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known periodic motion and then obtains an analytic continu- 
ation of it with variation of a parameter c. 

For the sake of definiteness we consider a system of 
Hamiltonian equations 


(I Pi dH dqi 

d t dqi ’ dt 


dU 


(;i --- 1 , • • • , , 


in which H is analytic in pi, • • qm, t, c, and periodic in t 
of ])eriod 2/r. Furthermore we suppose that the origin is 
a point of generalized equilibrium for c = 0. 

By proper preliminary linear change of variables of the 
type made in chapter III, section 6, we may take H in the 
normal form 

in 

H = 

J -1 

for c ~~ 0, in case A], . . are distinct. 

Now the general solution of the given system may be 
written 

P, = P, il>v ■ ■ •• <llo ^ 0 , Hi <J, {pl, ■ ■ ■, '•) 


for I m, where denote the values of 

jin j • • • , qm respectively at < = 0 . 

The condition for periodicity is then contained in the system 
of 2yn simultaneous equations 


p>ip% 


C '■) =- y,’ > <1< ipv • • • > '/m> 2 <■) 


1 , 


m). 


Here all the variables are involved analytically as was 
established in chapter 1. But this system of equations admits 
of the solution 




0 


for c 0, by hypothesis. Hence there will be a unique 
solution • • •, ql^, analytic in c, provided that the functional 
determinant 
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dpo' ^ 'dpy 


9 9 9 

“97r "9^ 

does not vanish for f 27r, r 0. But the 2ni functions 

^Pj_ ^ ^fjNl 
dp^ ’ * d 2)^ 

(/=!,•••, m) form m solutions of the equations of variation, 
as do also 

9 gw 

9gr*“‘ 9g? 

(/ ^ !,•••, m). In addition these reduce to 0 at t - 0, 
except for ^pjdp^^ and dqjdq] which are 1 for / 1, • • •, ???. 

The known nature of the terms in H for c - 0 yields as 
equations of variation 

dyjdt ^ X, 2//, dzijdt — X, z, (/ 1? • • * ? >«)? 

where ///, zi correspond to pi, qi. Hence the solutions above 
are of the following explicit forms 



0 , .. 

0 

0, 

•• 

0 

0, 

0, .. 

— A, 


where the only non-zero elements are the diagonal terms, 
namely 

A,« Xj ^,-Xa ~kj 

Consequently the determinant written above reduces to 

m 

j -1 
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and ^innot vanish unless some A/ is an integral multiple 
of V--1, 

Under theses circumstances then we liave an analytic family 
of solutions 

IhU, <■), •••, Omit r), 

periodic of period 2 jt in t as we desired to prove. 

These restrictions may be notably lightened. In the first 
place, when not all the multipliers are distinct, 

a similar normal form of solution exists. P^or example, take 
Ai Ag, while taking Ao, distinct from each other 

and Ai. In general the first and second solutions now have 
the forms 

0, e^>‘, 0, .... 0, 

0 , ..., 0 , 

and the (m-}-l)-th and (m-f2)4h solutions likewise 

0 , 0 , ..., 0 , 

c 0, ..., 0 

respectively. If the first and second rows are interchanged 
as well as the (w -f l)-th and (m -f- 2)-th roAVs, it appears 
that the final determinant will have vanishing elements on 
the lower side of the diagonal and will not itself vanish 
unless some A^ is an integral multiple of — 1 . 

This is an entirely general result, namely that analytic 
continuation is ])ossible so long as there is not a multiplier A,- 
which is an integral multiple of U — 1 . 

But such a multiplier indicates neither more nor less than 
the presence of a solution of the equations of variation with 
the period 27r of the given motion. 

Let us define the generalized equilibrium point as ^simphi’ 
Avhen there is no solution of the equations of variation with 
the period of the generalized equilibrium point, and other- 
wise as Lnultiple'. 

Analyfic continuation of the ye'neralizetl eqiiilihrinm is ‘possible 
so long the equilibriam is simj)le. 
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By a change of variables 

Pi Pi it, c) + P/, Qi ^ fji (f, c) + C/ 1 . . • W), 

we obtain modified Hamiltonian equations 


dl^ 

fit 


where 


dH^ 

dq, ^ 


dQ^_ 

dt 


ai/* 

dpi 


(I -=^ !,•••, 'in) 


H* = H+ Z(pj(i /'.)• 

j-i 


These arc of the same tyi)e as before, but have a generalized 
equilibrium point at the origin for all sma.il values of c*. Wa. 
have written p'i,q', for the time derivatives ot p,(f^ (f q,{t, c) 
respectively. 

The formal series solutions of a system of this type will 
of course also involve the parameter It is formal series 
of this type which are often useful in the ajjplications; and 
the vanishing of the parameters such as c may corixispond 
to a s])ecial integrable case of the dynamical problem when 
the periodic motion from which we start admits of (»xi)licit 
determination. 

lo. The transformation method of Poincar6, vSome- 
times a dynamical problem can be given a striking change 
of form. In fact the solutions of 7i differential equations of 
the first order, with right-hand members independent of the 
time /, can be represented by the steady motion of an ^z-dimen- 
sional fluid, of which a moving ])oint has the de])endeiit 
variables as coordinates. Now suppose that a closed, {n — 1)- 
dimensional, analytic surface xV can b(^ constructed in this 
^manifold of states of motion’, such that every stream line 
cuts /S' at least once within any fixed interval of time / , 
sufficiently large, and always in the same sense. Then 6^ may 
be called a ^surface of section'. If a i)oint P of /S' be followed 
along the stream line through P in the sense of increasing 
time, it intersects /S' again at a first subsequent point J\. 
Thus there is defined a one-to-one, direct, analytic trans- 
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formation of the surface of section into itself, namely the 
transformation T which takes each point P into the point Pj . 

In this manner it may be possible to associate the given 
d^mainical problem with a discrete transformation T of a closed 
( 7 / — l)-dimensional surface into itself. Properties of the 
motions are then mirrored in pro})erties of 2\ For example, 
the periodicity of a motion represented by a closed curve 
in the manifold of states of motion meeting aV in Z^, Pj, •••, P/c~i 
is reflected in the symbolic equations 

P^ - P(P), P, - T(Pt),.*-, P - P(Z\-i), 

so that P, Pi , • . • , Pk are all invariant points of S under 
tlie Ar-th iterate of T. Conversely, if P is so invaiiant, there 
is a corresponding ])eriodic motion, represented by a closed 
curve meeting S in the A- points Py 2''(P)y (/-"). 

A surface of section in this sense will only exist if there 
is an angular variable (p in the manifold of states of motion 
Avhich may be so defined as to constantly increase along 
each stream line. The necessity of this condition may be 
seen as follows. If a surface of section S exists, let (p be 
defined as 0 on this surface and as 2 re tit at any other 
point P, where t is the complete time interval necessary to 
pass from S to JS along the stream line on which P lies. 
Evidently (p is an analytic function of position which increases 
along every stream line by exactly 2;r between successive 
intersections with S, Hence an angular variable rp exists. 
Conversely if such a variable y exists, then (f> == 0 will 
yield a surface of section. 

A necessary and sufficient condition for a closed surface 
of section is the eafstence of an angular variable 9 > in the 
manifold of states of motion which constantly increases atony 
every stream line. 

More explicitly stated, there must exist a differential 
inequality 

z = i 


d^ 
d t 
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in which ®, satisfy integrability conditions, 

djjti d_0j 

d.rj ' dx, 


1 ,- 




and A"i, • • A’„ denote the right-hand members of the differ- 
ential equations as usual. 

An extremely interesting typ(i of surface of section ])ossessing 
boundaries can be found in certain dynamical problems. Here 
the boundaries of /V are closed analytic (n — 2)-diniensional 
manifolds of stream lines, and every stream line not on these 
boundaries of cuts the interior of S at least once within 
any interval of time r, sufficiently large, and always in the 
same sense. 

Tn the case 7i 8, the surface of section is two-dimensional, 
and its boundaries may then be the closed curves corres- 
l)oiiding to a single ])(*riodic motion. Now in the case of 
a Hamiltonian or Pfaffian dynamical ])roblem with two degrees 
of freedom, (he use of the energy integral rediic(;s the ordej- 
to u - 8. For such ])robl(Mns there seem in general to exist 
surfaces of section, as will appear in the next cliai)ter.* 
"riie example of the next section illustrates the possibility 
of such a surface of section when there are more than two 
degrees of freedom, In such a case, however, it is necessary 
to make use of an (u — 2)-dimensional, analytic, closed surface 
made up of stream lines, such as do not appear in general 
to exist. 

Another case of very decided interest is that of an open 
analytic surface of section such as Koopmant has obtained 
in the exterior case of the restricted problem of three bodies. 

Jl is vriileni hi all of those vases fit at hy tltc rvdavfion to 
a h'ansformafioH in'oblviih the (letemviaation of the iior iodic 
tnofion is made to hiayv ujwn that of the hirariaut points 
of a surface of section S inider a tramforwnfion T ami its 
iterates. 

* Of. iny paper, loc. cit., eections 22--20. 

f On Rejection to Infinity and Uxterior Motion in the RcMricted 
Problem of Three Bodies, Tr ins. Amer. Math. Soc., vol. 29 (1927). 


10 
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II. An example. An example showing that such surfaces 
of section may exist for Hamiltonian problems of more than 
two degrees of freedom is afforded by the following dynamical 
imoblem: 

A particle P in a conservative field of force in space 
moves in such wise that the force has always a positive 
component towards a fixed plane for points outside of that 
plane. 

Here the equations of motion form a system of the sixth 
order and may be written 

d.r/df r'j dyidt - y, dzidf 

dxidi — dlJjd.r, dy'/df^ — dZT/dy, dzidt - — dV/vi, 

where a*, y, z are the rectangular coordinates of P in si)acey 
and where z ~ - 0 may be taken as the fixed plane. Also 
dU/dz has the same sign as so that 

d U/'dz -- kz 

where k is a positive analytic function of x, y^ z. The inte- 
gral of enei'gy may be written 

I i-r^ 0 , 

provided that we absorb a suitable constant into CL Thus 
we restrict attention to the totality of motions satisfying 
this last relation, thereby reducing the system from the 
sixth to tlie fifth order. We shall consider only the case 
in which the surface T ^ ^ in s])ace constitutes a closed 
simply-connected surface intersecting z - 0 in an oval, with 
f/<0 within the suii'ace. The particle is then necessarily 
restricted to lie in the region f/ < 0. 

The five-dimensional manifold M of states of motion con- 
sists of the sets x, y, P, y', z', subject to the integral 
relation. The selected surface of section S will then be 
the four-dimensional part of M for which vanishes with 
z' - -- dzidt > 0. The three-dimensional boundary z ==' z' ^ (1 
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of S is evidently made up of stream lines, since a point 
^ ~ 0 for any value to of t remains always of this 

type. 

Now the differential equation 


(It 




shows at once that ,2‘ vanishes at least once in an interval 
of time T sufficiently large, but cannot vanish twice in an 
arbitrarily small interval of time. Hence a point of S followed 
along its stream line in the manifold of states of motion will 
cut S again within an interval 2t of time, and always in 
the same sense, since for z ~ 0 we have (hi df^ 0 within S. 

Evidently there is thus set up a one-to-one, analytic trans- 
formation of points within S into themselves. Furthermore 
for small, we have nearly 

^-^2- -I- A (.r, >/, 0) = 0, 

Avhere ./•, y are the coordinates of the motion in the plain' 
near the given motion. But the particular solution of this 
equation for which z 0 at .r - xoy y ~ z/o? 
ij -- yo, with 

+ 2 / 0 **)+ 2 / 0 ; 0 ) - 0 
of course, vanishes at .r,, ?/i, .rj, yl, Avith 

2-Cn*f//iVl-r+.ri,2/j,0) 0. 

where ja, iji, y[ are evidently analytic in Jq, Z/o? -A), z/o- 
It is thus seen that the transformation T of S into itself 
can be regarded as one-to-one and continuous even along 
the boundary of S, provided avo define T as taking the 
point 


IfOy tJOj 0 
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of S into the point 

‘'■t, Ui, 0, Ti, y'l, 0. 

We propose to show by means of this reduction to a trans- 
formation problem that there always exists a periodic motion 
intersecting the plane z =0 twice, unless there is a multiple 
periodic motion lying in the plane .f - 0. 

In order to do this, let us consider the connectivity of the 
surface of section S. Kvidently we may change the variables 
1 / to ir‘, // so that the oval s: 0, TT'^0 becomes the circle 

1 . 

If then we write 

(■ (j"' -I-//® — 1) 

with p 0 within this cir<;ln, and if we write further 

y- y'px', 

the eciuation for S takes the fom 

.-»•'=+,/=+ y-4 //^ -= 1 W ^ 0) 

which may be written 

Hence the inteiior and boundary of are in one-to-one, 
continuous correspondence Avith the interior and boundary 
of the four-dim(msional liypers])here 

+ = 1 . 

The transformation T defines a one -to -one, continuous, 
direct transformation of this hypersphere into itself. 

But, by a well-kiioAvn theorem due to Brouwer, such a trans- 
formation leaves some point invarijint. In the problem at 
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hand, we conclude that a periodic motion exists which inter- 
sects — 0 twice, (case of an interior invariant point), or 
else a periodic motion ^ 0 exists (case of an invariant 

boundary point). But this last case is that in whicli the 
equations xi ~ .^o, f/i ~ y/o, 3c[ ^ ao, i/i ~ fjo obtain. This 
clearly means that the equations of variation possess a periodic 
solution along this plane periodic motion in which the 
.s component is not 0. Hence the periodic motion is multiple, 
and, in a certain sense there is still a ])orio(lic motion in the 
intinitesimal vicinity of . 2 ' ~ 0, intersecting 0 twice. It 
seems highly probable that an actual periodic motion inter- 
secting pj - 0 twice must exist in all cases. 



CHAPTER VI 

APPLICATION OF POINCARE’S GEOMETRIC THEOREM 

I. Periodic motions near generalized equilibrium 

(?M ~ 1). Poincare’s last geometric theorem and modifications 
thereof ^' yield an additional instrument for establishing the 
existence of i)eriodic motions. Up to the present time no 
proper generalization of this theorem to higher dimensions 
has been found, so that its application remains limited to 
dynamical systems with two degrees of freedom. It is our 
aim ill this chapter to give some of the fundamental ideas 
involved in the theorem and its application. 

It will be remembered that motion near to a periodic 
motion of a Hamiltonian or Pfaffian system, with m degrees 
of freedom and not involving the time explicitly, can be 
r(»duced to that of a similar system with only yn — 1 degrees 
of freedom but with an independent variable involved of 
period 2.r. Here the periodic motion itself apj)ears as general- 
ized ('quilibrium. This reduction is accomplished by means 
of an analytic device (chapter IV, section 1). 

In the present section we shall take up the question of 
the existence of motions with period 2/» /t near the ])Osition 
<h* generalized equilibrium for a single degree of freedom. 
We shall prove the existence of infinitely many such nearby 
periodic motions in the general stable case by a process of 
reasoning which, while not employing Poincare’s geometric 
theorem explicitly, is precisely that which establishes the 
theorem in certain simple cases. Later (section 3) these 
lesults are interpreted with reference to the original dynamical 
problem with two degrees of freedom. 

* See my paper, An Extension of Poincarc^s Last Geometric Theorem, 
Acta Mathematica, vol. 47 (1926). 
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Let the single pair of variables be so that the 

Hamiltonian function H involves y, q, f, being periodic in t 
of period 27v, and vanishes at the origin p q ^ 0, together 
with its first partial derivatives, for all values of t. 

If then (pq, go) is any point near to the origin, there is a 
unique solution 

P Apoy qoy t), q - f/ipo, go. f) 

which for t ~ 0 takes on the values poj go, and which is 
analytic in po, qo, f for f arbitrarily large and j>o, qo suffi- 
ciently small. Let qhy qi denote the values of p, q after a 
complete period 2 7r. Evidently we have 

Pi /(Po, go, 27r), g, = fji 'Poyqoy 2 A 

where f and g are analytic in po. go, and vanish with these 
variables. 

In this way a transformation T is defined, of the same 
nature as the transformation of the surface of section obtained 
in the preceding chapter (section 10). For if we write r = /, 
the pair of Hamiltonian equations may be replaced by the 
e(piivalcnt set 

dp 9 7/ r/g dH dr 

df dq ^ dt dp ' df ^ 

in which H is a function of ja, g, r of period 27i in r. Here 
the manifold of states of motion is the three-dimensional 
Py space in which the r axis represents a periodic motion, 
namely that corresponding to generalized equilibiium; it must 
not be forgotten that r is an angular variable. Now (p --- r 0 
will serve as a surface of section according to our earlier 
work, although here we are limited to a certain neighborhood. 
A point (pof go, 0) in this surface of section is taken along 
its stream line to ( 2 ?i, gi, 2/r), i. e., to (ihf 0). Thus the 
transformation written above is indeed a transformation T 
of a surface of section N which is, however, only locally 
defined. Such ^ local surfaces of section’ can of course be 
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constructed near a periodic motion in any dynamical problem 
by merely taking an element of surface which intersects 
but is not tangent to the corres})onding stream line in the 
manifold of states of motion. 

Now the fluid motion defined by the above three equations 
is that of an incompressible fluid, since the divergence of 
the right-hand memb(n*s is 0. Consequently if we follow any 
tube of fluid made of sections of stream lines between the 
parallel planes r -- 0 and r 2/r, which will move constantly 
with unit velocity in the r direction, we infer that the loss 
of volume at one base in time iMs nearly (ffo? 
of first base), Avhile tlu' equal gain at the other is nearly 
rq At K, area of second base). By allowing At to ap])roacli 0 
we infer that (To 

8inc(' o'o is an arbitrary area in r - 0, it is clear that T 
must be an area-preservdng transformation of the variabl(\s 
yyo, 7(). 'l^his imi)ortant property of T corres])onds to a genei al 
property of tlie surface transformations associated Avith 
dy n ami c al pro bl tuns . 

It is nccessaiy now to state the conditions to be imposed 
upon the generalized equilibrium, Avith the aid of Avhich the 
<mnclusion stated may be established. 

We assume in the first place that the generalized equilibrium 
is of general stable ty])e, and therefore completely stable. 
The significance of the normal form (chapter 111, section If) 
is that the solution may be written 

I) po (>M(2hQo)t _[_ 0 . ^// 

in properly chosen conjugate variables jo, q. Here <Z>, an^ 
given as convergent power series in po^ Avith initial terms 
of arbitrarily high degree 2/< + l, and with all coefficients 
analytic functions of t\ these series converge absolutely and 
uniformly for any fixed range of values for t, such as |^| ^2/?, 
Avhen poj qo are small. The function M can be taken as 
a polynomial of degree not more than // in the product 
with pure imaginary constant coefficients, of the form 
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with I the multiplier. By the hypothesis of stability A / ^ — 1 
is not rational, and in particular is not 0. 

Our second assumption is that I is not 0. In case I vanishes 
but some other coefficient in M is not 0, essentially the same 
argument would ap])ly. Thus the only case of failure is that 
in which the formal series M in the complete noiinal form 
reduces to a mere constant X, This is a highly degenerate 
case, and actual examples can be constructed to show that 
an analogous conclusion cannot then be di’awn. 

Tlie normal form gives a means of studying the trans- 
formation T. The property of the transformation T necessary 
for our i)res('nt purposes is embodied in the following lemma 
Avhose proof is deferred to the next setdion; 

Lemma. For I 4- 0, upon suitable choice of the variable's 
pj the ])ositive quantity e may be taken arbitrarily small, 
and then the integer n so large that any transformation T‘' 
(y < takes the circle r :> t about the invariant point 
r ~ 0 into a region Avithin the circle of radius Avhile 
the angular rotation effected by increases from uHV — 1 
with r along any radial line for r < 6, being at least 
greater for y - f than for r ™ 0. 

Let r, 0 be polar coordinates and let (;•/,, 0„) denote the 
iterate of (r, 0) und(n* 2^'', Avhere the recdangular coordinates 
y;, g, the l adius f , and the integer n are selected as in the 
lemma. For any fixed Oq the difference 0^ — Oq will then 
increase from — 1 at r - 0 to a (piantity at least 

2n greater at r ^ f. Hence there will be a unique solution 
of the equation 

0)1 — Oq ^ ^ 2Jc 7t 

along a fixed radius vector, where 2Zc/r is the least integral 
multiple of 2/r exceeding nXI\^ — 1. Hence the analytic- 
curve (J given by this equation is met once and only once 
by each radius sector. 

Now let us consider the image On of this curve under the 
transformation the curve Cn intersects (' at some point Q, 
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since if Cn is wholly within V or outside Cj would not 
be area-preserving in the original variables. The point Q is 
obtained from some point P, also on C, by the transformation 
Moreover P and Q have the same 0, by definition of C, Thus 
P and Q must coincide, and P is invariant under T*\ Since 
e is arbitrarily small, we obtain the result stated: 

Tn ihe rase of generalized equilihrin m o f general stable type 
for a Hamiltonian problem aith one degree of freedom {I i- 0), 
there exist infinitely many periodic ynotions in Hit cieinity. 

2. Proof of the lemma of section i. Let us defiiu' 
P{a) by the e(iuation 

h(F\a) - M{a)— A. 

It is clear that F{a) is the square root of a real i)olynomial 
of degree y — and constant term 1. If then we write further 

1> Cipq)}), q ■ F{i>q)q. 

it is found that the above normal form for T is further 
simplified and may be written 

p -- (T>, q - qoe~ h 

SO that all of the terms of M except the first two disappear. 
When the associated real variables are introduced, and 
Avc let (f and s denote the real constants 2 7rA/L — 1 and 
2jt1I\ — 1 respectively, we obtain formulas defining P, 

“ !>« cos (<r + .V /•;-,) — (/g sin ( ff s /^) - h -P ('i pi + 7^). 

( 1 ) 

7^ pg sin ((T + s r^) -f- 7 ,cos(ff |- s >•“) i- Q , 

where J\ Q are real power series in po, qo with initial terms 
of degree 2//+1 at least. It is apparent then that with 
these variables T is an ordinary rotation through a variable 
angle «' + except for terms of order 2fifi in the distance 
from the origin. It is such a choice of variables that will 
be adopted. If ^ ^ 0, we may take s as ])ositive. 
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Hence we have, in some fixed neighborhood of the origin 
and for a fixed K, 

(2) !P|, i«i < 

From the above formulas we find at once 

(3) rl - + 

where tlie series U begins with terms of at least the degree 
2// + 2. This gives, for the increment Art - r\ — nt 

(4) 

where L is a fixed constant. 

From (4) it is seen that increases less rapidly u])on 
successive iteration than if 

(Irlld)! - 

Hut this yields 

Vn ~ ro/(l 

Hence rn can only increase to twice the initial value /o 
after ii ^ y iterations, where 

tliat is for u of at least the ordei* of likewise rn c.an 

only decrease to half the initial value tor n of the sairu' 
order. These results may be combined in the form 

(5) I < rjr„ z: 2 (-« < Nro^/'). 

This is our tirst important conclusion. 

Likewise since we have from (1) 

Q\ Ih — JPi (?o ( 2^0 4~ go) sill (o' 4~ rp) -{-po Q — (Jq P 

2^1 Ih + Q.\Qsi f A + ^0) cos (tr + 5 rt) + ^0 " 4 “ Po 
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it follows that we have 

(6) - Qq f- O' 4“ '^*0 


where 6/ is a power series in Vq beginning with terms of 
degree 2/# at least, with coefficients of simple trigonometric 
type in Moreover (”} is uniformly and absolutely con- 
vergent for >0 sufficiently small, and its i)artial derivatives 
are given by deiived series of a similar sort. This formula 
shows that for 0, we have On 0Q~\-ncf, while for 

ro > 0, the difference On — 0^)—n(S can bo made arbitrarily 
large by taking n sufficiently large but in the range (5). 

By the aid of (3) and (6) we obtain 


(7) 


9 (>1 

9 Oo 

d Oj 


-~ll 


AC 


i 9?i ■ 
i 9 «o ! 

9 0, 


-u>r'. 


i| 9(>o 




where Ave have written (? 
chosen positive constant. 
But the identities 


r^, and where A is a suitably 


S{>„ 

90„ 

d Qn-\ 

1 9 0-» 

9 0„-i 

9 00 

d Qn-l 

9 00 

' 9 0„_, 

9 (?o 

d0„ 

9 0„_ 

90, (-1 


90„^, 

9 00 

d ()n -1 

0 00 

9 0„ -1 

9 00 




may be Avritteii 

Un “ ( 1 + f j ) thi - 1 4" ^2 Om - 1 , 

O/i (s 4" - 1 4' (1 4~ '■l) . 

in Avhicli Ave ])ut 

i()i f'n dOn^^(^o* 


while, by (5) and (7), for n - - Nq^ /*, 


.3 1 <; 
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These equations (8) enable us to determine Un, Vn in suc- 
cession for 1, 2, .... with the initial conditions Uq = 1, 

Co 0. 

Suppose now for a moment that the small terms be neglected 
ill these equations (8). They then take the form 

1 » i'n 1 , 

whence, by elimination of n, w(' obtain 

I'n r„ r 2 — 2 r,t ^ 1 + r„ -- 0 . 

It is easily verified that the complete result of elimination 
yields similarly 

(^f) A' i'n ■ fo A i'n f<} i'n . 

in which we have 

(10) If-, (« ■;= 

within a small region about the origin. Furthermore, tlu' 
initial conditions may be written 

( 11 ) ^ 0 - 

where denotes tlu^ value of e.^ when arc replaced 

by (»o, 0() respectively. 

Tt is obvious that positive and thence, by 

use of (9), /* 2 , ••• are also positive for n - 1,2, ••• until 

becomes large if (/o is small enough, the ap])roxiniate valium of 
r„ being ?^s'. . We desire to obtain a more definite idea of the 
range of values for Qo and v for wliich remains positive. 
During this range the angular variable 0„ inci’(*ascs with Co, 
for a fixed angle Oq. 

Now the equation (9) is a homogeneous linear dilfeience 
equation of the second order in Vn, and we are considering the 
particular solution satisfying (11). Evidently Vn will remain 
positive so long as Avn continues positive. A first question 
is then to determine the range of values of n throughout 
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which both and A Vn necessarily remain positive. But the 
linear difference equation yields 

4* 1\ > — B Q>„‘- ’[lie,, + i i.'„ |] , 

SO that clearly Vn and Avn diminish less rapidly than if 

while L'n and Ar,t remain positive. Thus Vn and Avn will 
remain positive for = 1, 2, . • at least as long as for the 
solution of the linear difference equation of the second order 
with constant coefficients 






satisfying the initial conditions (11). But this solution is 


( 12 ) 


cc n 
(i ^ 


- = (s + f®) “s;- 

^>1 . 


where «i, «2 are defined by the equation 

«/ -- log^l - 2 71 -L- j/— — -‘j j 

(/ - l,a). 

But cji and Avu as thus determined will certainly remain 
positive until dunidn vanishes, i. e. 

(«, -«„)n / 

e ^ * - cc2lccy. 

Since the leading term in «i — «2 is clearly 

while the leading term in lu/cci is — 1, this relationship 
shows that n must be of the reciprocal order 
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Hence we infer that so long as n < iV* (compare 
with (5)), the angle On will increase with Tq tor fixed Oq in 
the i)rescribed neighborhood. 

The nature of the inequalities derived above makes it clear 
that we can select a value of r© so small, and then of n 
so large, that the conditions laid down in the lemma are 
satisfied. 


3. Periodic motions near a periodic motion (m - 2). 

We have already seen (chapter IV, section 1) how the general 
rfaffian system in which the time t does not appear explicitly 
admits of a reduction to a similar system with one less degree 
of freedom, i)rovided that we are considering motions near 
a given ])eriodic motion. In the reduced equations, however, 
an angular variable of period 2 /r appears in the differential 
equations, and the given periodic motion takes the form of 
generalized equilibrium. 

In this section we propose to consider the periodic motions 
near a given periodic motion for the special Hamiltonian 
case {m ~ 2) 


(13) 


dpi d If d<p d H 

dt dq, ' dt dp, 


in which H is an analytic function of /o, 71, q^, not 

involving t. However such a periodic motion admits of 
analytic continuation with variation of the energy constant 
H ^ h (chapter V, section 9), and so is not isolated. Our 
aim then will be to consider only those nearly periodic motions 
which belong to the same value of h as the given periodic 
motion; this value may be taken to be ^ = 0. 

The possibility of reduction to a Pfaffian case m 1 , 
combined with the results of the preceding section renders 
it highly probable at the outset that there will in general 
be infinitely many nearby periodic motions of long period, 
provided that the given periodic motion is of stable type. 

In considering this question, we shall make the further 
assumption that the given Hamiltonian problem is associated 
with an ordinary Lagrangian problem whose principal function L 
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is quadratic in the velocities. If are tlie coordinates 
in this Lagrangian problem, the equations 


serve of course to detine the variables PifP 2 > 

Lot ~w/i(/). r/2 - q,2{t) be the ecpiations yielding this 
])oriodic motion of period t, and consider tlie coiTes})ondiiig 
analytic curve in the q .2 plane. 

Kvideiitly we can introduce a modified system of coordinates 
qiy q 2 such that q ‘2 Vanishes along the motion, while ~q\ in- 
creases by 2'ir as a point makes a circuit of the motion. Foi* 
instance, if the curve of motion is without double points, it 
may be deformed into a circle concentiic with the oiigiii, 
in which case qi and </2 may be taken as angle and radial 
displacement respecth edy. Jt is clear indeed that we may take 
q\ ~ 2iTt c along the periodic motion. Of course such 
a change of variables from {/i, q .2 to r/'i, r/a does not affect the 
l.agrangian character of the dynamical ])roblem, although the 
new principal function L is periodic of ])criod 2/r in the 
variable q\. 

The corresponding Hamiltonian problem will have the 
form (13) in which H is periodic of period 2/r in //i, while for 
the periodic motion under consideration we have q^- 2nilr, 
({2 - 0. From the Hamiltonian equations in these variables, 
we have also along the periodic motion 

2 /r/ r “ 9 K/ dpi , 0 - " 8 JH d p ^ . 

It is obvious then that we may solve the equation IT - It 
for pi in the form 

(14) lh + K{qi,ps,qi,h) -0 

where K is a real, single-valued, analytic function of its 
four arguments, periodic in q^ of period 2/r. Furthermore 
we may regard h, q^, p ^ , as the dependent variables instead 
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of ih, q 2 \ we observe that (14) may be solved explicitly 

for h, since from the relation H ^ h, we derive 

d]h d h 

so that djh/Q -t 0 along the motion. When these variables 
are used instead of q\, Ihy q^^ tbe variational principle 
(chapter IT, section 10) takes the form 

(15) d f " ( — Kq[ - f 1)2 (j 2 — h)(lf -- 0, 

which leads to the four equations 

dK (Iqi , dK (I Ji ^ ^ ^1^:^ 0 

0 TT (11 + ^ ~dh ~iii ~d2^ ~(iT ^ ~dq~. ~(iJ 
^ If 4 - — 0 

(It d'p^ (It ^ (It dq^ dt 

From these equations we infer directly h - const., which 
we know to be true of course. 

Now it is evident that near the given periodic motion (p 
c.an serve as independent variable as Avell as f. If wo 
eliminate t in the above equations, we find 

f'Pi ^ 

^ ^ dqi d(]2^ dqi dp^' 

Here we are to set 7/ =- 0 in the function K, and K is 
l)eriodic of period 2jr in q^. The given periodic motion 
corresponds to 

ih "= ie(7i)? q'2 ^ 

where y is periodic of period 27x in q^. These equations arc 
clearly in Hamiltonian form {m 1), with a generalized 
equilibrium point at the origin, at least after the simple 
modification 

=. Pi — tpiqi), q-i == q., 
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in which we may take 

K K —n' {qx)(h- 

Conversely, it wc have a solution of (16), we can deter- 
mine / from the equation 

dt d K 

dqi d Ji 

and obtain a solution of the orif>inal system when t is taken 
as independent variable. Thus (1.3) and (16) are equivalent." 
Periodic motions near the given periodic motion for (16) 
correspond to motions near the origin of period 2/. /t for (16). 

For a Honiiltonian prohlo)n (16) tr/iiv/t rednrcs to <t ifviiv- 
ndized cqni/ihrinui problem (16) of at ahlo, type {I 0), thnr 
aill e.risl Infinitely many pier iodic motions in the vicinity of 
tJie given periodic, motion, maliiny in general many circuits 
of that motion before re-entering. 

This result is of course obtained as the direct application 
of section 1 for the reduced problem. 

4. Some remarks. The general conclusion which appears 
in consequence of the preceding sections is that, for a given 
value of the energy constant, there exist in general periodic 
motions in the vicinity of a periodic motion of stable type, at 
least when the dynamical system has two degrees of freedom 
and is of ordinary type. The fact that there may exist isolated 
periodic motions of stable type, even tor dynamical systems 
with two degi^ees of freedom, may be brought out by means 
of the following elementary example. 

Let us write 

where the quantities /.;, I are incommensurable with one an- 
other, of which the general solution is 

* For the reduction einjiloyed, cf. Whittaker, Analytical Dynamics, 
chap. 12. 
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Ih ~ A COS sin htj - — A sin B cos lei, 

P 2 ~ cos ^^ + i)sin It, qi — C sin /^ + ^cos //. 

The energy constant h is defined by the relation 

H -- + + - h. 

The only periodic solutions are the two analytic families 

]h " <]i ~ 0 and Pa 7a 0, 

all of which are of stable type. For an assigned value of 
the energy constant, there are only two such periodic motions; 
thus all periodic motions of the second family with assigned 
represent the same closed carve in the three-dimensional 
manifold H — h in four-dimensional pi, qijp^, 7a space. If 
the transformation T be set up for this case as in the pre- 
ceding section 2, it is found to be essentially a rotation 
through an angle incommensurable with 2/r, and so to corres- 
pond imecisely to the highly degenerate case there excluded 
from consideration. 

A first question as to a possible generalization of the above* 
results in the case m ~ - 2 is the following: Suppose the origin 
is a point of generalized equilibrium of general stable type 
for a given differential system which is, in addition, completely 
stable; if the constant I is not 0, does it follow that there 
will always exist infinitely many periodic motions in the 
vicinity of the origin? 

It seems to me very doubtful that the answer is in tlic 
affirmative. In the preceding argument the area-preserving 
property played a vital part. For this more general com- 
pletely stable type, there is no reason to believe that this 
property continues to hold, even in the Pfaffian case. 

The example can be generalized so as to indicate a pre- 
liminary necessary requirement if the conclusion that there 
are infinitely many periodic motions near a given stable 
periodic motion is to hold for Hamiltonian systems with 
more than two degrees of freedom. 
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111 fact, consider the case of a dynamical system 


d]h 

(If 


d H (h/, dH 

dqi ' (it d2)i 


(* = 1 , • • • , »/() 


in which H is a function of the m products f/i? •••? Vmfjm 
with 2h-f Qi conjugate imaginary variables, namely 


m ^ vh 

j = l ^ 

Here the coefficients c/, dij arc ])eriodic. of ])eriod r in t. 
The origin is a point of generalized equilibrium with multipliers 

^ Jo f 0 - - 1 , •••, »«), 


so that it jwill be of general stable type if these quantities 
and2/rl/ — 1/r have no linear commensurability relations. 
If for the sake of brevity we write 






the general solution is at once found to be 


e — q^- (f' (/ =- 1 , • • •, m). 

Moreover if we write 


the condition that the solution is periodic of ])eriodA;r is 

m 

Gi + ,Z I),j p^j qj = 27rk, V—Hk {i = 1 , • • •, Hi), 

where hi. * . *, Icm are integers. But these form m linear, non- 
homogeneous, algebraic equations in i?- 1, •••, m), 
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which can be solved if the determinant \D,j \ is not 0. More- 
over by making the ratios kilk small, the periodic motion 
can be taken near the origin. On the other hand if [ Dij \ ---- 0, 
such a determination will be impossible in general. 

In the particular case when the cAs and are constants, 
the system appears in complete normal form, and the r/’s 
are the multipliers, while the dif^ are invariants analogous 
to I in the case m^ - 1. 

Hence at least the condition | j 4 0 must be imposed in 
the case m '> 1, as analogous to the condition / 4 ^ the 
case m 1, if an infinitude of nearly periodic motions is to 
be anticipated in all cases. 

Any generalization must of course take proper account of 
the uniform analytic integi'als (such as the energy integral) 
which exist. In fact, if there are k of these integrals which 
are independent, the given stable periodic motion will admit 
of /i:-fold analytic continuation. Evidently it is not such 
periodic motions of the same analytic family as the given 
motion which interest us, but rather nearby i)criodic motions 
for the same values of the constants of integration as the given 
j)eriodic motion, and making many circuits of it in a period. 

5. The geometric theorem of Poincar6." Poincare 
showed that the existence of an infinite number of periodic 
orbits in the restricted problem of three bodies and other 
dynamical problems would follow at once from a certain 
geometric theorem to which the lemma of section 1 is inti- 
mately related. 

For convenience we shall first state: 

PoiNCARti’.s Theorem. Given a ring 0-^ ^ r - - h in the 

y, 0 plane (r. 0 being polar coordinates), and a one-to-one, 
continuous, area-preserving transformation T of the ring into 
itself, which advances points on r ~-= a and regresses points 
on r h. Then there will exist at least two points of the 
ring invariant under T. 

* This section is essentially the same as section 34 of my paper, 
Dynamical Systems with Two Degrees of Freedom^ Trans. Amer. Math. 
Soc., vol. 18 (1917). 
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AVe will indicate briefly the proof of this theorem. 

Let us take .r “ // r® as the rectangular coordinates 

of a point in the x, tj ])lane. The ring then appears as a 
strij) cr ^ // < />“. The transformation T of this strip ad- 
vances points of the boundary y — u® to the right, and 
moves points on y = to the left. Moreover T is area- 
])reserving in the .r, y plane (for we have 2r(Jrdd — dxdy), 
and displaces any two points which have the same ordinate 
and whose abscissas differ by a multiple of 27t in the same way. 

Let us c.ombiiie T with a further transformation which 
effects a translation of the .>•, y plane in the direction of 
the y axis through a distance t > 0. The transformation T 
followed by yields an area-preserving transformation Tl\ 
which shifts the given stri]) into the strip + e - y ^ • 

Suppose if possible that there exists no invariant point 
of 1, There exists then a positive quantity d such that all 
lK)ints are displaced at least a distance d by the transfor- 
mation T, Choose f- less than d. 

Consider now the narrow strip ^ 
ti’ansformation the lower edge of this strip is carried 
into the u])i)er edge and the strip is carried into a second 
stri]) lying wholly above the first one save along the common 
edge. By a repetition of the transformation the second 
strip goes into a third, and so on. 

By a continuation of this i)rocess, a series of strips is ob- 
tained forming c-onsecutivc^ strata. Each of these strata is 
unaltered by a shift of 2./ to the right. Thin follows from 
the fact that T and are single-valued over the ring. 

The images of these strata on the ring are a set of (dosed 
strata about the ring, all having equal area of course since 
TTq is an area-|)reserving transformation in the r, 6i as well 
as in the x, y i)lane. Consequently some one of the strata on 
the infinite stri]), say the /r-th, must overlap the upper edge 

In the X, y plane let Q be a point of the upper edge of 
the /f-th stratum for which y is a maximum. Let F be the 
point of y from which Q is derived by Zc-fold repe- 
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titioii of TTe, and let P', P\ ^ Q denote the 

successive images of P under the iteration of TTe. Draw 
the straiglit line PP' which will obviously lie on the first 
stratum. The successive images of this line. PP\ P' P'\ •••, 
p{k-i)poc) successive strata, and will have no 

points in common exce])t that successive arcs have an end- 
point in common. Thus we get a single arc PQ, made u]) 
of all these lines, which is without double points. 

Consider now a vector LIJ drawn from a ])oint L to its 
image IJ under TTb, of which the initial point moves from 



P to P^^‘ along the line PQ, The angle which this vector 
makes with the positive diiection of the .r axis at the outset 
may be taken to bo a positive acute angle, since the image 
P' of P lies to the right of and above P. When L has 
varied to its final position the same angle lies in the 

second or third quadrant, since P^^^^ lies to the left of 
pik~i)^ by the hypothesis of the theorem. 

Our construction of the successive arcs PP', P' P", •••. 
renders it apparent that as L movers from P to its 

image L' moves along the same curve from P' to Q. 
Therefore we see at once from the figure that LIJ has 
rotated through the least positive angle from the first direction 
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to the second. It* IJ be moved further in a vertical direction 
from Q up to // ^ ^ the same statement will still hold 

of the standard curve described by L provided that t is 
small, since Q lies at most s above y 
Suppose now that L moves in any maimer from a ])oint 
of y = to a point of ?/ = in the given strip. The 
transformation TT^ leaves no points of this region in- 
variant, so that the iioint L will never coincide witli L' , 
In the initial position for L on y a? the angle made by 
TjL* lies in the first quadrant. In the final position it lies 
in the second or third quadrant. But the total variation of 
angle during the variation of L has been seen to be through 
the least positive angle in a special case. Since any one 
l)ath of L from y to y can be varied continuously 

into any other, the same must be true always. 

Now let 6 approach zero. As e becomes smaller tlie vector 
LL' continues to have a definite direction, since no invariant 
points under TTs are present. By a limiting process we 
infer that, for the transformation T, the angular variation 
of LL' is through the least positive angle consistent with 
its initial and final directions. It should be observed that 
for L on y the direction of LlJ is that of the posi- 

tive .r axis, while on y - the direction is that of the 
negative ,r axis. 

Consider now the inverse transformation which is of 
the same type as T although it moves points on y to 
the left, and points on y to the right. By an entirely 

analogous argument to that given above we are led to infer 
that if a vector L with end-point ^ T~'HL) has 
its initial point L varied from a point ot y to a point 

of y the total angular variation will be the least 

negative angle consistent with its initial and final ])ositions. 

But the total rotation of is precisely the same as 

that of the oppositely directed vector L which joins 
a point of y -- ar to its image L under T, 

Hence by our (mrlier result the total angular variation of 
L must also be the least positive angle consistent with 



VI. POINCARE S GEOMETRIC THEOREM 




the two positions. Thus we have been led to a contra- 
diction, so that there must exist at least one invariant point. 

To prove that there arc at least two invariant points we 
may adopt the method used by Poincare. 

Let the i)oint L describe the fundamental rectangle 

0 ^ .T <1 27r, y <, ]r, 

in the ./*, y plane, in a ])ositive sense. Jt is obvious that 
the total rotation of the vector LIJ is 0 over this circuit, 
since there is no rotation along y = or y — h", and th(^ 
rotations along x - - 0 and x - 2/f are the negative's of one 
another. But around a simide invariant point the rotation 
is zb 271. Hence, according to obvious reasoning, there will 
either be at least two simple invariant points with rotations 
+ and or there will be at least one multiple 

invariant point. As a matter of fact, there will always be 
at least two geometrically distinct invariant points.* 

6. The billiard ball problem.t In order to see how th(‘ 
theorem of Poincare and its generalization can be applied, 
we will consider first a special but highly typical system 
of this sort, namely that afforded by the motion of a billiard 
ball upon a c.onvex billiard table. This system is very illu- 
minating for the folloAving reason: Any Lagrangian system 
with two degrees of freedom is isomorphic with the motion 
of a particle on a smooth surface rotating uniformly about 
a fixed axis and carrying a conservative field of force with it.t 
In particular if the surface is not rotating and if the field 
of force is lacking, the paths of the particle will be geo- 
desics. If the surface is now flattened to the form of a 
plane convex curve C, the ‘billiard ball problem’ results. 

* See my paper, An Extemion of Poincare’s Last Geometric Theorem, 
Acta Mathematica, vol. 47 (1926). 

t The sections 6-9 are taken from ray paper On the Periodic Motions 
of Dynamical Systems, about to appear in the Acta Mathematica. 

i See my paper, Dynamical Systems with Two Degrees of F7'eedom, 
Trans. Amer. Math. Soc., vol. 18 (1917), section 7. It is assumed that the 
Ijagrangian principal function is quadratic in the velocities. 
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But ill this problem the formal side, usually so formidable 
in dynamics, almost completely disappears, and only the 
interesting qualitative questions need to be considered. If C 
is an ellipse an integrable problem results, namely the limiting- 
case of an ellii)soid treated by Jacobi. 

In the billiard ball ])rol)lem one can anive at the existence 
of certain periodic motions by direct maximum-minimum 
methods. As of interest in itself T wish to show how this 
can be done, llesults which are being obtained by Morse 
(see chapter V, section 8) indicate that the scope of these 
nudhods, already developed to some extent by Poincare, 
Hadaniard. Whittaker and myself, can be further extended. 
Tims the power of such maximum-minimum considerations 
ill the billiard ball jn-oblem is likely to prove typical of the 
general (‘ase. 

The longest chord of the boundary (' of the billiard table, 
wlum traversed in both directions, evidently yields one of 
the simplest periodic motions. The billiard ball moving along 
this chord strikes the curved boundary at right angles and 
recoils along it in the opi)osite direction. If we seek to vary 
this chord continuously, while diminishing its length as little 
as ])ossible, so as finally to interchange its two ends, there 
will be an intermediate position of least length, which will 
b<» the chord crossing f/ where CU of least breadth. Detailed 
computation of the slightly perturbed motions indicates that 
tlie first of these two ])ei-iodic motions is unstable, while 
the second may be stable, or unstable. 

Next we ask for the triangle of maximum length inscribed 
in (\ Evidently at least one such triangle will exist, and 
c<in have no degenerate side of length 0. At each of its 
vertices the tangent will of course make equal angles with 
the two sides passing through the vertex. Hence a ^harmonic 
triangle' is obtained which will correspond to two distinct 
motions, one for each of the two i)ossible senses of description. 

Moreover, if we seek to vary this triangle c.ontinuously, 
not changing the order of its vertices and diminishing the 
])erimeter as little as possible, so as finally to advance the 
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vertices cyclically, we discover a second harmonic triangle, 
also corresponding to two periodic motions. 

Ill this way the existence of two hai*monic n- sided poly- 
gons which make k ^nl2 circuits of the curve Qc prime 
to 7i) can be proved. The two periodic motions corresponding 
to the polygon of maximum type will be unstable, while the 
others of minimax type may be stable or unstable. 

In the case of a circular boundary the totality of regular 
inscribed polygons (simple or cross) form the harmonic polygons. 

7. The corresponding transformation T, We ))ro])ose 
next to sot up a ring transformation T associated with the 
billiard ball ])roblem, and to show how the geometric theorem 
of Poincare in its first form leads to the conclusion deduced 
above. The reduction to a ring transformation is of funda- 
mental theoretic importance, (piite aside from the relation to 
the question of periodic motions. It should be noted also 
that, in the cases of most interest like the restricted problem 
of three bodies, the method of reduction to a ring trans- 
formation and ap))lication of the geometiic theorem of Poin- 
care is available for the treatment of the periodic motions. 
Avhile the maximum -minimum method has not as yet been 
shown to be applicable. 

To begin with we suppose the length of (J to be 2 7r and 
to be measured from a fixed point to a variable point P 
by an angular coordinate y. 

At r, tak(*n as the point of jirojection of the billiard ball, 
let B denote the angle between the positive direction of the 
tangent and the direction of projection. The variable B varies 
between 0 and n only. These coordinates d, (j> suffice to 
represent all i)ossible states of projection unambiguously. 
If <j> be taken as an angular coordinate in the plane, while 0, 
augmented by a constant, say /r, be taken as a radial co- 
ordinate, the set of values (d, (/) is represented on a ring 
bounded by concentric circles of radii ;r and 27r respectively, 
namely the circles B = 0 and B ~ tt. 

Consider now a definite state of projection at F with 
given d, y. The billiard ball leaves the table at P, to sti'ike 
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it again at Pi, there to be projected in a state {Oi, (pi), say, 
and so forth indefinitely. If C is an analytic curve, as we 
assume it to be, the correspondence between 0, y and Oi, f/i 
is evidently one-to-one and analytic within the ring. When 
f) is neai’ly 0 or /r, the ball is projected at a slight angle 
to the edge, and strikes it again at a nearby point with 0 
nearly 0 or as the case may be. Hence the points on 
the bounding circles correspond to themselves with 6^ f), 

(j>i = (p. 

One further remark needs to be made about the corres- 
pondence along the two boundaries of the ring. If we think 
of each point (<9, y) as being earned into (0\,(pi) by a trans- 
formation or deformation of the ring, this transformation T 
will effect a certain number of complete rotations of the 
inner circle, and also of the outer circle, since the points 
of these boundaries are invariant as just seen. We may 
arbitrarily regard the inner circle as having undergone no 
I’otation, but the same will not then be true of the outer 
circle, which can at once be shown to have undergone a single 
com])lete revolution in the positive sense. For let the pro- 
jection angle 6, for a given point P and corresponding fixed y, 
vary from 0 to n. It is obvious that then 6^ will increase 
from 0 to A while </< increases by 2 7r since the point Pi 
makes a complete circuit of P in a positive sense. In other 
words, the transformation T takes radial segments across the 
ring into curves starting at the same point of the inner 
circle, but winding around the ring just once while crossing it. 
Hence the outer boundary has undergone a single positive 
revolution under the transformation T. 

Suppose now that we have a periodic motion, for example 
that corresponding to one of the harmonic triangles taken 
in a positive sense. It is evident that the transformation T 
of the ring takes the point of the ring representing the state 
of projection at the first vertex into that at the second; and 
likewise takes the state for the second vertex into that for 
the third, and that for the third vertex into the first. Thus 
when T is applied, the triple of points on the ring is 
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cyclicall}^ advanced, and each point of the triple is un- 
altered by the application of the third iterate of T. Con- 
versely, to any triple with this property, or to any point in- 
variant under together with its images under T and 2 '-, 
corresponds a motion belonging to a harmonic triangle. Evi- 
dently then, from considerations advanced earlier, there are 
at least four such triples. It is obvious that tliere can be 
no invariant points under T itself because y is increased but 
by less than 

In this way the search for harmonic polygons and th(‘ 
allied periodic, motions in the billiard ball problem resolves 
itself into tlie determination of sets of distinct points 
P], Pn cyclically advanced by so that in general 
P^^(Pi) ~ Pi. More generally, each and every interesting 
l)roperty of the motion of the billiard ball is mirrored in 
a corresponding pro])crty of the transformation T. Thus the 
dynamical problem is effectively reduced to that of a parti- 
cular transformation of a circular ring into itself. 

8. Area-preserving property of T. There is a further 
pi'operty of the transformation 

T: (h - 

which ])lays a fundamental part in applying the geometih* 
theorem of Poincare: the double integral J J sin edodf taken 
over any area (t of the ring has the same value as over 
the image of a under T and its iterates. This is essentially 
an area-preserving property in modified coordinates. 

Before passing to the entirel}^ elementary proof of this 
fact, one immediate application may be cited in justification 
of the earlier statement as to the fundamental theoretic im- 
portance of the ring transformation. Since the integral 
evaluated over cr^, 03 ..., has the same value, and since its 
value over the entire ring is finite, being 47r, some two of 
the images ffi and (Tj overlap. Employing the inverse trans- 
formation we infer that tr/_i and Oj.-i also overlap, and thus 
finally that o',-; and 0*0 overlap 0 ‘>y). But, interpreted for 
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the billiard ball problem, this means that tlie ball can be 
projected very nearly with arbitrary position and direction 
to return subsequently to nearly the same position and 
direction. As elaborated by Poincar^.,* this chain of reaso- 
ning leads to the conclusion that the '])robability’ is unity 
that an arbitrary motion returns infinitely often to the neigh- 
borhood of its initial state. He called this property of the 
dynamical system ^stability in the sense of Poisson’. 

The proof that the double integral is invariant depends 
on an explicit evaluation of the determinant 

j 9 d 01 9 9^1 

9^ d y 9y d 0 ’ 

In fact, if I j Jl(0, (ji)d0(lf is invariant we have 
JJ il(ei,<fi)deid<ri = ^jMie,tp)dedii' 

where the variables 0i, range over the region o’,, Just as 
0, (p do over (t. But according to the fundamental theorem 
for change of variables, the change of variables T givers 
the integral on the left the form 

j* j M{0i, ^i) Jd0 df. 

Com])aring this expression and the integral on the right, 
which are both integrals over the same arbitrary region o', 
we deduce the functional relation 


as the necessary and also sufficient condition for invariance. 
Hence to establish that J*J*sin ^ dfd dfy is invariant, we need 


only prove 


J “ sin ^/sin 


37 F{fp), y = Oif) 

‘ See his Methodes nouvelles de la Micanique celeste, vol. 3, chap. 26. 
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be the equations of C in rectangular coordinates, so that, 
if T denotes the angle between the positive x axis and the 
positive tangential direction at a point of f/, we have 


tan 


»'(y) 

F'h) • 


Similarly let denote the like angle at the transformed 
point, which will be given by the same expression save 
that ip is replaced by (pt. Finally let « designate the angh' 
between the positively 
directed axis and the 
direction of initial pro- 
jection (figure). 

It is evident that 
the following two re- 
lations will hold 

0 --- a ~~ I j 

Substituting in the 
above value for r and 
the analogous value 

for Ti, and also substituting in for a the value 

’ 

evident by inspection, we obtain tlie explicit formulas 



T: 


e tan^^- 

0. 




-tan" 


F'(9) 


F{<Pi)—F{9) 

F'{9i) F{9i) — F{9) 


F{9,)- 


L{9,9i). 
M(s, 9i). 


These two equations define the transformation T from (0, f) 
to (Olf fi). Taking differentials, we find 
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do = L(p ^ dtj^i, dOi Af(f dip dtpi, 


Avhenco at once 
dOi — 




do 


+ [m^ 


~T^I '■ 


dfi 


This gives 


^ do dip. 




But F{pi) — F(p)j G(pi) — G(ip) are pro])ortioiial to cos a, 
sin a respectively, while also 

F'(<p) ~ cos r, G'ip) ^ = sin r, F'(yt) cos r^, G'{(pi) = -- sin rj. 
so that finally we obtain 

/ _ si n(« — t) sinO 
sin (ti — «) sin /9i 

as was stated. 

9. Applications to billiard ball problem. As has 

been seen, there are no points of the ring which are invariant 
under T, On the other hand consider followed by a rotation 
of the 0 , if} plane through an angle — 27r, which we desig- 
nate by The resultant transformation of the ring admits 

the same area integral as T of course, but advances the 
points of the outer circle by an angle 2 tt, and those of the 
inner circle by an angle — 2 /r of opposite sign. These are 
the two conditions essential for the application of Poincare’s 
geometric theorem. Hence T^R -x (the compound trans- 
formation) possesses two invariant points. This means that 
has two geometrically distinct invariant points of oppositely 
signed indices,* although these correspond to an increase of 
271 for 5P. 

* See my paper An Extension of Poincare's Last Geometric Theorem^ 
Acta Mathematica, vol. 47 (1926). By the index of an invariant point is 
meant the number of positive rotations of a line joining a point P to 
its image Pi, when P makes a small positive circuit of the invariant point. 
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If F is such an invariant point, so is T{F) of course but 
with the same index. Thus we get two pairs of points, say 

F, T(F), Q, T(Q), 

all four distinct. These evidently correspond to the two 
fundamental periodic motions. 

For the application of the theorem of Poincare to the 
periodic motions of more complicated type, it is necessary 
to take account of the fact that eveiy such motion is asso- 
ciated with a distinct second such motion, obtained by reversing 
the direction of description, although these motions have the 
same index. However one of these motions increases </> by 
2/:7f, the other increases it by Py only con- 

sidering invariant points of for which (p increases by 
2/.-/7, (Jx n/2), we clearly obtain each harmonic tj-sided 
])olygon onl}' once. It may be noted in passing that this 
pairing of motions in the billiard ball problem is fully reflected 
in th(^ fact that T is a product of two involutory transform- 
ations; it was the same special property of the ring trans- 
formation in the restricted imoblcm of three bodies which 
enabled me to i)rove th(» ('xisteiice of infinitely many symmetric 
periodic orbits.'" 

Now turn to the invariant points of the compound trans- 
formation li-u where R-u denotes 4^-fold rotation through 
the angle — The rotations on the outer and inner circles 
ar(‘ clearly 

2 (u — /.•) 71 and — 2 k /r , 

which will be of opposite sign. Thus we can infer the 
('xistence of at least two geometrically distinct series of ])oints 

P, P(P), . . .. (P), Q. l\q), . . {Q) 

such that P, T‘^{(i) = Q, while (/» has been in- 

creased by 2A’/r; it is assumed that k and 'it are relatively 
prime. 

" Sec iny paper The Restricted Problem of Three Bodies, lieiidiconti 
(li Palermo, vol. 39 (1915), in particular, section 14. 



178 


DYNAMICAL SYSTEMS 


To prove this assertion in detail, vve may let P be one 
such invariant point, such that T*' increases (j> by 21 n. If 
the n points 

P, T(P), P”-' (P) 

are not distinct, let (P) - 7^ {m < n -1), and suppose 
that (f is increased by 2jn:. By combination of the two 
symbolic equations (P) J\ T^^'{P) P, we obtain 
T^{P) =- PAvhere ^/ ( ( 1 of course) is tlie greatest common 
divisor of m and n. Thus P is invariant under P"'. Suppose 
that under 7’^', the t of P increases by 2yVr. From the 
equation P” - we see that P" will then increase the </' 
of by , so that /,• ^ qf. Thus I' and ii would poss('ss 
a common factoi* q. contrary to hyi)othesis. 

Not only are the n i)oints distinct but they have the same 
index. Hence there will be a point </> invariant under 
and with oppositely signed index. This, with its images under 
su(*cessive powers of P, will necessarily be distinct from the 
points of the set generated by P, and leads to a second 
distinct series of i)oints. 

Hence we obtain for catij n':'2 and (‘very relatively 
])rime /.* : y//2, two geometrically distinct, harmonic polygons 
with n sides and making k (dreuits of the curve P. Corre- 
s])onding to these there will be of course four i)eriodic motions. 
We shall not attempt to develop here the characteristics as 
to type ot stability and instability, dependent upon tlu^ sign 
of the index. 

It is worthy of observation that the method of sections 2, 3 
is evidently applicable here to show that there exist infinitely 
many periodic motions lying in the vicinity of any periodic 
motion of general stable ty]>e if the constant } is not 0. 

AVe shall indicate in ])articnlar how this same method seems 
to apply to the limiting type of periodic motion in which the 
billiard ball is rolled around the table. 

For this pur})ose it is essential to (examine the ex])licit 
formulas given for T in the case when 0 is small. A direct 
computation loads to the result 
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where the function denotes the curvature of C at the 
point with given and where the functions I, • • . depend 
on (f> only. Proceeding entirely formally and replacing di — 0 
and (/Ji — y by AO and A^p respectively, we obtain the 
a])))roximate differential equation 

do 1 // 

d<r :-3 A- ’ 

which gives by integration 

e = Ooh^'Up). 


Here 0^) is the value of 0 for a point of curvature unity. 
This result indicates that, to a tirsl ai)])roximation, the curve 
0 — Oi)k^^((f) near the inner boundary 0 0 of the ring 

is nearly invariant under 1\ and can piobably be modified 
by the inclusion of higher order terms so as to be still more 
nearly invariant. Evidently the limiting periodic motions 
formed by C are to be regarded as analogous to stable 
])eriodic motions on this account. 

Also if the variable h. represents the number of iterations, 
we have the appreximate differential equation 


wlience by integi’ation 


It follows that (f> will increase by more than along the 
approximately invariant curve if 7hOo exceeds if 7\ “ 'Mvhere I\ 
denotes the maximum curvature of C\ 

It thus appears as highly probable that the lemma of 
section 2 is applicable and that there exist infinitely many 
periodic motions uniformly near to C, 
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lo. The geodesic problem. Construction of a trans- 
formation TT*. We turn our attention next to the ])roblein 
afforded by the geodesics on an analytic surfac.e. In order 
to obtain as concrete results as possible, we shall restrict 
the surface S to be closed and convex, although it is evi- 
dent that these liniitatioiis are not altogether essential for 
the argument which follows. 

AVe have already established the existence of at least one 
closed geodesic // of miuimax type (chai)ter A', section 6), 
which we shall assume to be without double points. Oui’ 
iirst assertion is that tliere exists a ])ositive (juantity L so 
great that any geodesic arc of length exceeding L intersects 
fj at least once (or falls along //). In the contrary case 
tliere would exist a se(iuence of geodesic arcs (jn of length 
L„ with lim Ln 4 cc, such that each arc f/n does not 
nie(‘t (j. This fact would require that for Ln large enough 
no part of f/n is nearly coincident with //, since nearby geo- 
desics meet a closed geodesic of minimax type in a suc- 
cession of points seqiarated by arcs of limited length; more 
precisely, it may be pi oved that if P is any point of // and 
P" is its second conjugate point in the sense of the calculus 
of variations, then the arc PP" constituti's at least one 
complete circuit of ry.t 

Hence if we let Pn be the mid-iioiiit of the sequence 
of points P„ will have a limiting point P not on cj, and the 
geodesic, (jn will have at least one limiting direction at P, 
such that the complete geodesic // thi’ough P in this direction 
fails to meet g and indeed nowhere approaches g, 

(Consider now that part of the surface S (which is divided 
by g in two parts) uiion which h lies, and in paiiicular the 
part of S l^dng between g and li. One boundary of this 
region s is //, of geodesic curvature 0 everywhere, while the 
other boundary y consists of part or all of //, and of its 
limit points. 

Let and be two nearby accessible points of the 

fFor a i)roof see my i)ai3er, Dynamical Systems toith Tico Degrees 
of Freedom^ Trans. Amer. Math. Soc., vol. 18 (1917), in particular section 19. 
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boundary y so obtained, so that a vShort curvilinear arc 
Ni A Ns exists in the region s with all of its interior points 
not on the boundary. Consider also the short geodesic arc 
NiGNs* Then N AN^ON delimits a region f/. 

If any interior point of NGN^ is part of the boundary 

all of XiGNj must be i)art of it; otherwise the curve h 
Avould cut across NGNs and so certainly intersect 2 , 
contrary to hypothesis. In this case is a part of 

the boundary y and the region lies entirely in s\ If there 
is no such interior point, the geodesic arc XiGN^ lies inside 
of s except at Ni and Ns» Hence if we surround the boun- 
dary by a cyclical chain of nearby points 

j\ 1 , Ns , • • • , A , 

the short distinct geodesic arcs 

A 1 A 2 ’ A 2 A :{. • • • , A A 1 

lie inside of .s’ or coincide with y. We assume that this cliain 
encircles y in a i)ositive angular sense: in this event, the 
l)art toward y Avill lie eveiywhere to the left. 

Now in the geodesic polygon so formed, the angle in .9 at 
any vertex will be less than or ecpial to /f. For if the 
angle at A'/-]-i, say, exceeds /r and w(» consider the short 
geodesic arc xV^A^, f-2, it is api)arent that y lies to the left 
of Ni Ni-i 2 also, so that AVi 1 is completely encircled by points 
not on which is impossible. 

But the integral curvature of the part of N bounded by 
this polygon will be piu'cisely the sum of these n interior 
angles diminished by (n — 2 ) 7 t by a well known formula, 
and so will be less than 2;r, which is impossible since the 
integral curvature of either part of S bounded by g is ex- 
actly 2/1 by the same formula. 

Thus a contradiction has been obtained, so that the original 
assertion must be tiaie. 

We now introduce parameters as follows. Let an arbitrary 
directed geodesic / cut the directed geodesic g in a point P. 
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The position of r may be measured by means of the ai c 
length e from a fixed point 1\ of g\ if the total lengtli of y 
be taken as 2 r by an approimiate choice of a unit of length, 
the variable 0 is a periodic variable of ])eriod 2 rr. Further- 
more let denote the angle between the positive directions 
of g and / at the point P so that 0^ 

The next ci'ossing of // by // will be in the opposite sense, 
and the corresponding and 9 'f will vary analytically with 0 
and ff. Thus a transformation T is defined 

T\ vf -- 0). -- //(f/s 0), 

which takes the ring 

Ji : 0 ‘ ^ (j - ^ /f . ^ ^ ^ 

(if, f), polar coordinates) into itself. 

Similarly a crossing in the opposite scmse at y*, will 
be followed by a crossing thus defining a second 

one-to-one, analytic transformation 

7^*: r/), = == 

of li into itself. 

Along and near the boundaries of IL T and T* ai*e to 
be regaided as continuous. This fact may be seen as follows: 
If a geodesic / near to g intersects g at a small angle (f> 
with given 0, then of course / will intersect later at a small 
angle with cocirdinate 0'^" nearly that of the conjugate 
point to the first point of intersection, as was observed above. 
Obviously this ensures the specified continuity. Furthermore, 
we know that three successive conjugate points correvSi)ond 
to an arc of more than one complete cycle of g. 

If we have 0 or /r we have respectively - 0 or tt, 

while if ip" -- 0 or jt wt^ have likewise vo ~ 0 Further- 

more as H or 6"'' increases along a boundary so will st or Ox ; 
in fact it has been noted that if 0 is the coordinate of P, 
then ot is the coordinate of the conjugate point 7^'. Hence 
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T and 7^* are direct transfoniuitions leaving: the enter and 
inner boundaries of R invariant. 

It is now desirable to consider somewhat mere in detail 
the* nature of T and 7^* along the boundaries. Theses trans- 
formations are evidenitly not determined up to a complete 
rotation, and it is desirable to make a convention whicli 
eliminates this arbitrary factor, and enables us to compare 
the transformations along the inner and outer boundaries. 
Ta‘,t us consider any directed geodesic arc l\) 1\ of f between 
two successive (crossings /o and l\ of q by /, and let us 
detiiK^ a doubh' point ii of Pol\ as positive if a moving i)oint 
in desci-ibing tin* arc / h P\ ])asses ovei* the arc. Po Q already 
described at Q, from the left to the riglit side; and as negative 
in the conti'ary case. 

Tlie 'index' of /o P[ a>ay 
be defined as tlie diffin- 
enc(‘ between the number 
of positive and the num- 
b(M' of negative crossings 
within /o /V Let us 
delim* the A^alue Of of t) 
at I\ as tliat corre- 
sponding to tin* posi- 
tively taken arc P^)]\ increased by 27r } where i. is the index. 

A\'e can now show that, as thus defined, 0\ varies con- 
tinuously Avith 0. In fact as 0 and t change, no new crossings 
can be introduced Avithin /o Pi inasmuch as a geodesic arc. 
cannot be tangent to itself. If a i)ositive crossing is intro- 
duced at Pi, evid(*ntly 0i increases thi’ough an exact multi])le 
of 2/r as it should. If a negative crossing is introduced, 
Ol' decreases similarly. Thus the coiwention is a])pro])riate 
to all cases. 

Sow it is also evident that if a geodesic arc Po Pi near 
to () be continuously deformed near rj while not maintaining 
its geodesi(* character, Avith Pq and /\ fixed, and only simple 
interior tangency alloAved, then i)ositive and negative crossings 
ai)i)ear in or disappear in associated ])airs. Thus if the 




184 


DYNAMICAL SYSTEMS 


arc Po Pi be deformed into a sjdral so as to eliminate all 
negative crossings, it is plain that the index will equal the 
number of apparent circuits of // made by the spiral. In 
this case the increase in namely — d, will be measured 
by the arc length along the curve /y, according to our con- 
vention. However if the positive crossings are eliminated, 
the convention gives 2 iTi (/ > 0) increased by the angular 
value of the short i)ositive arc Po 1\ as the difference ot — 
and hence this difference exceeds the arc length Po Pi ))y 

Consequently it is seen that df — 0 is measured in the 
sense of the convention by the actual increase in 0 along // 
for f/j “ 0, while, for fp jr, ot — d is measured by the 
algebraic increase along the arc (actually a decrease) aug- 
mented by 2jt since 1\ l\ is to be taken positively. 

Now in going from a point P to its second conjugate 
point 7^" with (p ^ Q, 0 increas(^s by an amount a, 

2/wr - « • .. 2(/.* 4“ 

where /•• 1 is inde])endent of the ])osition of in fact 

the one-to-one, direct transformation of tiie points of // from 
Pto P" defines a rotation Humbert which lies between 2A ;t 
and 2{k-\-\)7r with A 1 . because of a property of the 
conjugate! points along a geodesic of minimax type already 
specified. Hence we infer 

2 A ;f c // (0, H) ~ 0 < 2 (A’ + 1 ) rr. 

Similarly if we <*onsider then — 2;t is diminished 

by a like amount so that we find 

— 2 A'/r < (j (/r, 0) — B - — 2 (A* — 1 ) /r. 

It follows that the transformation T (or P *') advances points 
in opposite angular directions along the two boundaries of 77, 

t For defimtion and short discussion of the Poincare rotation numbers, 
see my paper, Surface Transformations and their Dynamical Applivations,, 
Acta Mathomatica, vol. 43 (1022), section 45. 
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at least if the exceptional case of a second conjugate point 
coincident with the initial point after a single circuit he 
excluded. 

II. Application of Poincare’s theorem to problem. 

The geodesic problem is of Hamiltonian form of course, with 
principal function H given by the scpiared velocity. In the 
four-dimensional manifold of states of motion, the quadruple 
integral 


///]■ 


d px d (jx d. d 


is an invariant int(*,gral. In a particular invariant sub-manifold 
H - const, there must then be an invariant volume integral, 
namely 


LIT 


dffi dih 


provided that H - h.qi.p^jq^ are taken as coordinates 
(section 3). The 1 ‘estriction // -- const, merely fixes the 

(‘onstant velocity. 

The ring 11 of states of motion crossing // positively is 
evidently represented in this manifold by a ring U bounded 
by the two closed curves representing fj traversed in the two 
possible senses. The transformed point TT’‘'(F) of a point V of 
this ring by TT"^ is obviously obtained by following the 
coiTesi)onding stream line until it meets Li a first time. 
Further consideration shoAvs that the ling E so obtained is 
an analytic, surface. 

Now if Ave consider a tube of stream lines with tAVO bases 
of areas in E, Avith 7, as independent variable, and 

if «i, <C2 be the angles which the stream lines make with // at 
these two surface elements respectively, then the loss of 
‘A'olume’ at one base in time Aq\ is nearly 

(sin«, A<h) Aqi 

AAdiile the gain at the other is nearly 

(sin«2 4'^2)4^i. 
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Thus j siu«^fy yields the i)o.sitive invariant area integral 
nec(‘ssary for the application of Poincare's geometric theorem. 

Hence there exist two points of E invariant under 
and this gives immediately the following conclusion: 

Let there he given n conve.r nnalgtie surface on u'hivh ihe 
dosed geodesic of mi nm ax type Inoirn to exist is without double 
points, and suppose that the second co)ijugnte pomf of no point 
on this geodesic arises on precisely a single complete circuit. 
Then there will exist a second closed geodesic which intersects 
the known mini max geodesic only t trice. 

Of course a single closed geodesic yields two invariant points. 
Under the same coyidiiions there must he two distinct dosed 
geodesics which meet the geodesic of minimax type only Itrice. 

To prove this we proceed as follows. We have for the 
points of E 

Vf) 

by definition. On the other hand the .same geodesic may be 
taken in the o))positc sense so that 

Tift*. 7T — iff) = {(), ;r - I/)- 

Tf tlien we define the •refiectioir T in such wise that 

U(H, tj.) ^ {(), n — <!•), 

we obtain 

TU(h,ir) -- (^r, — eyf) 

and thence 

TUTU ^ J 

where / is the identity. Hence TU ^ ^ T is a transformation 
of period 2, as is.T, and we find T ~ Tf/, i. e. T is a product 
of two involutory ti-ansformations. 8imilarly we find T* - U 
where P* is also involutory. Hence we infer that TT'" 
has the form VUV^' U. Suppose now that there is an in- 
variant point T under TT'^' so that 


VUY-U^P) P, 
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We obtain tlieii, by inverting, 

rr*rr(P) -- p, 

whence 

TT*y(P) y(P). 

Hence if P is an invariant point under TT^\ so is VH^). 

But V{P) must be a geometrically distinct point from P 
itself. Otherwise we should have 

TU{P) ^ P 


()!■, more explicitly, for the corro.sponding {i) ^ (j>) 
Oi 6, TT — fj>t - T* 


But this would mean that the first intersection of the geo- 
desic with the minimax geodesic r/ crosses it at the same 
point and in the op])()site direction, which is manifestly 
impossible. 

Now the indices of the invariant point P and of the 
associated invariant point V(P) undei* the transformation 
PT" are ecpial. In fact make the change of variables corre- 
si)onding to the symbolic e((uation 

Q - vin 

by which any i)oint P is taken into r(^^)‘ The modified 
transformation less is of course 


Y rp rji '^ Y 




as is at once A'erified by substitution of the factored form of 
TT'" drived earlier. Hence the transformation in 

Ihe neighborhood of one invariant point is equivalent to the 
inverse transformation in the neighborhood of the associated 
invariant point. But th(i index of an invariant point is un- 
altered by a change of variables, and is the same as for the 
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inverse transformation. (/Oiisequently the indices of the two 
associated invariant points are necessarily equal in all cases. 

It is obvious geometrically that the association of j)airs 
of points arises from the circumstance that every geodesic 
may be traversed in two opposite senses. 

Since the extended theorem of Poincare allows us to infer 
the existence of two invariant ])oints with oppositely signed 
indices, we infer that there exist two geomcdrically distiiud 
closed geodesics which intersect the closed geodesic only 
twice. 

This complet(*s the proof of the ])i*evious italicized 
statement. 

By applying the same theorem to higher i)owers of TT" 
the existences of other types of c.loseui geodesics could be 
inferred. Moreover the methods of section 1 ai’e applicable 
and show that tliere will be in genei'al intinitely many clos(‘d 
geodesics in the immediate vicinity of a closed geodesic of 
stable tyi^e. 

There are two further remarks concerning the geodesic, 
pi’oblein which 1 will make in (umclusion. In the tirst place 
the conclusion that there will exist at least two other distinct 
closed g(‘odesics meeting the geodesic of minimax ty])e only 
twice is no doubt valid for sui’faces of much more general 
type. 

Secondly, if the convex surface is symmetric in s])ac(‘ about 
a ])lane containing a geodesic //, tlu‘re will be various closed 
geodesics which intersect // twice at right angles. ]\rethods 
for dealing with these* symmeti’ic closed geodesics can be 
used analogous to those*, which I employed in dealing with 
e*(*]’tain symmeti’ic periodic oihits in the resti'icteel ])roblem 
of tliree boelies (loc. cit.). In fact if // is of minimax type, the 
transformations 7' and become identic.al, and TT^' appears 
as the sepiai’e of a product of two involutory transformations, 
as is the case for the fundamemtal transformation in the 
restricted problem of three bodies. 
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GENEKAL THEORY OP DYNAMICAL SYSTEMS 

I. Introductory remarks.* The final aim of the tlieory 
of the motions of a dynamical system must be directed towaid 
the (iualitatiA'(‘> determination of all possible types of motions 
and of the iuterrcdation of these motions. 

present chapter represents an attempt to formulate 
a theory of this kind. 

As has been seen in the precediiLi? chapters, for a very 
<ienei*al class of dynamical systems the totality of state.s of 
motion may be set into one-to-one correspondence with tin* 
points, P, of a closed n-dimensional manifold, J/, in such 
wise that for suitable caxudinates ./j , •••../•«, the dift'erential 
e(iuations of motion may be written 

dj‘,!d / - Xi (./*! . • . . . Xn) 0 ----- 1 , • • • . ?<) 

in the vicinity of any point of J/, where the Xi are a real 
analytic functions and where I denotes the timtL The motions 
ai e then presented as curves lying in J7. One and only one 
such curve of motion i)asses through each i)oint I\) of 71/, 
and the i)osition of a i)oint F on this curve varies analytically 
with the variation of and the interval of time to pass 
from F) to /^. As t changes, each point of M moves along 
its curv(* of motion and there arises a steady fluid motion 
of M into itself. 

By thus eliminating singularities and the infinite* region, it 
is evid(mt that we are directing attention to a restricted class 
of dynamical ])roblcms, namely those of ‘non-singular’ tyj)e. 

" Sections 1-4 are taken directly from my paper Pfeec (jeu'ime zentrale 
IU‘weyHiujen dt/namischcr Sf/steme, Gottinger Nachrichteii (1026). The 
I’cmaiiider is closely relatc<l to my papers, Quehiues theorrmes siir lea 
moHvements des sysieines dyiiamiques, Bull, Hoc. Matli. France, vol. 40 (1912), 
Surf arc Transf (n’maiions and Their Dynamical Apidieations, Acta Mathe- 
matica, vol. 48 (1912), in particular sections 54-57. 
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However, most of the theorems for this class of ])roblems admit 
of easy generalization to the singular case. The probhun of 
tlii ee bodies, treated in chapter JX, is f)f singulai* ty])e. 

The differential equations of classical dynamics are more 
special, and in particular possess an invariant /A-dimensioiial 
integral o^er M, In consequence any small molecule. 
of il/ about a ])oin1 /o at time /o. must subsecpiently overlap 
its rtrst j)Osition </o. This fact may be deduced as follows: 
Su])pose that at a time fx following i units after A,, tiie 
molecule is in an entirely distinct ]H)sition, and consider its 
positions at. times / , 2r, ... after the initial instant /(>. These 
])ositions cannot be entirely distinct from one another; for if r 
denotes the value of the invariant integral over the molecuh' 
in its initial i)osition, this value will be the same in such 
subsequent positions, and since the value of the invai’iant 
integral ov(*r M is tinite, say \\ the number of distinct 
positions cannot exceed 17r. Hence some /-tb and 7-th mole- 
cules overlap 0 Hut if these overla]), then in the corre- 

si>ouding ])ositions (7 — /)/ units of time earlier, they will 
still do so. It follows that the (y — /)-th position of ovei- 
lai)s f/(). Hy this argument and its natural extension. l*oin(‘are ' 
imoved that in general the motions of such more special 
dynamical systems Avill recur intinitely often to the neighboi- 
hood of an initial state, and so will ])ossess a kind of stability 
‘in the sense of Poissoif. 

It will be our first aim in this chaj)ter to show that with 
an arbitrary dynamical system not so restricted, there is 
associated always a closed set of ‘central motions' which do 
possess this ])r()])erty of regional recurnmee, towards which 
all other motions of the system in general tend asymptotically. 

2. Wandering and non-wandering motions, ronsider 
an arbitrary point 7 0 of the manifold J/ of states of motion. 
Let tf be an o])en continuum of small diametert f, containing 

* MHhndes nonrdles de la Mccaiiique cvlottr, vol. 3, fliap. 20. 

t It is evident that distance may be defined in an appropriate fashion 
in M. The diameter of a set of points is merely the upper limit of 
distanre.s between pairs of points of the set. 
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As the time t increases, this ‘molecule* a moves, it 
may happen that 1\ represents a state of equilibrium; in 
that case the molecule will always continue to overlap 
we exclude this case for the moment. In any other c,as(* a 
will move outside of itself if is small enou^^'h, since the 
velocity components are api)i‘oximately the same as 

at Zo throughout the molecule. If it is possible to take t- 
so small that neviir again overlai)s its first ])ositiou, we 
shall call Z o a Svaiideriiig ])oint’, and the corr('S])onding motion 
a ‘wandering motion’. In the contraiy cas(‘ / <, will be termed 
a non- wan dering point, and the corres]K)nding motion a non- 
wandcring motion. With this s(M*ond class we naturally include 
equilibrium points and the dc'generate (‘oiresponding motions. 

There is an apparent asymmetry Ixdween the increasing 
and decreasing directions of the time /. as far as thes(^ 
detinitions go. Ihit it is easilv seen that there is no asymmetry 
in actuality. In fact if the image of inte]*se<*ts itself aft(M‘ 
/ units of time, if does / units of time earliei*; foi* tlu'over- 
lapping molecules o' and o'^ (i. e. taken / units afterward) 
occupy the positions and a i*espectively, / units of tinu^ 
earlier, and those continu(‘ to overhi]). 

Thus the wandering ])oint /o is chaiacterized by tlu^ fact 
that the corresponding molecule a des(*rib(‘s an ^/-dimensional 
tube which never overla])s itself as t changcvs fi’om — x to 
-f X . For this reason the characterization as ‘waudeiing* 
seems legitimate, since Pq nevei* recurs to the inlinitesimal 
neighborhood of any i)oints once passc'd. 

77/c .sr/ ir of jfoinfs (>/' M fs mode up o/'c/o /v's 

of motion JiHinfi opioi n-dnncUKioiiiil ronfintm. The sid JZ, 
(f non-innidrr/'Ni/ points (fM is nindc up of the vonipUonentnnj 
dosed, set of cin'res of motion. 

For the reasons just j/resented all of this statement is 
obvious, except peidiaps for the assertion that 1 1" is oixm 
and consequently dZi is closed. Jhit if P^^ is a wandering 
point, so evidently are all the points of the molecule </ 
including Po. This shows at once that 11^ is made up ol 
0 ])en continua, and hence that JZi is (dosed. 
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If file set My of non-wandering motions contains ijoints 
ivhich are not limit points of the set W, these form a suh-set 
Ml of mrres of motion filling up open n-dimensional (witinaa 
and possessing the property of regional remrrenee. 

It is clciir tliiit J/i' is made up of a set of curves of motion, 
for since Q of Ml is not in the immediate neighborhood of 
any curve of motion of Tl' the same will be true of all other 
])oints on the curve of motion containing Q. Also a sufficiently 
small molecule containing Q will be entirely in M'l so that 
Ml is made up of oi)en dimensional continua of non- 
waud(M*ing i)oiiits. Hence the ])roperty of regional recurrence 
is obvious. 

Evidently the set My — Ml Mi' is merely the set of 
boundary points of the //-dimensional open continua IT, J/i. 
It is made up of a closed sot of complete motions, of less 
than n dimensions. 

.1.V time increases or deen‘ases^ ererg irandering point ap- 
proaches the set My of non-frandering car res of motion. 

The proof of this fundamental property of wandering motions 
is not difficult. 

Consider any small open neighborhood of i/j, within which 
My lies, and the complementary closed set C made up ex- 
clusively of the points IF. About each point of can be 
constructed a small molecule o', such that the molecule never 
overlaps itself as time changes. Hence a finite set of these 
molecules can be found which cover C completely. A moving 
l)oint can enter any one of thes(‘ molecules (held fixed) only 
once, and can stay within it only a short interval of time. 
It is thus obvious that after a finite time the moving point 
lies always inside of th(‘ arbitrary neighborhood of My. 
Hence any moving point must approach My^ as stated. 

A more detailed study reveals certain further characteristics 
of the mode of approach of the Avandoring motions to the 
non-wandering motions. Since in the above discussion the 
moving point enters one of the fixed molecules covering (J 
only once and stays in it for only a brief period of time, 
the folloAving facts are obvious. 
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Any H’ftnderlny mofioii mnains ontsnh^ of a prvacrUwd naiyii- 
borhood of only a fnife time 1\ and yoes oai of this 
neiyhborhood only a finite nninber of timvii X mhere X and T 
are aniforndy limited, once the neiyhborhood is ehosen. ' 

3. The sequence 3/, J/j. airived at tho 

closed set of iiou-waiiderinjj: points 3/,, between points of 
which distanc(‘, may be delined as in 3/. we are in a position 
to define wandering- and non- wandering: points relative to 3/,. 
(instead of 3/) as follows. Choose an arbitrary point /o 
of 3/1, and an open contimmin a, of small (liamet(*r. con- 
taining /o ‘‘^iid certain other points of 3/i. Setting aside th(‘ 
case when /h is an e(|nilibrinm point, and choosing the dia- 
meter of o" small enough, we see that this molecular part 
of 3/t will move outside of itself away from its initial position. 
If the diameter can be chosen so small that tlu' part of 3/i 
in O' never again overlaps itself, we may say that /h is a. 
wandering point of 3/, (though of cours(‘ non-wandering with 
respect to 3/ by definition of 3/i). Other [)()ints, including 
e(iuilibrium points, in 3/| may b(' term(‘d non-wandering 
points of J/j. 

It is clear that the parallelism is complete. 33ie non- 
wandering points 3/2 relative to JIi f(»rm a closed set of 
motions tf)ward which any i)oint P of the set of wandering 
points ir, is asym])totic as time increases oi- decreases, and 
similar unifoi’inity ])roperties i*elative to 3/i hold. 

The same process may now be i-epeated with rc'sixn^t to 
3/2 as a basis, and thus arc defined M,i and Ho. Continuing 
in this manner we obtain 3/. AIi, 3/0, •••. We regard the 
process as terminating if any 3fi \i is the same as 3//, in 
which case there are no points ir, of course. In case the 
l)rocess does not terminate in this way the sequence of distinct 
closed sets 3/, 3/i, 3/2 ,..*, each within its predecessoi*s, 
defines a unique limiting set 3 /oj, which is evidently closed 

* To reader the count of exits precise, it is desirable to take each 
covering molecule so as to have at most one segment cut off by any 
neighboring stream line, and then to consider the neighborhood outside 
of the covering molecules as the given neighborhood of Mi. 
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and composed of curves of motion. Further application of the 
lu’ocess yields J/,0+1 , Thus are defined successively 


M, 

Mu 

Mi, 


d/ti» -f-i 1 

M,.,+-., . 






M,.,^uy ■ 


ill accordance with the well known theory of transtiuite 
ordinals t>'iveii by Cantor. 

But these form an ordered set of distinct closed point sets 
(‘ach with an immediate successor and contained in all of its 
])redeccssors. Such a set is certainly numerable, tience tin' 
pi*oc('ss does eventually terminate in some M,, 

TJms there e.rfsts a well-ardcred , fermiH(iti)iff set of (tistiort 
closed sets 

J/, JA, .1/2, .... J/o 

iu irhicJi an element 3/pii immediately foltoiriny Jfp eons/sts 
of the )io7hn'a})deriny motions vela fire to Mp, trhife tni elemmtf 
Mp trithont an immediate predecessor is the limit of its pre- 
decessors. The tranderiny points IF;, of Mp tend asymptoti- 
cally toward the non-a'anderiny motions Mp-^-i in sach a'fse 
that the totid time outside of a yiven neiyhhorhood of 3/;, 3 , 
(Ui u'cll as the numher of exits from this neiyhhorhood.. are 
anifoiiiily limited. 

The tinal set obtained. My, is the set of ‘central motions'. 
It is obvious that these have the property of regional re- 
curreiK'e since there are no wandering' points IIV. h>om 
this property it may be infeiTed by the method of Poincare 
(loc. cit.) that in any arbitrary neighborhood of a point of 
Mr there is a motion which enters this region infinitely oftem 
in past and future. 

In fact, it there is an isolated curve of motion of J/, in 
the region, the curve must be closed and this motion must 
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be itself periodic, since the motion is non-Wtindering:. Jn 
this case the periodic motion itself has the desired propert3\ 
If there is no isolated motion* we can select a neighborhood 
of the given point as small as we please which overlaps it 
ill Mr again at least once at some later time. Thus we get 
two points P, Q, on the same curve of motion of A 4 -, both 
in the molecule about the given point, but not near together 
in time. Next we choose a still smaller molecule about /^ 
so small that every ])oint P' in this molecule continues to 
meet the original molecule at a point Q' near to Q. But by 
choosing P' suitably, we can lind a i)oint l\ before P' in tim(\ 
lying in the same moh'cule as (/. Thus we obtain an 
arc 1\' P' t/ of a curve of motion of d/,- such that the thr(a‘ 
points Ii, P\ Q' lie in the given molecuh', taken at the outs(‘t 
at three different times. Next by choosing a still smaller 
molecule about P' we are led to an arc then 

to P<3) ^^0 Qjj, ''PIjo of the points 

P, P', P'\ •••, will be a point of Mr in the given molecule, 
which traverses that molecuh' intinitely often in the ])ast and 
in the future. 

It is obvious that the periodic motions in the dynamical 
problem must lie in the set of (*,entral motions. IMie motions 
delined later (section 7 ) as b-ecurrent* will also. 

4. Some properties of the central motions. Jt is 
easy to sec that every ])oint of M approaches within an 
arbitrarily given neighborhood of the central motions at least 
once within every sufficiently large fixed interval of time. 
For such a point certainly approaches M^ in this manner 
inasmuch as every motion of approaches dP uniformly 
often, and therefore every motion near J/i does also, (bn- 
t inning in this manner we see that this uniformity pi-o])erty 
holds for J/i, J/2, •••. Jf the series continues to the 

same property must be true for J/,,,. Indeed an Mu can then 
be found in any neighborhood of ilA,, since JA,, is the inner 
limiting set of the closed sets il/n. Sin(*e a point approaches 
an arbitrarily given neighborhood of M„ uniformly often, it is 
theiefore evident that it does the same for 3 /„>. By continuing 
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indetinitely in this manner with ilAun, •••. Mr we 

arrive at the stated conclusion. 

Now tlie motions of M were seen to approach those of Mx 
in a definite manner, while in turn those of Mi approach 
similarly. By combining' these results it would be possible to 
make cei tain statements as to the mode of approach of any 
])()int of M to ]\L, This method of description might be 
carried on to J/s, • • •, Mm, • • But for the genei*al purpose 
of this paper we shall merely establish a simpler i*es(ilt for 
all the sets Mp. 

Let us define the ^probability’ that an arc PQ lies in a 
given region - as the ratio of the time interval for the i)art 
that does lie in - to the total interval. 

TJio prohahilitij that an arc of a varvi‘ of inofion lies i)is}(le 
of an arhifrary neiyhhorhood of a set Mp, and ni paii/rtdar 
the set of eentral mofions Mr, approaches anity aniformly as 
the. inferral of Hme for sack an are increases indefinitely. 

From what was proved at the outset, conc.eming ^fx, tin.* 
probability that any arc lies in a given neighi)orho()d of 
approaches unity uniformly as the interval of time increases 
indefinitely. 

To prove a like result for il/s, we recall that any arbitrary 
motion of J/i is represented by a curve which lies inside of 
a prescribed neighborhood of M^ exce])t for a limited number 
of arcs corresj)onding to a limited total interval. Now any 
long arc sufficiently near to Mi will share the property of 
tlu^ motion of Mx, of being inside the prescribed neighborhood 
except for a limited niiinbei* of arcs of limited total length, 
provided that first the length of the long arc is taken arbi- 
ti arily large, and then the neighborhood of Mi within whi(di 
it is to lie is chosen suitably. Furthermore if a point is near 
enough to Mi it will evidently li(' on such a long arc of 
a curve of motion. 

Hence, since the probability that an arc of M lies within 
the prescribed neighborhood of Mi approaches unity as the 
time interval is taken longer and longer, and since every 
))oint in such a neighborhood of J/, is ])art of a long arc 
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near to i/g except for a finite number of pieces of limited total 
length, it is obvious that the probability that an arc in JZ 
lies within a given neighborhood of J/g approaches unity 
uniformly as the time interval for the arc becomes larger 
and larger. 

This same argument is evidently a])plicable for 21,^ J/j, •••. 
For M(o we need only note that since No, is the inner limiting 
set defined by Mij i/g, •••, it will be approached as a limit 
by this set in such a way that for a sufficiently la.ig(‘ n 
every point of Nn will be within distance f of some point of 
No,^ Since the probability that an arc of an arbitrary motion 
for a sufficiently long interval is within distanc(' f- of N,, is 
at least 1 d where d is small, the pi'obability that it is 
within distance 2f of Moj is at least 1 — d. 

Evidently this reasoning admits of indefinite continuation 
and leads to the desired conclusion. 

5. Concerning the role of the central motions. It is 
obvious then that a first problem concerning the ])ro])(‘rties 
of dynamical systems is the determination of the c(‘nti*al 
motions. 

For the equations of classical dynamics the central motions 
are obviously the totality of motions, at least for the case 
without singularities to which we are now confining our 
attention. In fact the ju’operty of stability -in the sense of 
Poisson involves that of regional recurrences chara(‘teristic 
of the central motions. 

The superior usefulness of the equations of classical type 
may v('ry well b(' a reflection of the fact that the centi-al 
motions are th(^ most probable motions, rathei* than any con- 
sequence of the laws of nature. 

6. Groups of motions. (\)nsidei‘ now any (uuve of 
motion in N with a point Pt moving on it. The points Pi 
constitute the ‘point group’ of the given motion. 

Every limit point of the set for lim / 1 x will 

be termed an w limit point of the motion, and every limit 
point of the set Pf for lim i = — x will be termed an a limit 
point. 
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111 all cases the limit points of either class form a closed 
point set. 

TJte sd of w (fc) limil points of anif mofio}i Inform a closed 
connected set of complete motio)is. The distnnee of Pt from 
this limit set approaches 0 for liin / -fee ( — -oo). 

Ill fact let P b(* an w limit ])oint which Pt approaches 
for lim / ^ ? jnid let P*"' be a point of the curve of 

motion through P% after an interval r. Evidently Tt\c 
will approach P''"^ in the same sense. That is to say, P"'" 
is an w limit point if P'^' is. Eroni this argument we infer 
that all points of the point group of P* are w limit points. 

To establish that the distance from Pt to this set ap- 
proaches 0, \v(^ employ an indirect argument. If Pt did not 
approach the set of o) limit points uniformly for lim t + oc . 
it would be possilile to sele(*t an infinite sot of indefinitely 
increasing values of /, such that Pt would be distant from 
any w limit point by at least a definite positive quantity d. 
Th(*re would then be at least one limit iioint Pi of the 
set Pt, and this point would be at least d distant from 
any w limit point. By definition, however, P, is an w limit 
l)oint, so that a contradiction results. 

It is obvious that the w limit set is connected inasmuch 
as it is a])proached uniformly by the point Pt as t becomes 
infinite, while moves along its cui ve of motion continuously. 

If Ave consider the groups of motions Mx, ^ Avhich 

lead to the central motions J/,-, it is obvious that the u 
and w limit motions of a motion in Mji will form part of i- 

7. Recurrent motions. Consider now an arbitrary, closed, 
connected set 2’ of com])lete motions. It was observed above' 
that the a or w limit motions of any motion form such a 
set of motions. ^More generally, if we take any (connected 
set of complete motions and adjoin to it the limit points, 
we obtain an enlarged set 

If a set 2’ contains no proper sub-set 2,' of the same tyjie 
we shall say that ^ is a ‘minimal set of motions’. In this 
case if P is any point of its u and « limit points form 
closed sets in which must therefore coincide with X 
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By deftnitioii any complete point grou]) in a minimal sot 
forms a recurrent point group and any motion in that group 
is called ^recurrent'. 

All recurrent motions belong to the central motions. In 
tact the a and w limit points of any such motion in Mji form 
a set - in Mp-\-u which must coincide with the minimal set, 
so that no i)oint of tlte sot can bo in 3Ip but not in 
Hence the minimal set corresponding to the recurrent motion 
li('s in Mr- 

Jn all cases but the sim])lest one, in whicJi 2' consists of 
a single closed curve, a minimal set .2 contains a non- 
denumerable perfect set of curves of motion. For suppose 
a minimal set to have an isolated curve of motion. A point Pt 
on this curve lias the points of the curve as its « or w limit 
points. Hence this curve must be closed and constitutes the 
minimal set X 

In order fhai a point (jronp (jenernted hij n inotnm Pt hr 
recurrent, if is necessanj and safficient find for any positive 
(jinnitity Innrever smafL there exists a positire qaantUy T 
so targe that any arc Pt Pt \-t of the varre of motion has 
points (cithiii distance e (f every point of tJte car re of motion. 

This condition is necessary. 

If not there is a recurrent iioint group 2’ generated by Pt 
and a iiositive t such that a sequence of arcs Ptd\\ 'iT {T, 
arbitrarily large) can be found for each of which no point of 
the arc which comes with distance e of a corresponding 
])oint Q, of As T increases, the iioint has at least one 
limit point (f\ and thus it is clear that for a ])roperly taken 
subset of the sequence Pt Pt ; 2 T, no ])oint lies within distance 
f 2 of if". Consider the sequence of middle points Pt\T 
of such arcs. For a limiting position P'^. we infer that 
evt'ry point of the complete point grou]) of P'^ is at distance 
at least el2 from Q*. Hence defines a closed set of ])oint 
groups lying within the closed minimal set 2’ defining the 
given recurrent motion, but forming only part of it, and in 
particular not containing y*. This is absurd by the very 
delinition of a minimal set. 
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To prove the eoiidition sufficient, we note first that the 
sets of « and o) limit i)oints of a point group satisfying this 
condition must coincide. We need only take / 0 in the 

arbitrary arc Pt Pt ^ T to see the truth of this fact. Call the 
set of these common a and w limit points. 

If the set ^ is not minimal it would contain a pro])er 
subset of the same sort to which some point Q of ^ would 
not belong. Now, when the point Ft approaches sufficiently 
near to a point of it will remain Y(*ry near to this closed 
connected set of complete motions for an arbitrarily long 
interval of time and so will not api)roach all of 2* in this 
interval, as demanded. Thus the assumed condition would 
not be satisfied by the jioint group generated by Ft. 

Hence ^ is minimal, and the motion is lecun-ent. 

Clearly all recurrcmt motions are central motions, but of 
course central motions need not be recurrenl. Indeed in the 
case of the differential equations of classical dynamics, all 
the motions ai‘e central, but need not be recurrent. 

8. Arbitrary motions and the recurrent motions. 
The importance of the motions of recurrent type for the con- 
sideration of any arbitrary motion is evidenced by the follow- 
ing result: 

There e.nsfs at lea^t one recurrent f/ronj) of motions })i the 
w(«) Jim if motions of nnij (jiren motion. 

Let - denote the closed set of o limit iioints of the 
given motion. We need to prove that th(‘ s(‘t - contains 
a minimal sub-set. 

Divide M into a large number of small regions of maximum 
span not greater than ^ , an assigned positive constant. Among 
the motions of 2’ there will be one which enters a least 
number of these small regions of M under indefinite increase 
and decrease of t. Let fbe corresponding closed set 

of complete limit motions. This set is part of and lies 
wholly in the same small regions. Divide these small regions 
into regions of maximum span f/2. Among the motions of 
there will be one which enters a least set of these smaller 
regions of J/ under indefinite increase and decrease of /. 
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Define as the corresponding closed set of limit motions, 
which will be part of 2^, 

Proceeding in this wa^^ we determine an infinite sequence 

, 2"^ , • • . of closed connected sets of complete motions, each 
set being contained in its predecessors. Now let Pn be any 
point whatever of and let be a limit point of the 
set Pn. The point P* belongs to of course since it is 
a limit point of points of furthermore since ]*n is (*ontained 
in < u), the limit point P* lies in all of the regions 

Likewise since the complete curve of motion 
through Pn is contained in {in ^ u), the complete curve of 

motion through 7^* lies in .i'j, •••. Hence, in accordance 

with the ])roperty by which these rc'gions were defined, the 
curve through P* must enter all of the sub-regions at every 
stage, and hence its limit points must consist of all the 
points -25V common to 2, 2V, 

The same argument shows that any motion lying in 2.,. has 
this complete set as its set of u or w limit points. Tn other 
words the set .^V forms the desired minimal set. 

The following furthei- result shows that either a point Pt 
generates a recuiaent motion, or else that it successively 
ai>proach(‘s and recedes from such recurrent motions uni- 
foi'inly often: 

?})!' (iiijj f V’ 0 there e.ris/s an inter raJ T so tanfe that ainj 
are PtPt\^T in M eontnins at least one, -point within distance t 
of some ffroaj) of recarrent motions. 

The proof is immediate. 

If the theorem is not true it is possible to obtain ar(*s 
PtPt^ 2 T, not coming within distance f of a recurrent point 
group for T arbitrarily large. Let then Pt^x denote* the 
middle point of such an arc. If P'' is a limit ])oint of the 
points Pf-f-r for lim t = +<^, evidently the com])lote 
curve through has none of its points within distance € 
of any recurrent point group. But the set of u and m limit 
points of P'^' each contain a minimal set. Thus a contra- 
diction appears, since every motion in a minimal set is by 
definition recurrent. 
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9. Density of the special central motions. It is 

evident that the vStrindure of the set of central motions Mr 
is of vital theoretic, importance. Now this closed set of 
motions has been seen to be characterized by the property 
of regional recurrence^ and thus the existence of an 7i>dimen- 
sional invariant volume integral for the equations of classical 
dynamics insures that the totality Mr is M itself in this case. 

We jiropose to establish some sinqile propei'ties of the set 
of central motions. 

'Jbe set My is made w]) of one or more connected parts, 
each of which contains at least one minimal set of recurrent 
motions. 

Any central motion whos(‘ u or o) limit points do not till 
U]) all of the connected part of My on which the motion lies 
will be termed a ‘special’ central motion. A recurrent motion 
is special according to this definition unless the corresponding 
minimal set constitutes all of the connected ])art of J/,* to 
which the recurrent motion belongs. 

In particular then for classical dynamics, the special motions 
are those which do not ])ass arbitrarily near all possible 
states of motion, either as time increases or (dse as time 
decreases. 

TJw siwcial (vnlral mo/iotis arc (nu^njtclwrr densr on (intj 
part of iho sof Mr of central mot ions, wiless that 
part is made up of a sinf/lc mi ni)n at set of recurrent motions. 

For the case of elassical dynamics {My ^ M) the special 
motions are thus dense throuf/hoaf M, unlesi< M is made up 
of a sinfjle minimal set of recurrent motions. 

Tn establishing this result we shall take My as M itself, 
but it will be evident that the proof applies equally well 
to any connected i)art of My provided that by a I'egion of 
My is understood any connected part of the set Mr, no ])oint 
of which is a limit point of points not belonging to the region 
but in My. 

Suppose if possible that there is a closed region E no point 
of which belongs to a special motion. Now there exists at 
least one set of recurrent motions 2? in M. which are special 
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motions in tlio case under consideration and so fall entirely 
within the complementary region F M — E. 

Consider all of the i)oints within a distance e of -i" where 
f- is chosen so that the e neighborhood of lies entirely 
within F, 

As / increases indehnitely, this e neighborhood moves, and 
two ])ossibilities arise: either (1) no points of the * neighboi- 
hood go outside of F for t sufficiently small or (2) at least 
one point of the neighborhood finally emerges fiom F, no 
matter how small t- is chosen. 

The second alternative is easily disposed of. Let f a])proach() 
and consider a sequema' of arcs f*Q of curves of motion in F 
such that P lies in the /• neighborhood of 2’, Avhile Q lies on 
the boundary of F and corresponds to a later time f. 
Evidently tlie half curv'e of motion in the sense of dexveasinii 
time through any limiting position of Q, for lim*' - 0. 

lies wholly in F, and constitutes a s])ecial motion of the ty])e 
whose (‘xistence was denied. Thus may coniine oui* 
attention to the first alternative. 

But in the first case chooser f as large as possible so that 
the set of motions iiassing through the f neighborhood of 2: 
continue to lie wholly in F as t increases. It is appaient 
that the upper limit of values e for which this is true is also 
a permissible value of e. The ])oints on these motions and 
limit motions constitute an augmented region P. within whi(di 

lies. No motion of It when continued in the sense of 
decreasing time can emerge at a i)oint P on the boundary 
of Fj for then the motion through P for mcmisiiif/ tinu' 
would be a s])ecial motion leaving E at P, and thereaftc]* 
lying within F, F(jr the same reason P must lie wholly 
within F, But now if we consider the points within the 
f neighborhood of P, some of these must emerge at a later 
l)oint () from F\ otherwise the region P would not corres- 
pond to a maximum value of Thus there arises a limiting 
point y, the motion through which is special of course, and 
remains in F Avith decreasing t. Thus a contradiction follows 
in all cases. 
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A slight extension of this reasoning enables us to establish 
the following more precise result: 

If a amnecfod region of Mr coufains n motion within it, 
there exists nt least one sj)eri(d motion passing throagh a point 
of its hoandarg and hjing nothin the regio)i as t increases 
(decreases), 

8u])pose tliat we consider an f neighborhood of the com- 
plete motion within the region F. Jf t decreases indeiiiiitel^^, 
this region moves and our earlier argument shows that the 
fact stated must be true unless no points of this f neighbor- 
hood evei' go outside of F with decrease of time, for f small. 

If we consider the f neighborhood together with all of 
the part of F into which it moves as / decreases we obtain 
an augmented region. This augmented i*(‘gion must li(‘ in F 
when t increases as well as de(*reases, and it must Ix' in- 
variant. For if a point of the augmented region inodes 
outside of its(df to a point Q as t increases, then a small 
enough molecule about Q would never overlap again as t 
decreases, contrary to the jiroperty of regional recurrence. 

Jf we take e as the upper limiting value, we obtain an 
invariant region F in F made u]) of complete' motions. By 
considering i)oints in the d neighboi-hood of F and h'tting / 
decrease, we find as before that some of the motions in this 
neighborhood must ilnally leave F at a point Q. Hy allow- 
ing d to appi’oach 0, a limit point (i is found through which 
I)asses a motion lying in F for increasing t, as desired. 

10. Recurrent motions and semi-asymptotic central 
motions. \\V shall say that a. motion is positively (nega- 
tively) ‘semi-asymptotic/ to a minimal set of recurrent motions 
in case that s(^t is the only minimal set among its u)(a) 
limit motions. AVith this definition in mind, we can state 
the following conclusion: 

Fither there are other recurrent }notions in the immediate 
vicinity oj a recurrent motion, or there exist central motions 
positively (negatively) semi-asy7nj)totic to the recurrent motion. 

The proof is immediate. Choose a small neighborhood of 
the given minimal set of recurrent motions. Ily the preceding 
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section there will be a motion entering’ this neighborhood 
at a point l\ and remaining within it subsequently. If this 
motion has other minimal sets besides the given minimal set 
in its set of w limit i)oints for e arbitrarily small, the state- 
ment made is true. In the contrary case the motion through 
P will be positively semi-asymptotic to the given recurrent 
motion, also in accordance with the result stated. 

II. Transitivity and intransitivity. Let us consider 
a hiiolecule' about an arbitrary point in some connected 
l)art of the manifold of central motions, J/r. As i increases, 
this molecule moves in accordance with the dilferential 
equations and will sweep out a tube in M which must ulti- 
mately overla]) itself because of the proi)erty of regional 
recurrence. Let li denote the tubular region so described 
together with its limit points. As t increases, the end of the 
tube P moves into the tube, and the region H is carried 
into all 01’ i)art of itself. Hut, because of the ])ro])erty of 
regional r(MMir]('nce, this I’egion cannot move into ])ai*t of 
itself, and so is carried precisely into itself, as / increases, 
or decreases. Thus tJie complete tube formed from the 
molecule by allowing t to vary in either direction yields the 
sjime region made uj) of comi)]ete motions. 

Now two possibilities arise: either for eveiT ])oiiit P of i/, 
and any molecule about the })oint, a region R is obtained 
which coincides with JA or for soim^ ])oint P and choice 
of an enclosing molecule, R is only ])art of JA 

In tin' lirst case we shall call the connected ])art of the 
set of central motions Mr of Transitive' type, whereas in the 
second case it is of h'ntransitive’ type. 

Foi’ the probhmi of classical dynamics, transitivity means 
that any small molecaile ultimately sweei)s out tin' entire 
manifold M of states of motion (except for nowhere dense 
motions), whereas this is not true in the intransitive case. 

A )iea^i<snnj and mfficient condition for the inirmmtivity 
of a co)umicd set of central motions is that there exists 
an invariant closed reyion in the set. forminy only part 
of it. 
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The character tat le of the intransHive case of classical dynamics 
is thus that there ex'ist invariant n- diynensional continna of 
complete motions filling only part of M. 

Evidently the stated condition is necessary since such an 
invariant region is found in the region R described above. 
On the other hand, if there is an invariant region R\\\ J/;-, 
a molecule lying within E must always continue to lie in 11 
for increasing or decreasing /, so that the motions are 
intransitive. 

Jn the intransitive case all motions an^ special. For an 
arbitrary motion either lies in such an invariant sub-continuum, 
or in the complementary set of invariant sub-continua, or on 
the boundary of the given invariant sub-continuum. 

In case a connected part of the sot of central motions M, 
is transitivi', Uno'c will ejist motions trhich, as f either increases 
or decreases, attimately pass arbitrarily near (di points of the 
manifold of states if motion. 

For detiniteiiess we shall take My M in our demonstration. 
]\roreover we make the imeliminary observation that every 
molecule must till M with increasing t\ else it would define 
an invariant partial region H of M of tlie type excluded in 
the transitive case. Renee there exist arcs of curves of 
motion which go with increasing t from the neighborhood 
of a given point F to that of a second given point Q, 

Let us begin by choosing a positive quantity d less than 1 . 
and any numerable set of i)oints Pk,{k -^1.2. • • •), which 
is everywhere dense in M, It is clear that if a second set 
Pk, {k ^ 1,2. •••) is assigned such that Pu is distant at 
most dk from Pu for k 1, 2, •••, then the second set will 
also be everywhere dense in M, 

To obtain a motion which is not special we may proceed 
in the following manner. AVithin the ^Hieighborhood of 1\, 
the point P[ and an arc P'l P^ of a. curve of motion can be 
found such that P 2 lies in the d^ neighborhood of P 2 . Mark 
now about P{ a smaller neighborhood, lying within the d 
neighborhood of and such that if P/' varies anywhere 
witliin it, the i)oint Pi' of the curve of motion through Pi' 
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Still may be taken to vary continuously within the d- neigli- 
borhood of Po. This is obviously possible. 

Now within this smaller neighborhood of a ])()iiit P\ 
may be selected so that the point Qi' of the arc of a curve 
of motion Q2' P\ b>>s in the (P neighborhood of /i>. Thus 
an arc of a curve of motion Qo Pi Pi' ij< obtained, such that 
Q'J is within the (P neighborhood of P2 while Pi, Pi' are 
within the d and d"^ neighborhoods of and resi)ectively. 
Furthermore, we can take a, neighborhood of Pi still in 
the d neighborhood of Pi, so small that as P{" varies con- 
tinuously within this neighborhood, both Pi" and Q2" of an 
arc Q2" f^i" Pi" vary contiiuiously within the d^ neighbor- 
hood of P), 

By another similar step we may fix upon a Pi" of an arc 
Qi" P'\" Pi" Pi" so that Pi" lies within the d^ neighborhood 
of P3. By still another step we obtain an arc • P)\\ 

and so we may proceed indefinitely. In this Avay we c.on- 
slruct at the /r-th stage an arc of a curve of motion 

• • • if' if' ■ ■ ■ Pk\ 

such that lie' and Qj-' lio in the W' neighborhood of Pk. 

It is clear that by a limiting process we arrive at a curve 
of motion 

• • • V2 Qt Pa Pf • • • 

in which P/- and Qii lie within tin* r/'- neighborhood of /i. 
Consequently the sets J\\ Po. • • • and Qi, • • • are 
everywhere dense in J/. Bence the a limit and the 01 limit 
motions make up all of il/, and the motion itself is not special. 

Ill the following chapter (section 11) an example of a non- 
singular geodesic problem of transitive type is given. It 
seems probable that, in general, after the obvious reductions 
by means of known integrals are effected, the problems of 
classical dynamics are of transitive ty])e. 

Between the general transitive case and the highly 
specialized cases of completely integrable type, there is a 
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])ro(ligi()Us variety of intermediate possibilities, dependent on 
the ])articular properties of the differential equations. 

In the following chapter we consider the case of a system 
with two degrees of freedom. Unfortunately it does not seem 
to be the fact that the methods there employed admit of 
simple extension to the case of more degi ees of freedom. The 
problem of three bodies, treated in chapter IX, is extremely 
instructive as an instance of this more complicated case, 
although it is of singular type. 



CHAPTER VIII 

THE CASE OF TWO DEGREES OF FREEDOM 

I. Formal classification of periodic motions. In 

<*hai)ter VI wo studied dynamical systems of Hamiltonian 
type (m = 2) in a preliminaiy waj', with particular reference 
to the periodic motions. We propose now not only to obtain 
a mor(* comi)lete idea as to the existence and distribution of 
these periodic motions, but also of the various other typ(‘s 
of motion. 

For systems of this type the manifold of states of motion 
is four-dimensional at the outset, witli coordinates fj2- 

However, b^^ specification of the constant of ener^^y, H — - /^, 
a three-dimensional analytic sub-manifold is defined, and it 
is a particular such manifold M which is the manifold of 
states of motion und(n' consideration. In other words, b}" 
use of the energy integral the S3\stem of differential equations 
is reduced from tlu^ fourth to the third order. 

In order to limit attention to a definite type of case we 
assume that JUI is non-singular, i. e. closed and analytic, and 
furthermore we exclude the possibility of equilibrium in I/, 
sinc'e equilibrium cannot arise for a general value of Ji. 

Consider now a pcniodic motion, which will be represented 
b3^ a closed curve in M. Imagine that curve to be cut b.y 
an analytic surface S. If a point of S is followed along 
its corresponding curve of motion in the sense of increasing 
time, it will intersect S again at a point I\, AVe write 
Pi T(P), thereby detining a one-to-one, analytic trans- 
formation of S into itself, at least in the neighborhood of 
the given periodic motion. The transformation T leaves 
invariant the point corresponding to the periodic motion. 
For periodic motions near to the given periodic motion, but 
represented by curves making 1 c circuits before closing, there 
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will be a corresponding set of Ic points, F, T{F), •••, 

with T^{P) — P, where the meaning of the notation is 

manifest. 

There is a particular and important case in which we can 
specify the characteristic properties of the transformation T,. 
on the basis of our earlier work. This is the case in which 
the Hamiltonian problem is derived from a Lagrangian problem 
with principal function quadratic in the velocities (chapter VI, 
sections 1“3), 

Let us recall the precise method of selecting the coordinates 
ill this case. In the first place the Lagrangian coordinates 
qxj (li are so selected that qx is an angular coordinate reducing 
to 2 JT t! T (r, the period) along the periodic motion, while q 2 
is 0 along it. Then, from the differential equations, dHldpi 
is not 0 along the periodic motion, and we can solve the 
equation Ji = h for px in the form 


+ ih, <h, h) ----- 0, 

where K is analytic in its four arguments and is periodic 
of period 2/r in qx. Hence qx, Vt, constitute a suitable 
set of coordinates for M in the torus-sha])ed vicinity of the 
given periodic motion. In these variables the equations of 
Hamiltonian type 

dK dq2 __ d K 

dqx dq2^ dqx dm 

subsist. The equations (1) enable us to express the coordi- 
nates P 2 j q 2 of any curve of motion in terms of the angular co- 
(irdinate qx ; and / may then be found by a simple integration. 

A final modification is to use p 2 — pl as coordinate instead 
of 2h- Here is the expression for j )2 along the given 
curve where t is thought of as replaced by its value qiTl2ji 
along the periodic motion. If at the same time we modify 
K by adding a term q^dpljdqx, the form (1) is preserved, 
and the periodic motion corresponds to p 2 =Q. 2 ~^- 
Furthermore K remains periodic of period 2n in qi. 
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In this way the nature of the coordinates employed in the 
reduction to generalized equilibrium becomes apparent. These 
coordinates have the advantage that when the ^plane’ gi = 0 
is taken as the surface of section /S', the transformation T 
becomes area-preserving. Furthermore, if the periodic motion 
is of general stable type, so that the multipliers ± ^ in (1) 
are pure imaginary and incommensurable with V — 1 , it was 
seen (loc. cit.) that T may be given the normal form 

(«■+•'* ^ o) — »’» sin («■+« »'2) + © ^ 

sin (fT+s cos ' 

in suitably chosen variables n, v, where are given 

by convergent power series in vq starting ofl; with terms 
of arbit raril y high degree, at least if a certain (piantity 
I V — l.sV2;r does not vanish. 

It should be remarked that the choice of the surface S 
does not affect the transformation T obtained except by a 
change of variables. 

The detailed study of tlic transformation T on the basis 
of the area - preserving property and the normal form (2) 
enabled us to infer that infinitely many periodic motions 
exist in the immediate vicinity of the given periodic motion 
of stable type. 

In the case when the periodic motion is of general un- 
stable type the multiplier X is either real, or 2 A ~ l/H i 
may be taken real. The same method as was employed in 
the stable case (chapter III, sections 6 — 9) leads to an 
analogous formal solution, and to a real normal form for T 

(3) Hi — + (Z>, I'l ~vo (/<' ■} ±1), 

in the case I 4 0, where (/), W are of the same type as in (2). 

This general unstable case is very simple to treat analyti- 
cally.* There will be two invariant analytic curves through 

* Cf. ray paper, Surface Transformations and Their Dynamical Appli- 
cations, Acta Mathematica, vol. 43 (1912), section 27, or the paper by 
Hadamard, Sur Viteration et les solutions asymptotiques des Equations 
differentielles, Bull. Soc. Math. France, vol. 29 (1901). 
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the origin, which may be taken to be the u and v axes. 
Points along one of these invariant curves approach the 
origin upon successive iteration of T; points on the other 
invariant curve leave the vicinity of the origin; while points not 
on these curves first approach and then recede from the origin. 

If then we interpret this situation in the manifold M near 
a periodic motion of unstable type, wo find that there are 
two invariant analytic surfaces through the curve of periodic 
motion, one of these coiTes])onding to an analytic family of 
positively asymptotic, motions, the other to an analytic family 
of negatively asyni])totic motions. Other nearby motions first 
approach and then roc(‘de from the given periodic motion 
of unstable type. 

It is clear that there can be no periodic motions Avhat- 
soever lying wholly near to the periodic motion of unstable 
type, ill contrast with the fact that there must be periodic 
motions near to any periodic motion of general stable type 
(/ 1 0 ). 

In this way it is seen how fniKlamentally the classes of 
periodic motions of stable and unstable typo differ from one 
another. 

We are now prepared to state to what extent the apparent 
limitations introduced are necessary. 

In the first place not all the first partial derivatives of H 
can vanish at any point of the periodic motion, so that the 
manifold H ~ It is a regular analytic three-dimensional 
manifold J/ along the periodic motion. If variables ji, (?, v, // 
are selected as coordinates instead of the 

invariant integral of ordinary four-dimensional volume takes 
the form 



dp dq dr dh 


dr 


where if> > 0 is analytic in p^q, r, /i. Hence J J* j !P dp dq 
is invariant in Af. 

It follows further that 7" will leave a double integral 
dudv invariant, where v are coordinates inS, and 
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V^>0 is analytic in u and r. The argument is essentially 
that of chapter VI, section 1. This fact alone suffices to 
lead to the normal forms (2), (3), and to the conclusions 
cited above.* 

Hence the Hamiltonian problem need not be restricted 
in this manner. 

Ill fact it is found that for the most general transformation 2" 


with such an invariant double 


integral J j 


(In dr. 


there 


is always a formally invariant function given by 

a formal power series in it, v. We may define the case in 
Avhicli the equation li =- 0 yields real formal invariant curves 
as of unstable ty])e. In this case there are always asymptotic 
invariant analytic families of motions (or analytic families 
of periodic motions containing the given periodic motion). 
All other nearby motions approach and then recede from the 
given motion. Thus there are no nearby periodic motions, 
except those that belong to the same analytic family as the 
given periodic motion, if there are such. 

If = 0 yields no real formal invariant curve of this 
kind, the periodic motion may be called of stable type. In 
the general stable case treated above, is to terms of 
higher order. When o' is incommensurable with27r, while .s’, 
together with some but not all of the set of analogous constants 
l)erhaps, vanishes, no essential modification is required except 
that the term .vr- in (2) is replaced by a term If. 

liowe\'er, all of these constants vanish, the normal form (2) 
holds with .S' 0, and for these irregular periodic motions 

it is no longer possible to apply the reasoning by which the 
existence of infinitely many nearby periodic motions was 
established. 

On the other hand, no essential difficulty arises in the 
case of stable type 'when o' is 0 or or, more gener- 
ally, is commensurable with 2n\ this is the case when the 
given periodic motion is multiple, at least when taken as 


* See iny paper (loc. cit.) for justification of the fact stated as well 
as of what follows. 
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described a certain number, /r, of times. It is only necessary 
to consider T* in place of T, for which the number o* 
is also 0. Here the invariant function Q starts off with 
higher degree terms than the second, and casual inspection 
indicates that T is analogous to a rotation through an angle 
which vanishes at the origin but increases for decreases) with 
distance from the origin. It would therefore seem highly 
probable that in this case too there must be infinitely many 
neighboring periodic motions, although the analytic details 
need to be carried through. 

Consequently it appears that in very general stable cases, 
and probably in all cases except the highly exceptional case 
when T is equivalent formally to a pure rotation through 
an angle incommensurable with this property will con- 
tinue to hold. This exceptional case is that in which the 
function M in the formal solution reduces to its first term 1. 

Hence in the most (jeneral case of tmstahle type {yn = 2) 
the phenomenon of asymptotic analytic families of motions 
{or at least of analytic faynilics of periodic motions containiny 
the yiven motion) is characteristic. Other nearby motions 
approach and then recede from the yiren periodic motion. 

In the most general stable case, e:rcept the highly degenerate 
case H'here a is incoynmensarable with 2 n and the formal 
series involve no variable periods, there trill be neighboring 
periodic motions. 

It is to be emphasized that the second of these conclusions 
has been formulated without completion of a detailed proof, 
such as I have not yet had the o])portunity to effect. 

The degenerate case of stable type includes a real ex- 
ception, as the example of chapter VI, section 4, shows, and 
should be further studied. Moreover the formal series break 
down in the stable case when X is commensurable with 
K — 1. These must be replaced by much more complicated 
types of series, a suggestion for the structure of which may 
perhaps be found in my paper referred to above; the earlier 
definition of complete formal stability will need to be extended 
so as to permit of indefinitely large periods. 
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Between the non-specialized dynamical problem and the 
highly exceptional integrable case, there exists an enormous 
variety of intermediate cases. In order to possess the 
analytical weapons with which to treat all cases whatsoever, 
it will undoubtedly be necessary to treat the question of the 
stability and instability of analytic families of periodic motions 
in much the same Avay as that which is outlined for the 
periodic motions above. While the individual periodic motions 
in such a family are to be regarded as unstable, this fact 
yields no information as to how nearby motions behave with 
respect to the family of motions as a whole. 

In order to avoid complication then, rather than because 
of any essential mathematical difticulty, we propose to deal 
mainly with the class of dynamical problems tor which every 
periodic motion and its multiples are simple with / ^ 0. Sucdi 
systems will be termed ‘non -integrable systems of general 
type’. The integrable case will be treated separately (section 13), 
while indications as to the nature of the result in the inter- 
mediate cases will be given. 

2. Distribution of periodic motions of stable type. 

Our first aim will be to establish the following result: 

For non-inte()rahle Hamiltonian systems of f/aneral type, 
{in = 2 ), the set of periodic motions of yeneral stable type is 
dense on itself in M. 

It will be observed that this result constitutes a slight 
improvement over the result of chapter VI, sections 1 3, 
according to which other periodic motions, stable or unstable, 
lie n(*ar such a periodic motion of stable type. 

To begin with, we recall the facts developed in the lemma 
of chapter VI, section 1 . It was found there that an arbitrarily 
small vicinity of the origin, r < q (r, 0, polar coordinates) 
can be selected at pleasure, and then an integer n such that (1) 
all the points of r^g remain in the region r<2g under 
T, • . • , and (2) 9 0„/9 ro is positive for /* p, On being 
at least 27t greater for r — - p than for r = 0. It is easy 
to extend the argument to show that dvnldvQ, dOjdOo are 
positive under the same circumstances. 
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In this way the curve 

On - ^0 “2A-7r - 0, 

where A is so chosen tliat the left-hand member is negative 
but not less than — 2 tt for r 0, will have one and only 
one point (r, 0) on each radius vector, with r < q. Thus 
the equation written defines an analytic curve encircling 
the origin and meeting each radius vector only once. But, 
by the defining ])roperty of C\ each point P of C goes into 
a point I\ on the same radius vector; thus the curve is 
also met only once by any radius v(^ctoi‘. Also, because of 
the area-])rescrving property of 7"^', and f / will intcrse(*.t 
in at least two points, and these are obviously invariant 
points of In the case under consideration Cn and r can- 
not coincide, for C would then correspond to an analytic 
family of miiltii)le periodic motions. 

AVe ])ropose to con- 
sider more closely tlie 
indices of these inva- 
riant i)oints. Let us 
regard r, 0 as rectan- 
gular coordinates and 
consider the adjoining 
figure in which I is an 
invariant point at which 
the curve f « passes from 
within C to outside 
of ( as a moving point 
describes C in the sense 
of increasing 6, 

If a point P makes a positive circuit of 7, for instance 
around a rectangle KL^fNy the vector PP„ will have 
a component to the right above C, a component to the left 
below P, as follows from the facts noted above. At the 
points Q and if the vector PPn is directed upwards and 
downwards respectively. Jt is therefore apparent that during 
the circuit, the vector P P,. rotates through an angle + 2 tt, 
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SO that the index of 7 is + 1 ; while the invariant point J, 
at which Cn crosses C in the opposite sense has an index — 1. 

Now by hypothesis the periodic motions corresponding to 
1 and J are not multiple. If of stable typo, the number a 
is not commensurable with 2ti, The corresponding normal 
forms are either of the type (3), in which /i is positive or 
negative but not zb 1 , or of the type (2). 

By the aid of these forms it is easy to determine the 
respective indices. In the first and second cases, the slope 
of the vector PFn is 

^ 1 r + • • • 

Un — f( ff' ’ 

Avliere only the first order terms are indicated explicitly in 
the numerator and denominator. It thus appears that if // 
is negative the rotation is the same as that of the vector 
drawn from the invariant ])oint / at the origin to the point 
(j(j r), i. c., 27r. Ifeiice the index is + 1 if // is negative; 
likewise the index is obviously — I if fi is positive. More- 
over, in the third case of stable type when the number o' is 
by hypothesis incommensurable with 2t€ in (2), is ajipi’oxi- 
mately a rotation through an angle incommensurable with 2n 
near the origin, so that the vector rotates through 2ti 
during such a circuit. Hence the index is -l-l if the 
motion is of stable type. 

We infer then that J corres])oiids to a periodic motion of 
unstable ty])e, while it is not clear as yet whether 1 is of 
stable or unstable type. 

As a matter of fact, however, under the conditions stated 
/ must be stable. The numbers are the roots of the 

characteristic equation, which takes the form 

d Vu ^ d t'fi 

8 0o 

dn’ 0fl„ 
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when the variables r, 8 are used. Since the roots are the 
reciprocals of one another, this equation reduces to 



in which Ave are assured that the coefficient of fi is negative. 
('Onsequently fi is positive and I corresponds to a periodic 
motion of stable ty])e. 

This disposes of the general case when there are no multiple 
periodic motions and / ^ 0 . 

If tlie original motion is of stable type but not of that 
highly exceptional tyi)e when there are no variable periods 
in the formal series, it seems to me that analogous results 
are to be expected, i. e. that there will exist nearby periodic 
motions of stabler type. 

This exceptional case merits ])artienlar attention; it is 
conceivable that it can only arise for integrable dynamical 
problems. 

3 , Distribution of quasi-perlodic motions. Let us 

su])i)ose that there exists at least one periodic motion of 
stable type for the Hamiltonian system under consideration, 
taken of non-integrable general type. This motion is rei)re- 
sented by a closed curve C in the manifold M of states of 
motion. 

Noav select any such closed curve C\ of motion of stable 
type. Very near to it can be found a closed curve 62 of 
motion of stable type Avhich makes Aj circuits of C befoni 
closing. Next choose a closed curve of motion of stable 
type very near to and making A^ circuits of 62 , and so 
l\ A -2 circuits of 6 \ , before closing. Thus we obtain a sequence 
of closed curves Cn, (n — 1 , 2 , •••)? which can evidently 
b(^ chosen so as to tend toward a dehnite geometric limiting 
.set C as 91 becomes infinite, merely by restricting sufficiently 
the successive neighborhoods of 61 , C 2 ? • * • • Furthermore, 
we can prevent C from being itself one of the numerable set 
of closed curves of motion by the same process. For instance 
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^it the ?ith stage we might confine attention to a neigh- 
borhood of Cn which is so small as to contain no closed 
curve of motion fother than Cn) of length less than yr, there 
are only a finite number of such motions of course. 

It is interesting to inquire into the analytic form of the 
set C, Let gi be the angular coordinate in M which increases 
by 27r when a single circuit of C is made. Then Vuih, 
may be thought of as appropriate coordinates of this motion 
(section 1), and we may write 

= ,'/i(<7i), Jitiqi), i 

as the equations of the periodic motion , in which 

Jh j h > 9 analytic periodic functions of Qi of periodic 2 .t. 

For ^2 we have likewise 

ih ~ ((/i)? Ih ^ !h ^qx)^ <h ^(h)^ t J 

where. /a, |/o, Ao, /w, are analytic periodic functions of y/, of 
period 2/ri77-. Thus we form in succession a sequence of 
functions k,,, periodic of period 2 /m ••• k„ xn 

in 7 , , corresponding to the periodic motions f’y,, (u — 1 , 2, •••). 
It we take points y/, = - 0 so as to approacJi a limit, it is 
obvious that fn, Ay,, On approach limits r/. A, 0, where 
the limits are ap])r()aclied uniformly for all values of Qi . 

If there e.rists ft simjle periodie mot t oh of f^iidde tfjpc for o 
'hOh-i 7 ifeqral)Jr H((miltoiiian problem of fjenerot fppe, there 
frill exist hifinitelff many nearby ^notions, qfffisi-periodir Iff it 
hot periodie, irith coordinates of the for)ft 


III = lim fn(q,), 

yy/-00 

<ji = lim III, iqi). 


Ih 


t 


lim yn 

H- SC 


ii = 


lim h-,iiqi)>lqi- 

y?= cc 


trhere ft, (j,i, hn* kn are a^ialytiv periodie fnhdiohs of with 
periods 27iki • • • kn-i^ Ih, • kn being positive integers which 
may he talmi greater than 1 . The (divergence is uniform 
for all values of qi . 
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Evidently there is a n on-denumerable number of such 
quasi-periodic motions, and the coordinates are functions of 
the type treated by Bohr. It is clear that they constitute 
a class of recurrent motions of a new type. 

4. Stability and instability. For the consideration of 
the periodic motions of stable type in dynamical problems, 
a fundamental division of cases must be made. It may happen 
that all motions sufficiently near the given periodic motion 
remain in a small neighborhood for all time. This is the 
simpler of the two cases, in which case the periodic motion 
in question may be termed ^stable’. The other possibility is 
that for some small fixed neighborhood of the given periodic 
motion, there may be found motions whic.h are arbitrarily 
near the given periodic motion at the outset but ultimately 
pass out of the fixed neighborhood. Tn this (*ase the ])eriodic 
motion in question may be termed ‘unstable’. 

Evidently the classificatioii here effected may be madti 
not only for periodic motions but also for recurrent motions 
of any type. Stability in this fundamental qualitative sense 
is not to be confused with the ‘complete formal stability’ 
introduced earlier, and a ])eriodic motion ‘of stable type’ 
may or may not be stable. 

The transformation T of the surface S yields an immediate 
simple condition for stability. 

Consider a small region .v of H about the invaiiant point, 
and its images .y, , .vg, • • • under successive applications of the 
transformation T. All of these contain the invariant ])oint 
as interior point. The infinite .set of regions .y, .si,--- will 
lie in the vicinity of the invariant point, according to the 
hypothesis of stability. These i-egions taken together occlude 
a certain neighborhood .y of the origin, which is taken into 
all or part of itself by the transformation T since the set 
.y. Si , 52, • • • is taken into 5i , .52, • • •• But s cannot be taken 
into a part of itself because of the existence of an invariant 
area integral. Hence ~s yields an invariant area in corres- 
ponding to which there is an invariant torus-shaped region of M 
enclosing the curve of the given periodic motion in its interior. 
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A necessary and sn/Jicient condition for stahility is the 
■existence of infinitely many invariant torus-shaped regions 
closing down upon the curve of the given periodic ynotion in 
the manifold M of states of ynotion, 

5. The stable case. Zones of instability. What 
then is the nature of the boundary of such an invariant 
torus- shaped region in M siuTOuiiding the given closed curve 
of stable periodic motion? In answering this question we 
naturally turn to consider the nature of the corresponding 
invaiiant closed curve in S forming the oiitei’ boundary of 
invariant region s. 

Let us assume that the ])eriodic motion, although of general 
stabh' type is not such that the formal series involve no 
variable periods (section 1). In this case a normal form (2) 
with s 0 (or a similar form) can be used. We may assume 
that s is positive, for if 6* is negative for T the corresponding 
quantity, — .s*, is positive for T~~^. This normal form (2) 
shows that the counter-idockwise rotation about the invariant 
point increases with radial distance if r is sufficiently small. 

No region J lying very near to the invariant point can 
bo met more than once by some radial line. In fact let s'’^ 
denote th(‘- part of the plane formed by the radial lines ex- 
tended to the most distant i)oints on the boundary of .s*. 
The regions of .s*'" not forming part of .s* are of one of two 
possible types: either they are bounded by the boundary 
of s and a piece of a radial 
line on the left, or by the 
boundary of s and a piece 
of a radial line on the 
right. But the transfo]- 
mation T evidently takes 
a region bounded on the 
left by such a radial line I 
into a region bounded by 
~s and the image h of 
this radial line I, Since the angular coordinate increases 
with the radius, it is geometrically evident (see figure) that 
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the image of such a region will necessarily fall within a region 
of the same type. 

But this situation is not possible since the transformation 
admits an invariant area integral, and consequently no set 
of regions can be taken into part of itself by T. Thus there 
exist no regions bounded on the left by such radial lines. 

Similarly the use of the inverse transformation shows 
that there are no such regions bounded on the right by such 
radial lines. 

Hence the boundary of the invariant region s is met only 
once by any radius sector. 

The impossibility of a radial segment forming part of the 
boundary of 7 is obvious, so that there is actually only one 
l)oint of intersection with each radial line. 

A more elaborate consideration based on the normal form 
shows that the boundary curve r f{B) is one for which 
the difference quotient 

If(Oi) -JXe,)]/{e, - 0,) 

is bounded and indeed small for invariant regions near enough 
to the invariant point.* The truth of the fact seems almost 
obvious if one observes that T rotates positively directions 
differing by any considerable amount from the directions 
l)erpendicular to the radial direction into other directions 
differing still more from that direction. 

Our conclusion may thus be summarized in the form: 

For a stable periodic motio7i of general stable type and with 
variable periods in the formal seriesy the, invariant form-shaped 
regions are such that their intersections adth the analytic 
surf ace of section H may he represented in the fmmir = f{6)y 
where r, 0 are polar coordinates with the invariant point at 
the origin, and where f is a> continuous periodic function of 
ft of period 2 n for which the difference quotient is hounded. 

The curves of motion on the boundary of such a torus- 
shaped region form a closed invariant family. In any such 

* For details see my paper (loc. cit.), sections 42-48. 
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closed invariant family of motions near the given stable 
periodic motion, there is of course at least one recurrent motion. 

If the rotation number h along the corresponding invariant 
curve on S is incommensurable with 2n the surface of the 
torus may represent a single minimal set of recurrent motions. 
In this case the coordinates and the time can be expressed 
in terms of continuous doubly periodic functions. In order 
to make this clear, let us first select angular coordinates 0. 
(j> on the torus as follows. The coordinate ff> will be taken 
to vanish in and to increase proportionately with the time 
along each curve of motion, the factor of proportionality 
being so taken as to increase (p by 2n: between succ.essivc 
intersections with K The (ann dinate 6 will be defined along 
the invariant curve on S so that the transformation T takes 
the form 0i - 0-\-x where x is the rotation number si)ecifi(Hl. 
Elsewhere on the torus the variable 0 may be defined as the 6' 
of the corresponding point on A' diminished by xip/2n in 
order to make 0 single-valued on the torus. In these cocir- 
dinates the equation of a curve of motion is = j{fjp/2.r. 

Moreover the coordinates (h, fh doubly-periodic 
continuous functions of y, and dthhy is also. Hence 
we may write 

Pi y). qx ^ //(x7</2.t, y). po h{xfj>l2:r^ y),. 

q^ ~ l{(x q>l2 jf , f/), f ^ I (x ip 12 /f , r/0 (I , 

where J) (], h, /r, / are continuous doubly periodic functions 
of period 27t in their two arguments. 

There is a second possibility to be considered also. The 
minimal set of curves of motion may correspond to a peifect 
nowhere dense set of points on the invariant curve; all other 
curves of motion on the surface of the torus-shaped region 
will then approach this minimal set of recurrent motions 
asymptotically as the time t either increases or decreases.* 

* For proof of these facts and reference to the prior work of Poincare, 
see my paper Quelques theoremes generales siir le mouvement des systemes; 
dynamiques. Bull. Soc. Math. France, vol. 40 (1912). 
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When, however, the rotation number is not incommensurable 
with 27Tj but is 2p rtlq (p, g, relatively prime integers), there 
will of necessity exist points of the invariant curve which 
are invariant under 7'"^. It can be proved that the entire 
curve is then made up of analytic arcs terminated by points 
invariant under while the interior points of such arcs tend 
asymptotically towards these invariant points upon iteration of 7 
or its inverse.* AVe are thus led to the following conclusion. 

Ani/ sueJi closed invariant family of motions near the yiven 
stable periodic motion of yeneral stable type and irith rariabh 
periods in the fornnd series is eharaeterized by a rotation 
'number. Jf this number is i}icomme}isurable irith 2n. either 
the family consists of a sinyle minimal set of recurrent }notions 
of continuous type, or it contains a perfect noirhere dense 
minimal set of recurrent motions of discontiuous type irhich 
all other ynotions of the family approach asymptotically as / 
inci'eascs or decreases. If this number is commensurable irith 
2n, there exists one or more closed periodic motions in the 
family^ irhile the other motions form analytic branches 
asymptotic to these periodic motions. 

It may be observed that this is a result coiiceining in- 
variant sub-manifolds of the manifold M and, in particular, 
concerning tlie central motions in this sub-manifold. Inciden- 
tally it a])pcars that, although in dynamical systems of classical 
type, all the motions are central with reference to the whole 
manifold, the same is not necessarily true of invariant sub- 
manifolds, so that the concept of c.entral motions continues 
to play a part even in the problems of classical dynamics. 

Any two of these closed families must be entirely distinct 
from on(^ another, except when both have the same rotation 
number, commensurable with 2n. Clearly the rotation number, 
which measures the mean angular rotation, must be the 
same for two intersecting families. To establish that this 
number must be commensurable with 27r, wc note that since 
the two families have at least one motion in common although 
they do not coincide, the two corresponding curves, r = f (0). 

* See my paper in the Acta Mathematica, loc. cit., sections 42-48. 
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'y ^ ill vvill enclose one or more areas between 

them, each l)ounded by a single arc of either curve. Under 
iteration of T this area must ultimately overlap itself and 
so coincide with itself, the two arcs going into themselves 
of course. The two common end points of the two arcs 
will then be invariant, and hoice the rotation number is 
commensurable with 27t, 

Conversely, any two families with distinct rotation numbers 
must hi) entirely distinct, the one further away from the 
periodic motion having the greater rotation number. 

By convention let us consider all of the invariant families 
with the same rotation number commensurable with 27 r, as 
forming a single; family. This is natural since any two of 
the constituent families must then intersect. The outermost 
boundary of the corresponding network of invariant curves 
on and the innermost boundary cinwe cannot bo wholly 
distinct of course*, since then they would correspond to 
<listinct rotation numbers. This augmented family is cleaify 
composed of a tiuite number of periodic motions and of certain 
analytic families of asym])totic motions, according to the 
statement made above. 

Consider now an infinite expanding or contracting se(iuonc(' 
of such invariant families. The secjuence evidently defines 
a limiting invariant family, provided it does not close doAvn 
upon the invariant point, nor exi)and beyond the neighbemhood 
of a stable ])eriodic motion to which attention is confined. 

T/irsc innirianf Janu'/irs of niofiovs arr rnfiirltj (iisi/nrf 
from OHO another, tr/fh rotation Qiawhers that iarreasv {or 
(h^craase) aath the distftnee from the stable iteriodie inofion^ 
(Hid form a e/osed scq'ae}iee. 

In case the sequence of invariant families of motions 
contains a i)air of successive members, the region of M 
within the outer of the two corresponding toiais- shaped 
regions and outside the inner one may be called a ‘zone of 
instability'.'’' On the surface H the zone corresponds to a 

* In section 8 the question of the existence of such zones of instability 
is briefly considered. 
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ring-shaped region lying between two successive invariant 
curves. Such regions will certainly exist unless the invariant 
families fill up the neighborhood of the stable periodic motion 
completely, aside from the regions occluded by the invariant 
families with a rotation number commensurable with 2n. 

Many of the methods here employed might be used to 
develop further details concerning the secjuence of invariant 
families, the zones of instability between them and their 
relation to nearby i)eriodic motions (see sections 8, 9). Wa 
shall merely establish the following property: 

hi an/j zoifv of insitthiHitj ahoot Ilio (/inni stahir periodic 
motion there (‘.riat motioim pn^isrtKf from an ansiyned arbitrar- 
ily small ricinity of a motion of either of the, hoandiny in- 
variant families into a like arbitrary assiyned ricinity of 
the other bonndiny invariant family. 

Tn fact consider the inner boundary of the corresponding 
ring in /V, and a small area which abuts on some arbitrary 
])oint of that boundary in the ring. Upon indefinite iteration 
of T an invariant ])art of the surface S is defined, made up 
of the part of it formed by the interior of this inner boundary, 
together with this boundary, the small region and all of its 
images. The boundary of the invariant part of H so defined 
must coincide with the outer boundary of the ring, since 
the inner and outer boundaries are successive invariant curves. 
But this means that the images of the small area extend 
arbitrarily near to the outer invariant curve, which is what 
we wished to prove. 

6. A criterion for stability. It is an easy matter to 
give an analytic criterion for stability. 

Let 

= ./’(/b c), t\ y in, v) 

be the equations defining the transformation T of the surface 
S in the vicinity of the invariant point and let r FiS) 
be the equation of one of the invariant curves in polar co- 
ordinates. According to the conclusions reached above, F 
is then a single-valued continuous function of of period 
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2/1 and with bounded difference quotient. Since this curve 
is invariant under T it may equally well be written in the 
form >1 where the expressions for rj, $t in terms 

of r, 6 are to be obtained for the coordinate relations above. 
If then in the modified equations so obtained we replace r 
by F{0), we are lead to an identity and to the following 
simple criterion: 

In order flint a periodic motion of general stable type and 
ivifh variable periods in the formal series be actually stable, 
it is necessary and sufficient that a certain related funcMonal 
equation 


/^(/>os 0, Fsin 6, /^’sin H) 


F- tan 


f{F coi; 0, Fsm 0)1 


admits of contimunw solutions F{6), periodic of period 27t with 
\F^ arbitrarily small, but not 0. 

7. The problem of stability. An outstanding question 
in dynamics is whether or not the complete formal stability 
of a periodic motion of stable type assures stability in the 
fundamental qualitative sense defined above. 

The analytic criteria which distinguish the stable from the 
unstable case are exceedingly delicate. There are two types 
of questions which present themselves here. Does formal 
stability assure such actual stability? If not, does formal 
stability assure actual stability in important special cases 
such as the restricted problem of three bodies? 

It appears to be certain that in the general case there is 
instability, although no proof of this conjecture has been 
obtained. The second of the above questions is much the more 
difficult one, and is at bottom arithmetic in character; it may 
be compared to the question of determining whether or not 
an assigned number is trancendental. 

8. The unstable case. Asymptotic families. Let us 
turn to a like consideration of unstable periodic motions of 
general stable type and with variable periods in the formal 
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series. In this case there exist no invariant families of curves 
of tlie tyi)e present in the stable case, at least if attention 
be restricted to a sufficiently small neighborhood of the given 
periodic motion. Corresponding to this fact there will be no 
invariant curves enclosing the invariant point on the surface S. 

In mvh a mjioN of insfahil/tu ahout mi mfsiah/e periodic 
motion of stahio ttjpo, iJior ejist two vonvrdad fmoilicH of 
motions mivldunj fo flic honndm i/ of (he ycfjion, irhich remain 
indejinifeli/ ivithin if as f increases awl decreases rcspccfircfi/. 

To prove this fact we consider as usual the transformation T 
of tlie surface S in the corres])onding neighborhood of tlie 
invariant point. Let a be a very small region met by each 
radius vector once and only once. The images (r„{n “ 1, 2, •••) 
of nr under 7^" must always contain the invariant point within 
them, and for some value of n must finally extend to the 
boundary of S; otherwise they would occlude an invariant 
region f/, whose boundary would be an invariant curve of 
the excluded ty])e, according to the argument of section 4. 
The i)oints of o'y, remain in S for n iterations of T'~^ at least. 

Now take the diamet(*r of a smaller and smaller. TIk' 
limiting closed set tlu'reby obtained will be connected with 
the invariant point and the boundary, and must remain in S 
und(T all iterations of T L if we had started with T~^ 
instead of T in our reasoning, we would have obtained a 
second similar set renuiining within H under all iterations 
of T, Obviously these two connected sets of points corre- 
spond to two connected families of motions possessing the 
])roperties specified. 

Let us add the hypothesis that the periodic motion is of 
general stable type with variable periods in the formal series. 
In that case it has been observed that the transformation T 
rotates the tangent directions to a curv(^ in a counter clock- 
wise direction, relatively to the radial direction, except for 
tangent directions nearly perpendicular to the radial direction 
at the point. 

With this property in mind, let us consider the total set La 
of points remaining in H under all iterations of and 
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connected with the invariant point by points of the same 
kind. According to what has just been established, the set 
2^ci extends to the boundary of S, 

Imagine any regnlai* curve AB drawn fi’om a point A 
on the boundary of S\ starting in the inward radial direction 
at A, and never turning to the right of the radial direction. 
All the i)oiuts outside of are accessible from the boundary 
of S along such curves AB 
which have no point in 
common with (see figure). 

To prove this Teft-liandcd 
accessibility’ of 2:^ from 
the boundary of S, we sup- 
pose if ])Ossible that there 
are one or more inaccessible 
regions (see the region 
of the figure), which will 
evidently be partially boun- 
ded by radial segments 
which they lie to the right 
of in the inwai'd radial direction. Tlie transformation T~^ will 
evidently take these inaccessible regions into parts of them- 
selv(^s, since it rotates radial directions in the clockwise sense 
relative to the radial direction. But this yields an impossibi- 
lity, because of the existence of the invariant area integral. 

Lcf fh(> nns‘tf(h/e prriodfc motion hr of f/rJiarol strihlr ijfpr 
trith rariidtlr periods in the formal rrrics, and sappose for 
difinitcnesH that the rotation incrcasef> uuvoy from the motion. 
Then the Hosed romierted families of motion, and 
remainhif/ in the refjion of instahilitf/ as t decreases or in- 
creases respect iretp and reachinf/ to its ha'andarp, ((re respeetivehj 
left-handedly accessitde atnt ripht-lnindedly a ccessihle from that 
hoandary. 

Let us return to the representation of 2:^ on The 
set on S must wind indefinitely often to the idght about 

the invariant point from its intersection with the boundary 
of S\ In order to establish this fact it is convenient to take 


ll 
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the polar coordinates 6 and r as rectangular coordinates 
with the d and r axes directed to the left and upwards 
respectively. The surface S then appears as an infinite strip, 
and the region in the strip to the right of and above the 
connected set 2’,, cannot extend to the right of the point 
of ^cc on the boundary of S; otherwise there would clearly 
be inaccessible regions of the excluded type. 

If then does not extend indefinitely far to the left, it 
will be entirely included between two vertical lines in this 
representation. But the work of section 2 shows that two 
points, one on r ~ 0 and another nearby, move at sufficiently 
different rates in the direction of the 0 axis so as to separate 
by an arbitrarily large amount. Hence on sufficient iteration 
of T ^ the curve (whose images under 7’ ^ all lie in /iV) 
must spread over an arbitrarily large strip in the 0 direction 
and so intersect Tims and this image will contain 
an area which must remain in A' under all iterations of 7' ^ 
But this would lead us to an invariant area a in S as before. 
Hence extends indetinitely far in the direction of the 
negative 0 axis. It follows that winds indetinitely often 
to the right about the invariant i)oint, while winds in- 
definitely often in the opposite sense. Evidently then the 
two sets and intersect infinitely often. 

In conclusion we observe that must tend uniformly 

towards the periodic motion under iteration of 7’“^ Other- 
wise the limit points of under iteration of would yield 
a closed set connected with the invariant point and 
remaining in S under the iteration of T as well as of T~^. 
The set of such points would then constitute an invariant 
region (T, whose boundary would be met once and only once 
by every radius vector according to the argument of section 5. 
By hypothesis there is no such invariant region. 

We may summarize these conclusions in the following way: 

The families 2a and 2to of motions wind indefinitely often 
to right or left about the 'periodic motion^ according cls they 
are left-handedly or right-handedly accessible y and so intersect 
in infinitely many common motions. The motions 2a and 2^ 
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are rpspevtwely negatively and ’positively asymptotic to the given 
periodic motion, while the infinitely 'many common motions 
are doubly asymptotic to the given periodic motion* 

Entirely analogous considerations to those used above may 
be applied to any zone of instability. There will exist posi- 
tively and negatively asymptotic connected sets attached to 
either boundary and reaching to the vicinity of the opposite 
boundary. The two sets intersect infinitely often. Further- 
more, by the kind of aigument employed in the following 
section, it could be pi oved that the set positively asym|)totic 
to one boundary intersects the set negatively asymptotic to 
the other. In (!onsequence there must exist infinitely many 
motions positively and negatively asymptotic to the two 
boundaries in any one of the four possible ways. 

9. Distribution of motions asymptotic to periodic 
motions. Hitherto in this chapter we have limited attention 
to the vicinity of a periodic motion. AVe turn now to the 
<‘-onsicleration of tlu‘- totality of motions in M* which we take 
to be a closed analytic manifold. 

In doing so Ave shall assume that there exists a surface 
of sec.tioiuV of genus one, and a corresponding transformation 2\ 
The boundaries of H are. to correspond to periodic motions of 
general stable type, and /S’ is cut in the same sense by every 
curve of motion in M, at least once in any interval of time 
of sufficient length. Any point P of S if followed along 
the curve of motion in the sense of increasing time meets 
it again at Pi, and we write Fi - - 'T{P), thereby defining 
a one-to-one analytic transformation of H into itself, which 
Ave take to be continuous along the boundaries. 

We shall not attempt here to give conditions for the 
explicit construction of a surface of section H* The details 
seem to be special to each case (see chapter VI) and not 
particularly illuminating. Such surfaces of section 8 and 
associated transformations T exist in very wide classes of 
problems. 

Moreover we propose to introduce the working hypothesis 
that the dynamical system is transitive. This hypothesis is 
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certainly satisfied in certain cases as the example given later 
(section 11) shows, and in all probability is satisfied unless 
exceptional conditions obtain. However, since the ])resence 
of a single stable pciiodic motion obviously would bring 
about intransitivity, the conjecture just made can not be 
established unless the ])roblem of stability is also solved. 

]f we interpret the hypothesis of transitivity on the sur- 
face* of section iV, it means that, given arbitrary points 
and Qo of then points and aibitrarily near to 
and respectiv(dy and an integer y/ can be found such 
that Q 

vSuppose now tliat there exists a single periodic*- motion of 
general stable ty])e and with variable periods in the formal 
series. Since tin’s motion is unstable there c'xists a network 
formcMl by the corresponding connected sets 2:^ and 

Let us consider a boundary of this network which cuts 
olf a small neighborhood of the invariant i)oiiit. Such 
a boundary is afforded by the part of S inaccessible' from 
without a given region enclosing the invariant i)oiiit but with- 
out intersection with tlu' corresponding branches and 
11iis boundary is not made' up wholly of or Other- 
wise under indefinite iteration of T ^ or of T respectively 
the images of the boundary would continue to lie in that 
part of H, and an invariant part of S would b(^ (b'fiiu'd. 
instead it is obvious that under iteration of T K for instance, 
the i)art of the boundary approaches the invariant ])oint, 
while the part must finally extend into every ])art of S 
whatsoever. Otherwise the part of S reached and occluded 
would also yield an invariant part of N under 1\ such as 
is excluded by the hypothesis of ti'ansitivity. 

ronsequently the sets and connected with tin* in- 
variant point under consideration and asymptotic to it under 
iteration of T~^ and T respectively, are both every wheie 
dense on the surface of section S, 

We have seen (sections 1, 2) that near such a ])eriodic 
motion of stable type there are infinitely many other periodic- 
motions of stable type which correff)ond to invariant points 
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ot S under some iterate of T, Consider any such periodic 
motion which is of general stable type with variable periods 
in the formal series. It has a set X and X>. both of which 
must also be dense throughout S, 

Now the s(ds X and Xe have no points in common, inas- 
much as a motion cannot be negatively asymptotic to two 
different periodic motions. Similarly the sets X.> and Xo have 
no points in common. 

Hence it is ap])arent that the sets and Xo liave intinit(‘ly 
many points in common, as have the sets X»> and Xc 

/)t f]i(‘ frtnifiifh'r uf ftro dtyrrrs of frrrdoni irinot f/icro 
r.risis (( jHO'iodic mo/ ion of f/ioieral stohlv iijjm Uacimf rorioh/r 
periods in fJio found/ series, fhore triH eris/ nifni/e/j/ nianj/ 
o/her periodic inoiions of s/a/de if/pe. The mo/ ions posi/ire/f/ 
or myatire/f/ ((Sijmp/oiic /e (Uiy periodic mo/ion e/‘ /his infuii/e 
s(‘t trhich is of (jenend s/dble ft/pe tedh rarndde periods in 
/ha fornnd sei'ies, form, (f set ererytchf^e dense in S. There 
e.cis/ nifnitelj/ nutny nndions positicehj asympfo/ic to nny one 
of /hese periodic moinnis, (on! a/ /he sdnn> /nne )ieyd/irely 
dsynipto/tc to any other periodic motion (f ttie same set, or 
eren to the sante periodic mo/tint. 

We sliall consider next the ])enodic motions of unstabh^ 
type and the motions asymptotic to them. 

As has been remarked, then* exist analytic, faniili(‘s of 
motions ])ositively and negatively asymptotic, to such a periodic 
motion. In the simplest case, to which we may limit attention, 
there are two corresponding analytic invariant curves through 
the invariant i)oint, one yielding the positively asymptotic 
motions and the other the negatively asymi)totic motions 
(section 1 ). The two arcs of the same invariant curve (*nding 
at the invariant point cannot intersect of course, no matt(‘r 
how far extended. 

On the contrary, two arcs belonging one to each invariant 
curve may intersect. Jn this case the same argument is 
applicable as was made for the analogous X<. X.> curves 
abovc^ to show that these two invariant curves are ea(di 
everywhere dense in N and intersect infinitely often. 
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Furthermore we can argue as before and obtain the con- 
clusion that infinitely many motions exist, negatively asymptotic 
to an assigned periodic motion of general stable type with 
variable periods in the formal series or to an assigned periodic 
motion of general unstable type with doubly asymptotic 
motions, and at the same time positively asymptotic to an 
assigned periodic motion of one of these two types. 

It is evident that if two arcs of positively and negatively 
asymptotic types for such a periodic motion of unstable type 
intersect the network of one motion of stable type, they will 
intersect all such networks, and also each other. 

If then w(^ can establish that all the four arcs attached 
to the invariant point intersect these networks it is obvious 
that we can extend our previous conclusions about motions 
asynii)totic to the periodic motions of stable tyi)e to those 
of unstabh' type. A\'e shall prove that this is the case 
provided that (1) the asymptotic analytic; arc from one such 
invariant point of unstable type is not identical to that from 
a second such invariant point and (2) there is no periodic motion 
of general stable type with invariable periods in the formal series. 
The cases when one of these two assumptions fails to hold are 
to be regarded as highly exceptional. The argument is made 
only in the case when there are no multiple periodic motions, 
although the result holds under much wider conditions. 

Ill order to establish this fact, let us suppose that some 
one of the four arcs belonging to the periodic motion of 
unstable type does not intersect these networks, and show 
that a contradiction results. 

By extending this arc indefinitely, we obtain a connected 
limiting set 2 on S, This set 2 is clearly invariant under T, 
Furthermore, in consequence of this fact and the hypothesis 
of transitivity 2’ cannot enclose an area. Hence, by a well 
known theorem due to Brouwer, there exists an invariant 
point of 2* under T. This must correspond to a periodic 
motion of unstable type, since by hypothesis the extended 
asymptotic arc cannot approach a periodic motion of stable 
type with variable periods in the formal series. 
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Now it is obvious that 2 must contain at least two of the 
asymptotic arcs of opposite type to this invariant point 
unless the original extended arc coincides with one of these 
arcs. But this possibility was also excluded. 

It is clear that these new arcs in 2 do not intersect the 
networks belonging to the periodic motions of stable type, 
and so we may take any one of them, thus deriving a set 2i 
within 2» In this way a process is set up which must 
finally yield a 2 ** in 2 containing a minimum number of 
invariant points correspon- 
ding to a periodic motion 
of unstable type, and of 
asymptotic arcs. Any arc 
of 2* in such a set extended 
from an invariant point must 
then have itself as limit 
point, and there will be at 
least two such arcs of oppo- 
site type to the same in- 
variant point. 

Let us consider separatel}^ 
the cases when there are 
two, three and four such 
arcs to the invariant point 7 
(see figure). 

To take the first case, let M' 

1 J and IM be the positively 
and negatively asymptotic arcs in 2"^, Now JM extended 
must return to the vicinity of 1 and can only do it along IJ. 
Let IJKLM be constructed as follows: is a short 

curvilineai* arc which meets IJ at J; KL is an arp made 
up of an arc KKx joining K to its image Ki near to JJ 
and of its images Kx Za, Z 2 Z 3 , • • • till the point L is reached 
near to 7 if, with LM b. short segment. The curvilinear 
polygon IJK'L'M' is similarly constructed on the opposite 
side of 7J. The extended arc IM cannot approach IJ 
along JK'Ki for then evidently IM' would also lie in J*. 
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Hence iJi ))ro(luce(l intersects Likewise 7 J produced 

intersects MLL-i, The analtjsis s'iifffi of the tignre shows 
tlnit IM and TJ extended will intersect, contrary to hypo- 
thesis. 

Next suppose that three arcs, sa}^ IJ of oiu^ ty])e and /il/, 
! M' of the other, lie in It follows as befoi’e that hi 

extended meets MLL-x and M' L' L' u Hut if there are no 
intersections of JJ extended with ! M or 1 it is api)arent 
from the ana/fjsis situs of the figure that 7 M intersects J T\' K[. 
and also that /J/' intersects JKK^. Thus JM and IM' 
would necessarily intei'sect Avliich is im])ossible since these 
asymptotic, arcs are of tlu^ same type. 

^JMiere remains to consider the case Avhen all four arcs lie' 
in 2i'\ Here JM must intersect Ju KJ K' Ki if extended. 
Hut J 21 cannot intersect JK'Ki, for then J ,! if extended 
could not ai)proach 1 M\ according to the finu/f/sis situs of 
the figure. Hence 1 21 must intersect J 1\ . and similarly 

1 2h must intersect J K' K[, But the saim^ argument a])])lied 
to IM as to IJ shoAVS that hi must inteisect M LL i. 
Hence JJ and 1 21 intersect. Avhich is impossible'. 

We are now pre])ared to state our conclusion: 

Suppose t/iut then' is u surface of seet ion S of (jenus one for 
a df/numicaf prohlem u'ith tu’o dcffrees (f frredom, (f truusitice 
tape. Suppose furthermore that utt of the periodic motions of 
fjenerul stahte tfjpc inro/re ruriubte periods /n the Joruud series, 
(tnd that no tiro unah/tic asymptotic families attached to different 
periodic motions of unstable type eoincide. 

fhider tlicse cireumstance. all of tJiese asymptotic families 
are dense in 2f. and there trill e.cisf infnitely many motions 
asymptotic in either sense to any assiyned periodic motions, 
(vhether of stable or of unstable type. 

The special hypothesis made that the periodic motions 
are not multiple is not essential to the method of attack, 
but was made in order to restrict attention to the general 
case, for the sake of simplicity. 

The above result makes plain a certain analogy betAveen 
the motions of stable and unstable type. 
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It been proved earlier that in the neighborhood of 
a periodie motion of general stable type and with variable 
periods in the formal series, there are m^arby periodic motions 
both of stable and unstable type. Are there also i)eriodic 
motions which approach arbitrarily near to any periodic 
motion of unstable ty])ey Of course such a motion cannot 
remain near throughout a ])eriod. The answer is in the 
affirmative, it may b(' proved that when the two asymptotic- 
analyti(‘ branches of a periodic motion of unstable tyi)e 
intei*s(‘-ct, tlien' will be infinitely many periodic motions coming 
into an arbiirai ily small vicinity of tlu^ corresponding doubly 
asym])totic motion and of the given i)erio(li(*. motion of un- 
stable type.'^ 

Thus it appears that in a certain sense the totality of 
])eriodic motions, whether of stable or unstabh* ty])e, will be 
dense on itself in very general cas('s. Th(‘ conjectnri'- of 
Poincare that these ])criodic motions ai'e (^verywluoi' dens(' 
has bec'it s('on not to be always tnu' ((‘ha])t('r VI, section 4), 
but doubtless holds in very gen(*ral cases also. 

lo. On other types of motion. Thus far w(‘ have 
only considei'ed ])eriodic motions, the (piasi-|)eriodic motions, 
and (undain otluo’ siin])l(‘ types of i*e(‘urrent motions, among 
the various types oi recurrent motions. Such nnunTcmt 
motions almost c(utaiulv foi*m an endless hierarchy of 
more and more c-om])licated types, even for non-integrable 
dynamical systems with two degrees of tVeedom such as we 
have been considei-ing. Among motions asymptotic to recurrent 
motions in either s(ms(‘ we have only considered thos(; 
asymptotic to periodic motions. We have not considered 
othei* special motions, nor uon-si)ecial motions. The general 
methods used in this and the imeceding chai)ter yield a variety 
of results in this connection.t 

We shall not attempt to go further in this direction. The 

See iny forthcoming paper in the Acta Mathematica, Oh ihe Periodic 
Motions of Dynamical Systems. 

t See my paper Surface Transformations and Their Dynamical Ay- 
plicatio7is, Acta Mathematica, vol. 43 (1922), sections 54-73. 
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example taken up section 11 will give some idea of the 
complexity of the situation to be expected. 

II. A transitive dynamical problem. The problems 
of dynamics usually called ^integi*able’ are those of intran- 
sitive type, and the motions are represented by curves which 
lie upon invariant analytic manifolds in M, of one or two 
dimensions. For example, in the case of the problem of two 
bodies, every motion is periodic, and these invariant mani- 
folds in M are closed curves. For the integrable cases 
(sections 12, 13), the special analytic relations are sufficient 
to yield complete information about the motions and their 
interrelations. 

Any non-integrable problem of transitive type might, how- 
ever, be considered to be ^solved', in case a special algorithm 
of sufficient power could be devised for dealing with it. 

I propose here to develop such an algorithm for the transitive 
geodesic problem on a special analytic surface with negative 
curvature. The results obtained seem likely to be typical 
of the general transitive case in many respects, and can be 
readily extended to any analytic closed surface with negative 
curvature. It will only be possible to give an intuitive 
justification for the results. For the technique, 1 may refer 
to the notable work of Hadamard"' and Morse.t the methods 
and ideas of which perform the principal role in the case 
here treated. 

It seems improbable that any analogous algorithm exists 
in the geodesic problem on closed analytic surfaces with 
positive curvature. 

The particular surface which we consider is defined by the 
equation 

- 1 — <!* sin^y-csin* ^2/ (<C1) 

* Les fturfacea a courhures oppoaees et leur lignen geodenitjues, Journ. 
de Math., ser. ri, vol. 4 (1898). 

f Kecurrent Geodesics on a Surf ace of Negative Curvature^ Trans. Ameiv 
Math. Soc., vol. 2’i (1921); A Fundamental Class of Geodesics on Any 
Closed Surface of Genus Greater Than One, Trans. Amer. Math. Soc.,. 
vol. 26 (1924). 
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in which x, z are rectangular coordinates, and where we 
shall make the convention that all points 

(r dr 2/r7r, (A*, / = 0, 1, 2, • • •) 

correspond to the same point of the surface. This convention 
is legitimate inasmuch as the linear group of translations 

X x±:21i7t, y ~ //±2^;r, z =- z, 

takes the surface into itself. A fundamental domain for r, y 
is then the square given by 

0 < x " ■ 2 TT , 0 < y 

For any -i this equation may be written 

sin^ X sin* ~ y - (1 — 

Hence for |,eol < 1 the tiace of the given surface in the plane 
e ~ .e'o consists of a convex, symmetrical, analytic oval within 
the fundamental square, with center at the mid-point of the 
square. As Zq increases or decreases from Zq -- 0 toAvards 
2() = d=l, this oval expands analytically, and becomes the 
fundamental square for 5'o = dil. It is easily verified directly, 
but is also obvious from the above qualitative considerations, 
that this surface is everywhere analytic, with curvature which 
is negative except at the points on the surface corresponding 
to the corner of the limiting squares, ^ dz 1. 

The connectivity of this closed suiface is readily determined. 
If the equatorial oval ^ = 0 were capped, the upper half of 
the surface would be homeomorphic with a square in which 
pairs of opposite points on parallel sides are identical, i. e. 
with an anchor ring. When this cap is removed we find 
that the upper half of the surface is homeomorphic with 
the surface of an anchor ring having a hole in it. The 
lower half is of the same type. Thus the total surface is 
homeomorphic with a double anchor ring of genus 2. 
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A fundamental property for such a surface of negative 
curvature is that there is one and one only geodesic arc A B 
of given type, from the staiid])oint of analfjsis filfns, which 
joins two assigned ])oiuts of the surface. For example, take 
any closed curve circling around one copy of the surface. 
.There is only one closed geodesic of this type, which of 
cours(» is the oval .2 - ^ 0. If we use the comi)let(^ representation 
in ,i\ /y, ' space by means of tlu' surface and the indnitely 
many congruent copies, the above result means that any 
continuous line in this surface joining a tixed point A to a 
fixed ])oint B can be continuously deformed into a unitpie 
geodesic arc A B, 

L(d us seek to inti’oduce a symbolism adecpiate to express 
the type of any arc A B. Consider tlu' imojection of tin* 
given surface upon the ecpiatorial plane. This will <*over 
doubly all of that ])lane except the part insid(‘ any one of 
the geodesic circles in the ecpiatorial ])lane. In the adjoining 
figure these circles are then th(‘ images of these geodesic 
circles, and likewise the hoi*izontal and vertical segments of 
the scpiare net Avoi*k having the centers of these circles as 
vertices, will obviously corres])ond to closed geodesics. 

Suppose that the projection of .1 lies within a scpiare of 
the network as well as that of B, As a point B moves from 
A to B along A B. its imojection tra<*es a continuous curve 
in tin* ,/•, // plane. JMoreover if this ijrojection is given, to- 
gether with the points on the circles where B moves from 
a region of the surface ^ to a l egion 0, then the 
curve AJi is determined. 

Let the symbol ir denote a crossing of a vertical segment 
in the iiositive :r direction, and a crossing in the op])Osit(' 
direction; likewise let the symbols // and //“^ denote crossings 
of a horizontal segment in the directions of the positive yy 
axis and the negative yy axis resiiectively. From a point 
within a square there are four accessible quadrants of circles, 
in the lower left-hand corner, lower right-hand comer, upper 
right-hand corner and upper left-hand c,orner. Denote the 
corresponding crossings of the geodesic circles toward the 
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positive .e axis by n's, respectively, and also the 

oppositely directed crossings by S w~'^, w~^ respectively. 

It is then geometricjilly evident that any arc A D corresponds 
to a symbol formed by a finite set of these 1 2 symbols written 
in the same order as the corresponding crossings. Conversely, 
if such a symbol is given, restricted solely in that after any 
H', follows a wy'^y and vice versa, there will be a unique 



<*oiTesi)onding path. Ilie reason for this rc^striction is tliat 
the point P moves from a region to a region .^ >0, 

and then from a region ^'>0 to a region . 

To every allowable deformation of the path AB (A and B 
being fixed of course) will corres])ond a modification of the 
symbol. The class of symbols obtained from one another in 
this way may be called ^equivalent’. It thus becomes important 
to determine the legitimate type of modification of a symbol, 
and a normal form of each class of equivalent symbols. 


16 
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The legitimate operations are of two types. The first 
allows us to insert or remove any pair of elements a a~^ or 
a in the symbol, since this corresponds to a deformation 
over a boundary. The second operation allows us to replace 
such a symbol as w^y by or y}iy yiv:^^, w^y~^ 

by2/“^?c.j, or by 2/“^ ~ ; these are the changes 

possible in the symbol when a point P of ^IP is deformed 
through the point common to the quadrants W2, of a 
geodesic circle. There will be similar operations at the point 

common to at the point common to ?e4, n\, and at 

the point common to a;i, /cg. 

In order to obtain a normal form we reduce the number 
of elements in the symbol as far as possible by the following 
three processes. First we strike out any pair a or . 
Secondly we replace any triple such as yir2y ^ by its equi- 
valent fCs; here we have 

yuhy~^ ' ^''3(2/2/"^) ?C 8 

of course. For each of the sixteen operations of the second 
type specified above there will be two corresponding triples 
of the form or p~^ where y is r, x~~^, y dr 2 /~S 

which can be replaced hy a single letter Wj or Tliirdly 

we replace any triple such as w^yw~^ by y. For each of 
the sixteen operations of the second type there will also be 
two corresponding triples of the same sort which cain be 
replaced by a single letter .r, y or y ^ 

Lastly whereever possible we invert all ordered, pairs such 
as 2/“^ if '2 made up of an element x, x'~^, y, y~^ followed by 
element or so that an element of the second type 
appears first. Thus y~^ ir^ is replaced by 
The normal form will be defined as that which results 
when all of these processes have been carried out. We 
propose to show that the normal form is unique. For this 
purpose we divide the symbol into components made up of 
the elements a?, ?/? iiifo those made up of the 

letters tv., wrK For the arc AB of the figure the symbol 
is evidently 



VIII. TWO DEGREES OF FREEDOM 


24:i 


xyx . 

It is in normal form and breaks up into the four components 
■ryx, w^, y-\ n>-^ ic\, 

We will argue that this particular normal form for the symbol 
of A ^ is unique, but the method used is obviously general. 
The first component evidently gives the least number of 
squares passed by the i)rojection of a point P moving from 
A to B along a path of this type, before the point P crosses 
the equatorial plane, and it identifies them uniquely in propci- 
order. Hence any other nomal symbol for AB must have 
the same first component xyx as this one. Similarly the 
second component describes uniquely the greatest number of 
passages which P can make across ^ i) in the same copy 
of the surface always cutting distinct geodesic circles in 
succession. In this case there is only one element iV2 in the 
second component. Thus the second component is in any 
other normal symbol. 

In general, only the inevitable crossings are made of the 
sides of the squares and of the geodesic circles, while the 
latter are made as soon as possible. This is the geometric 
interpretation of the operations reducing to normal form, 
and may be made the basis of the proof of uniqueness. 

The condition that a symbol is in this normal form merely 
requires that certain sequences of elements are not to occur. 
The forbidden sequences are obviously 


XX X ^ a 

yy^^,>r^y, 

w. ^ trf^ H 


i, ^ \. 2, 3, 4). 



./•-> ar ' 

X ' 

’ H-rS a.—* ’ . 


yiv-^, 

y~' y^' '«4- 


»3 y-’ "T'- 


The infinite symbol corresponding to a complete geodesic 
will obviously possess the same minimum property as the 
normal symbol, since the geodesic arc will cross the auxiliary 
geodesics a minimum number of times. We will call this 
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symbol the ^reduced symbor. The letters x, x~^, y, y'~^ 
follow each other in the reduced symbol ordered precisely 
as in the normal symbol. But the exact position of the 
elements tri can not be determined without a more explicit 
knowledge of the given surface, and would be different for 
other surfaces of the same general type. 

For the reduced symbol the points of crossing may be 
associated with the corresponding elements of the symbol, 
and intermediate points may be indicated by placing an 
ordinary real number a, (0 < u < 1), between two successive 
elements cc, p, thereby indicating that the point Pn lies the 
fractional i)art tt of the way from the crossing « to the 
crossing P along the geodesic arc. 

In this way Ave obtain a symbol for a ^ state of motion’ 
in the problem, by adjoining the number ti to the complete 
reduced symbol. Continuous variation of the state of motion 
will vary v continuously if n be regarded as periodic of 
period 1. The corresponding variation of the symbol itself 
is ^'.ontinuous’ in fliat a slight variation of the state of 
motion can produce only changes in a distant element of the 
reduced symbol, or else will introduce allowable changes of 
order in successive elements. The corresponding variation 
in the normal symbol is in general continuous also, but here 
a component of the form laccc • • • where c is a given set of 
elements is to be regarded as the same as rcr • • - . The two 
ends evidently vary continuously, but no other changes of 
order may occur anywhere in the symbol. 

We are now prepared to take u]) the (luestion of the types 
of motion and their interrelation. 

In the first place the periodic motions, corresponding to the 
closed geodesics, are evidently in one-to-one correspondence 
with the normal types of finite symbols, in which cyclic order 
is not considered. The two periodic motions corresponding 
to the senses in which one and the same closed geodesic may 
be traversed will correspond to such a symbol and the same 
symbol taken in the reversed order. The normal symbol for 
the complete geodesic is evidently the partial symbol taken 
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an infinite number of times. Since the partial symbol may 
be arbitrarily chosen, the corresponding periodic motion can 
be made to approach an arbitrary geodesic motion. 

The ][)er iodic motions are everywhere dense in the totality 
of motions. 

Next let us consider the motions which are positively 
asymptotic to a given periodic motion. For this to happen, 
the normal symbol of the motion under consideration must 
of course be the symbol of the periodic motion from a certain 
point on, and this condition is sufficient. In order to be 
negatively asymptotic to the peiiodic motion generated by 
the finite symbol and positively asymptotic to that gene- 
rated by r/, the symbol must repeat the partial symbol y 
sufficiently far to the left and q sufficiently far to the right. 
The intermediate part of the symbol can be taken arbitrarily. 
If the symbols y and q are the same, a motion doubly asymp- 
totic to one and the same periodic motion may be defined. 
Since the intermediate part of the symbol is arbitrary the 
motions of either type are everywhere dense, but must be 
numerable. 

This reasoniny shoivs the existence of a continuoas family 
of positively or neyatively asymptotic motions to a yiren 
yeriodic motion. There exist also infinitely many periodic 
motions yomtively asymptotic to one assiyned periodic motion 
and neyatively asymptotic to a second assiyned periodic motion, 
and these motions are everywhere dense althoayh namerahle. 

More generally, if a motion is merely to be asymptotic in 
one sense to any given motion, only one end of the symbol 
is assigned. 

A similar conclusion holds then concerning the motions 
asymptotic to any two givcfn motions in assigned smses. 

There exist also motions semi^asymptotic to the given motions, 
so that while not actually asymptotic to them the deviations 
become increasingly infrequent as the time increases or de- 
creases indefinitely. 

To make up the corresponding symbol we need merely 
write down a normal symbol such that in one direction it is 
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ill increasing proportion made up of increasing components 
of the symbol of one of the given motions taken further and 
further out in its symbol, while in the opposite direction it 
is similarly made up principally of components of the symbol 
of the other given motion. 

Let us next pass to the general recurrent motion not of 
l)eriodic type. Evidently the corresponding normal symbol is 
characterized by the fact that given an arbitrary positive 
integer n. there exists a second integer JV so great that 
every sequence of n figures in the symbol can be found at 
least once in any iV successive figures. 

Morse (loc. cit.) has given a specific method of construction 
of such a symbol. 

There is probably a hierarchy of such recurrent motions 
dependent in degree of complication upon the way in which 
.V varies with n. Here I wish merely to indicate a possible 
method which will lead to the discovery of recurrent motions 
not of periodic type for the system under consideration. Let 
./‘(./‘i, • • •, a>) be any function which is analytic and periodic 
of period 1 in Ji. •••, (p > 1). If ci. •••, are 
quantities without linear relation of commensurability between 
them, then /(cj A. . • CpX) is a quasi-periodic function of A. 
Suppose now that we let {o} denote the integral part of the 
least residue of a taken modulo q. so that {^r} is one of the 
numbers 0, 1. • • •, q — 1. The function {/(ci A. .... A)} will 

then yield a doubly infinite sequence of the integers 
0, 1 ~ I for A an integer, which will possess the 

characteristic recurrence property desired, and will not be 
of periodic type unless / happens to be very nearly periodic. 

Suppose for example that we take q 8 and identify 
0, 1. •••, 7 with X, y, y'^, Wi or W 2 or 

wn or if'i or W 4 ~^. The apparent ambiguity is unim- 

portant since the symbols ivr^ alternate. Then we should 
obtain a symbol for a recurrent motion on our surface, corre- 
sponding to any function /. 

It is in the nature of this proposed method of construction 
of recurrent non-periodic motions that they possess a certain 
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p uiKierlyiug periods, and may very well be of continuous 
type. The example proposed by Morse was established by 
liira to be of discontinuous type. 

The theory of chapter VII shows that every motio7i has a 
certain set of recurrent motions among its closed connected set 
of a and M limit motio7is. 

The method there used for constructing such a recurrent 
motion has its symbolic counterpart, whereby at least one 
normal symbol of recurrent type can be obtained from eithei‘ 
end of any normal symbol. 

The question arises in how far the closed connected « and o) 
sets may be assigned at will. Now it is apparent that since 
the given motion approaches the o) limit motions asymptoti- 
cally as time increases, it is possible for a sequence of in- 
definitely long arcs 

Ji?, l/(\ C' If ... 

of the limit motions to be found such that B' is veiy near 
to B, C to (\ etc., and such that these arcs taken togethei* 
trace out arbitrarily closely all of the set of limit motions. 
To this end we may use the given motion in which each long 
segment MN , NP, FQ, • • • is near the (» limit set, so that 
segments AB, B'(\ • • • of this set near MN, NT, • • • respect- 
ively exist, and so near all of the w limit set. l^et us say 
that any such closed connected set of motions is Cyclic’. 

Such a and o) Ihnit sets are 7ieccssarily cyclic. Conversely 
giren any two cyclic sets of motions^ there exist in the case at 
hand everyivhei'e dense motions which hare precisely these sets 
as a and o) Iwiit sets. 

In fact, construct a symbol such that in one direction it 
contains a succession of symbols attached to arcs .4/^, B'( \ Cf ), • • • 
of the w cyclic set as above, in which these symbols increase 
in length while at the same time the distances BB\ CC'. * . * 
become smaller and smaller; and do the same in the symbol 
with respect to the cc cyclic set, but operating in the reverse 
direction. In between the two parts an arbitrary finite symbol 
may be inserted. Such a symbol evidently corresponds to 
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a motion with the desired property, and these motions are 
(dearly everywhere dense because of the presence of the 
arbitrary symbol. 

Finally there exist )wn-s})ecial motions so that the dynamical 
yrohlem in hand is transit ire. 

In order to obtain non-special motions we need only write 
down normal symbols which contain all allowable sequences 
of symbols. 

The set of non-special motions is of course measurable in 
the sense of Lebesgue, and it is natural to conjecture that 
its measure is that of the totality of motions in M, i. c. that 
the specdal motions are of measure 0. I have not been abh^ 
to establisli this conjecture. 

Thus there is an enormous complexity of types of motion 
in this geodesic problem on a closed analytic surface of 
negative curvature; but nevertlndess a specific algorithm exists 
whi(!h suffices to describe ade(iuately this complication by 
means of certain symbols. 

Of course the above problem differs from the most inte- 
resting class of dynamical problem, typified by the geodesic 
problem on a convex surface, in that all of the periodic 
motions are of unstable type. Nevertheless it seems to be 
typical of the general case in many respects. 

12. An integrable case. A well-known integrable problem, 
discovered by Jacobi, is afforded by the geodesics on a convex 
ellipsoid.* If this ellipsoid flattens to a limiting elli])tical 
form, a special integrable case of the billiard ball problem 
(chapter VI, section 6) results. This example is still more 
(M)ncrete inasmuch as the geodesics become broken straight 
lines with vertices lying on the ellipse and making equal 
angles with the normal at any vertex. 

It is a fact of elementary geometry that if a single segment 
of such a broken line passes through one focus of the ellipse, 
alternate segments Avill continue to pass through alternate 

* A very suggestive treatment of certain integrable cases will be found 
in a paper by Whittaker, On the Adelaide Integral of the DifferentUd 
Equations of Dynamics, Proc. Koyal Soc. Edinburgh, vol. 47 (1917). 
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foci, no matter how far produced. A further well-known 
fact is that if the system of confocal conics containing the 
limiting ellipse be drawn, successive segments (or those 
segments extended) will be tangent to a particular conic of 
the set, which may be an ellipse or a hyperbola; if these 
points of tangency lie on an ellipse, the billiard ball will 



continue to go around the table in one and the sense 
indefinitely; if these points lie on a hyperbola, the successive 
points of tangency lie on the two branches in alternation, 
Avhile the successive segments are between its branches; the 
major and minor axes constitute two limiting cases of 
periodic motion. 

Suppose now that we make use of the coordinates y and a 
already employed chapter VI, section 7, for setting up the 
ring transformation T. Here fp denotes an angular coordinate 
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of period 2n which measures arc length along the ellipse 
while 0 measures the angle of projection which the rebounding 
billiard ball makes with the positive direction of the tangent 
at the given point of projection on the ellipse. 

For any (d, y) where d + Tr, y may bo taken as essentially 
polar coordinates on the ring-shaped surface of section (figure), 
there is one and only one state of projection of tlie ball, 
and, as time increases there is a next following state of 
projection (dj, yi). The transformation T is then defined as 
that which carries (d, y) into (dj, y^). We shall not under- 
take to write down the explicit analytic formulas involved 
although these can be obtained either directly or as a limiting 
case of formulas arising in the geodesic problem on an ellipsoid. 
Such explicit formulas are not necessary for our purpose. 

We propose to determine qualitatively the character of the 
transformation T in this integrable case. 

In the first place the motion of a billiard ball around the 
table in either* of the two possible senses evidently corresponds 
to a succession of points on a single closed analytic curve 
lying near d - 0 or d ~ n respectively, according as 

increases or decreases; the two limiting cases d - 0 and 
d n correspond to rolling motion of the billiard ball along 
The elliptical boundary in the two possible senses. Thus we 
get two analytic families of closed curves which abut on 
d = 0 and d 7r, and which are invariant under the trans- 
formation T. According to the results obtained in chapter VI, 
the transformation T leaves invariant the points on d = 0 
but rotates the points on d zr through an angle 27r. 

Secondly, if we consider a state of projection which is 
associated with tangency to a hyperbola, there is one and 
only one such point of tangency lying on the straight line 
formed by the segment described by the billiard ball, or that 
segment extended, and the point of tangency may be con- 
tinuously varied over the complete hyperbola. There are 
two kinds of projection, however, corresponding to the values 
of y on either of the two elliptical arcs of the given ellipse 
which lie between the two branches of the hyperbola under 
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consideration. Here each hyperbola gives two closed analytic 
curves within the ring, and, as the hyperbolas tend to ap- 
proach the minor axis of the ellipse, we obtain two analytic 
families of curves closing down upon two points Mi —■ (7r/2, 7r/2), 
J/a ~ (7r/2, 3/r/2), corresponding to motion along the minor 
axis. 

Evidently the limiting case of any of these four types of 
motion is that refeired to at the outset when the straight 
line segments pass through the foci. But the states of pro- 
jection through either focus correspond to a single closed 
analytic curve, and these two curves have two points in 
common, namely the points A", (7r/2, 0), A^a “ /r). 

corresponding to projection along the major axis. 

In this way the points of the ring which represent each 
state of projection are seen to be divided ui> as represented 
in the tigure above. 

The transformation T leaves the points of the inner boundary 
invariant and rotates the analytic curves which abut upon 
it through an angle which increases with distance from the 
boundary, inasmuch as if e is increased while is held fast, 
it appears that is thereby increased. For the limiting 
curve of this family made up of two analytic arcs Avhich 
end at A"i and A'g, it appears that the transformation T 
rotates A^i into A^ and into A"i in a i)ositive sense, 
while interchanging the two arcs through A^i , A 2 . 

Similarly the transformation T advances the points of the 
outer boundary by an angle 27r and rotates the analytic 
curves which abut upon it by an angle less than 2 /r, whicli 
decreases as the distance from this boundary increases. The 
limiting curve of this family is made up of two analytic arcs 
which end at Ni and and the transfonnation T ro- 
tates A"i into Ag, and A'g into Ni, and interchanges the 
two arcs. 

Examination of the motions which pass through the foci 
shows that these tend asymptotically toward the major axis 
in either sense. This agrees wdth the fact that all points 
within the inner arcs Ni N 2 are advanced by an angle less 
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than rr while those on the outer arcs Ni are advanced 
by an angle more than n. 

It is clear that there are no invariant points under T. 
Let us consider now the various types of motion, and to 
begin with, one of the type corresponding to a curve of the 
analytic family abutting upon y ™ 0. 

Let us adopt analytic variables (</>, where iff varies 
with the curve of the family. The transformation T takes 
the form 

y, — F{<f, I/'). V'l */'• 

Avith Jacobian determinant 

J dF! 0 > 0 . 

If the invariant area integral is 

^ ^ 1 d(p diff 

in these vJiriables (see section 1), we will have 

so that the integral oi^hUp over any arc ip = const., and 
over the transformed arc has the same value. 

Noav Avrite 

n = J/ i (?', V') d / (% V') '1 9'. 

thereby inti’oducing a, new analytic angular variable x of 
l)eriod 2/i which can replace </. The transformation T aauU 
take the foim 

^ ;/ +«(</;), tpi tp 

in these special A^ariables. Here is an analytic function 
of Iff. 

Hence the transformation of each invariant curve of the 
analytic family which abuts on 6^ — 0 is essentially a rotation 
of that curve into itself through an angle a which varies 
analytically with the curve and increases from 0 along 6 
toward a limiting value n. But this variable ^f is not to 
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be regarded as defined along the limiting noii-analytic curve 
of course. 

Consequent!}", if « (V^) is commensurable with 27r, say 
a — 2nplq, every point of the invariant curve corresponds 
to a polygonal periodic motion of the billiard ball going p 
times around the ellipse and having q vertices. Here p is 
taken relatively prime to q, and p, q take all values for 
which p <^q/ 2, 

If is incommensurable with 2;r, the entire curve 

corresponds to a single minimal set of recurrent motions of 
continuous type. 

Furthermore, along the analytic family of invariant curves 
which abut on 0 jr, the transformation T is essentially 
a rotation Avith rotation number fi say, which varies analyti- 
cally from one invariant curve to another, and which di- 
minishes from 2/r at the boundary towards a limiting value 
In this case we have a similar distribution of periodic motions 
and motions of recurrent tyi)e. 

If noAV we turn to the two analytic families of curves 
which abut on the points Mi and respectively, and which 
arc interchanged by T, it is apparent that it is desirable to 
consider rather than 7', inasmuch as T'^ will leave ev('ry 
curve of either family invariant, and no point on any of 
these curves can be invariant save under an even iteration 
of T. 

In the same way as before, it folloAVs that the trans- 
formation of each of these invariant curves into itself under 
is essentially a rotation, of which the rotation number r 
varies analytically from curve to curve; at either invariant 
point Mif M 2 , the value of is merely the rotation number 
for the corresi)onding stable periodic motion along the minor 
axis while y tends toward a limiting value along the limiting 
non-analytic curve of the family. 

If y is commensurable with 2n, say y 2np/q, every 
point of the invariant curve corresponds to a polygonal 
periodic motion going 2q times across the ellipse and os- 
cillating in direction p times about the minor axis. If y 
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is incommensurable with 27r, the curve corresponds to a 
single minimal set of recurrent type. 

Evidently the points iVi, N 2 correspond to periodic motion 
along the major axis, and are of unstable type with analytic 
asymptotic branches represented by the invariant curves 
through these points. Similarly Mi, correspond to periodic 
motion of stable type along the minor axis. 

Thus it is seen that the analytic weapons at our disposal 
have put us in a position to determine the possible types of 
motion and their interrelations. 

Not only so, but the other natural questions which arise 
can be answered without difficulty. 

For example, in the case of motion around the table in 
either sense is there a unique number which may be properly 
termed the mean angular rotation? The answer is affirma- 
tive in the periodic case, and can also be shown to be so 
in the non-periodic case. For note that if n denotes the 
number of vertices passed in any interval of time and if fn 
denotes the (iorresponding increase in the coordinate ;c 
defined earlier then Ave have clearly 

lim fnhi a 

n=oo 

where « is the rotation number. Furthermore, if n is large 
the vertices will be distributed with approximately equal 
density for x between 0 and 2n. But the time from any 
vertex to the next is ])roportional to the length of the 
segment and so of the form I (x), where / is analytic and 
periodic in x of period 27r. Hence the total time between 
the n A^crtices is 

l(x) I (xi) H i / {xn 1), 

which is approximately given by 



Thus we conclude that there is a mean angular rotation which 
has the value 
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2n cc(xp) 

_ 

where a and I are definite analytic functions. 

13. The concept of integrability. Questions concerniii^^ 
the integrability of a given dynamical problem possess great 
interest. It is a well known fact that for certain problems, 
auxiliary analytic relations can be deduced by means of 
which the solutions of the system of differential equations 
can be satisfactorily treated, in which case the system may 
be said to be ^integrable’. When, however, one attempts to 
formulate a precise definition of integrability, many possibilities 
appear, each with a certain intrinsic theoretic interest. I^et 
us consider briefly the concept of integrability, not forgetting 
the dictum of Poincare, that a system of differential equations 
is only more or less integrable. 

Let us note that in the particular problem just treat(id 
there are four periodic motions which play a special role, 
namely the motions along the two axes of the ellii)se and 
the two motions of rolling around the ellipse. 

All other periodic motions fall in analytic families of such 
motions and so are of highly degenerate type from a formal 
point of view. But these special motions are isolated and 
of general type. About these points there will be the usual 
formal series developments for the co()rdinatcs", and these 
expressions may of course be taken to converge and to be 
analytically extended throughout a certain domain of tlie 
motion; in fact these properties are merely the counterpart 
of similar properties of the integrable transformation 1\ 
according to which it rotates certain invariant curves sur- 
rounding the invariant points in a specific manner. 

Let us note also that in this problem four suitable neighbor- 
hoods of the four fundamental periodic motions yield the 
entire manifold 3f; in fact the two families of motions around 

* Of course a discrete integer n figures in the formal series instead 
of the time t. 
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the ellipses, the family of motions across the ellipse and the 
single periodic motion along the major axis yield the totality 
of motions. 

These facts suggest the following (not wholly precise) 
definition of integi'abilit}^, based upon a local property and 
and a non-local property: 

A given system of analytic differential equations on a 
closed analytic manifold M will be said to be integrable 
if there exists a finite set of periodic motions such that the 
corresponding complete formal series developments may be 
taken to converge, and to provide a corresponding analytic 
representation for every possible motion. 

Using this definition as a kind of norm, some reflections 
suggest themselves. 

In the first place it is natural to define ’local integrability’ 
ill the vicinity of a periodic motion of general stable type, 
as that in which the formal series may be taken to converge. 
Hence the motion is stable in the integrable case, and the 
explicit formulas yield complete information as to the character 
of nearby motions. 

Now it is conceivable that, although these series do not 
converge?, they may represent asymptotically functions con- 
tinuous together with some or all of their derivatives near 
the periodic motions, with the aid of which the differential 
system can be transformed into a normal form like that of 
chapter Til, section 13, in which J/t, •••, Mn are functions of 
?i ••••?/« continuous together with certain of their 
derivatives. Hei'c the qualitative behavior is the same as 
in the case of convci’gence. Shall the differential system be 
called ‘locally integrable’ in this more general case? 

Furthermore, the qualitative behavior of the motions near 
a periodic motion of general unstable type in the case of two 
degrees of freedom is essentially independent of convergence 
or divergence. Shall we call every system locally integrable 
near such a periodic motion of unstable type? 

If the differential system involves a parameter /i , we may 
inquire into that kind of local integrability in which, the 
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formal series are required not only to converge but also to be 
analytic in /^. It was in this sense that Poincare established 
the non-existence of further uniform integrals in the problem 
of three bodies.* But evidently this definition is logically 
distinct from that presented in the above definition. Even 
if a system be non-integrable in this sense, it might perhaps 
be integrable according to our definition for each particular 
value of fi. 

As far as 1 am aware, the local non- intcgr ability of no 
single dynamical problem in the sense formulated above* has 
been hitherto established. We shall, however, establish it in 
the following way for m = 1 . 

J^ct us suppose, if possible, that every Hamiltonian problem 
is locally integrable in the vicinity of a generalized equilibrium 
point of general stable type (see chapter 111). The use of 
the normal variables shows then that the associated trans- 
formation T is essentially a rotation through a variable angle. 

Along the invariant analytic curves with rational rotation 
numbers, all the motions will be periodic in the integrabh' 
case, with the same period 2A-/r. It is this fact upon which 
we base our argument. 

Furthermore, it is in the nature of the transformation T 
that there are no other periodic motions near equilibrium 
Avith this same period 21c tt, since the rotation constantly 
increases with the distance, and the invariant family is 
represented by a curve which meets every radius vector 
only once. 

Now let us write 

H - + 

where Hq is the given value of the i)iincipal function, is 
a small parameter, and Hi is an analytic function of ih , qi 
and f, periodic in t of period 2/r, which is free of terms up 
to the fourth degree in pi, qi at jh = qi ^ 0, but is other- 
wise arbitrary. It is readily verified that the multiplier A and 
the constant I are independent of /< in the modified problem. 

* Mcthodes nouvelles de la Mecaniqne celeste^ vol. 1 , clhip. 5. 
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Furthermore we may assume that Hq is in normal form 

H. ^ I hUl 

since the normal variables are available. Along any motion 
of the analytic family, the equations of variation have one 
periodic solution of period 2A-7r, and only one, as direct 
computation shows. 

Let ft vary from 0. There are two possibilities. Either 
the curve representing the i)eriodic analytic family for // = 0 
(!an be continued analytically, in which case there is a nearby 
curve for /< i'O. Or there will only be a finite number of 
periodic motions of this period for ft small in absolute value. 

In the first case there must obviously be a periodic solution 
of the equations of variation as to //, whiedi are obtained by 
adding noii-homogeneous terms — dHJdqx, dHildp^ to the 
respective right-hand members of the equations of variation 
referred to above. But, since 97/j/8(/i, dHJdpx can be 
taken almost at pleasure, along any particular periodic 
motion, the ordinary explicit formulas for the variations 
dpi, dg, show that no ])eriodic solution will exist in general. 
In fact the functions dip can be expressed as integrals 
linear in those arbitrary functions, augmented by the general 
solution of the homogeneous system, one part of which is 
periodic. Thus there are two conditions to fulfill and onlj" 
one essential constant, and the condition for compatibility 
demands that a certain integral over a range 21' n vanishes, 
in which the integrand involves dHJdqi, dHildpi linearly. 
Plvidently this cannot in general be the case. 

Consequently for Hi suitably chosen and then // taken 
arbitrarily small, there will only be a finite number of 
periodic motions with this period. 

But by hypothesis the modified system is integrable. By 
an other much slighter modification of H avc can destroy an 
analytic periodic family much nearer to the position of 
generalized equilibrium while not introducing further periodic 
motions of period 2/r7i. . 



VIII. TWO DEGREES OF FREEDOM 


259 


Continuing in this manner we set up a limiting admissible 
principal function Hy for which A and 1 are unmodified, but 
for which there arc no analytic periodic families belonging 
to rotation numbers as near to that of the generalized equi- 
librium as desired. This limiting problem cannot there foie 
be locally iiitegrable in the specified sense. 

Since there are only a denumerable set of periods 2Avr 
(A; — 1 , 2. • • •) which enter into consideration, it is readil}^ 
seen that no periodic analytic families near equilibrium will 
exist for suitable H, 

In a locMly integr able Hamiltonian prohlevi '}Leiir fjcminilktd 
(‘(piiUhrium of general stable tgpoy Z ^ 0, there will exist in- 
finitelg many nearby analytic families of motions periodic in 
a midti'ple of the fandamental period. 

In general a Hamiltonian problem 7iear sitclt a periodic 
motio7i trill be locally nonlntcgrablcy and trill possess no 
analytic fantilies of oiearby per iodic ^notions. 

It would be possible perhaps, and of considerable interest, 
to use the same method to show that nearby invariant families 
asymptotic in opposite senses to one and the same periodic 
motion do not exist in general. This Avould eliminate the 
liossibility of invariant families belonging to a rational rotation 
number, and would establish that in general there is eitlu'r 
complete instability or zonal instability. 

The same fnethod allotvs tis to establish that m tt It iple periodic 
motions do not exist in general for dynamical problems of 
this type. 



CHAPTER IX 


THE PROBLEM OF THREE BODIES 

I. Introductory remarks. The problem of three or 
more bodies is one of the most celebrated in mathematics, 
and justly so. Nevertheless until recently the interest in it 
was directed toward the formal side, and in })articular toward 
the formal solution by means of series. 

It was Poincare'' who first obtained brilliant qualitative 
results, especially with reference to the very special limiting 
'restricted problem of three bodies’ treated first by Hill. 
As far as the general problem is concerned, the main achieve- 
ments of Poincare were the following: (1) he established the 
existence of various types of periodic motions by the method 
of analytic continuation; (2) he proved that, by the very 
structure of the differential equations, complete trigonometric 
series would be available; and (3) he pointed out the asymp- 
totic validity of these series. All of these results hold for 
any Hamiltonian system as well as for the problem of three 
bodies. Unfortunately an accessory i)arameter ju- is present 
always in his researches, where for // = 0 the system is of 
a special integrable type. Thus the difficulties which arise 
are partly due to the special nature of the integi^able limiting 
case when two of the three bodies are of mass 0, rather 
than inherent in the problem itself. 

It is not too much to say that the recent work of Suud- 
niant is one of the most remarkable contributions to the 
problem of three bodies which has ever been made. He 
proves that, at least if the angular momentum of the bodies 
is not 0 about every axis through the center of gravity, 

* See his Methodes noiivellcs de la Mecanique cHeste. 

t See his M6moire mr le prohleme des irois corps, Acta Mathematica, 
vol. 36 (1912); in this connection see also J. Chazy, Sur V allure du mouve- 
ment dans le 2 >rohlh»e des trois corps. Aim. Scient. de I’Ecole Normale 
Sup. (1922). 
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the least of the three mutual distances will always exceed 
a specifiable constant depending on the initial configuration; 
thus triple collision is proved to be impossible^ while it is 
shown that the singularity at double collision is of removable 
type. In this way a conjecture of Weierstrass as to the 
impossibility of triple collision is established, and convergent 
series valid for all the motion are found for the coordinates 
and the time. By obtaining such series Sundman ^solved’ 
the problem of three bodies in the sense specified by Pain- 
leve.* As a matter of fact, however, the existence of such 
series is merely a refiection of the physical fact that triple 
collision can not occur, and signifies nothing else as to the 
qualitative nature of the solution. 

In the present chapter I propose to take up the problem 
of three or more bodies, and to endeavor to apply as far as 
possible the points of view developed in the earlier chapters, 
and in particular to show what seems to be the real signi- 
ficance of Sundman’s results.t 

2. The equations of motion and the classical 
integrals. Let us suppose the three bodies under con- 
sideration (taken as particles) to be at the points Po, Pi, Ps 
in space, and to have masses mo, respectively. We 

denote the distance Po l\ by rg, Po P 3 by rj and Pi 
by vq. If we write 

^ rg ri Vo ' 

and if we let oui, iji, zi (2 — 0 , 1 , 2 ) be the rectangular co- 
ordinates of the corresponding bodies Pi, while oci, yi, Zi stand 
for the components of velocity, the equations of motion may 
be written as 9 equations of the second order 


d’^Xi dU d^yi dU dhi _ dU 
, dt* ~ d^i’ dt^ ay.’ ■ dzi 

a =-0,1,2), 

* See his Legions sur la theorie analytique dee equations differentielles. 
fMost of the new results found in this chapter were announced by 
me at the Chicago Colloquium in 1920. 
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Which are evidently of Lagrangian form; or as 18 equations 
of the first order 

, dtji __ , chi 

rfT “ (if ■ df ■ ‘ 

(*• = 0, 1, 2) 

dxi dU dij[ dU dz'i dU 

dt 8 Xi dt 8 iji dt 8 z'l 

U - 0, 1, 2), 

which are of course easily converted by slight modification 
into Hamiltonian form. We shall not effect this modification, 
which may bo done in the usual way, nor shall we state the 
usual principles of variation ai)plicable to this case (see 
chapter II). 

The integral ex])ressmg the conservation of energy is seen 
to be 

0 ) + - U-K 

where K is a constant of integration. 

Besides this integral there are of course the 6 integrals 
of linear momentum expressing the fact that the center of 
gravity moves with uniform velocity in a straight line; if we 
take a reference system in which the center of giavity is 
fixed and at the origin, these integrals reduce to 

^ Wi Xi ^ ^ a?, yi ■= ^ nil 0 , 

^niix'i “ 0. 

There are also 3 integrals which express the constancy of 
the total angular momentum about any axis fixed in space. 
If we take the axes as the coordinate axes, these integrals 
become 

, , — === a, — XiZi) ?>, 

(i>) 

2^mi(:Xiyi — yiXi) = c, 

where a, &, c are constants of integration. 
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These 10 integrals are all the essentially independent inte- 
grals which are known. 

3. Reduction to the 12th order. The reduction of the 
system of differential equations (3) to the 12th order may 
be at once accomplished by use of the integrals of linear 
momentum as, for instance, by the following method due to 
Lagrange. Let the coordinates of P, with reference to 
be (.r, f/, z) and let the coordinates of Pj> with reference to 
the center of gravity of Po and be '0- we write 
for convenience 


(7) 


nil 

M ~ m =- 


mo 

n — - - - , 

7no+mi 

nio + 7)ii ’ nio 4 “ + nu ’ 


we obtain the explicit formulas of transformation 


./■ - - ,i\ .'/'o , U Hi y<i ’ ^ ‘ '^0 > 

(8) 'S =^- .ri — p.Vi— q.to, V = iji — l) pi ~(J 1/0, 

f - Zi -p.ti — (JZd, 

together with the inverse formulas, 


(f) 


vu .. 

> //o 


M 


v—py^ 


i)U 


Zo -- ^ £ pz - 


X, 


M 




m 2 

~M 




iUo -f- //q 


M 




!h 


zt - — + 

mo + nh 
iV ’’ 

_ nio + mi ^ 
— M-’ 


which follow with the aid of (5). 
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The system of the 12th order so obtained may be written 
in the elegant form 


dx 

x'. 

dy 


dz 



~(U ■“ 


dt 

dt 

^ , 


i*'. 

dy 




(It 


dt 

dt 

9 ? 

dx' 

dU 

dy' 

dU 

dz' 



dx ’ 

dt 

dy ’ 


dz 

• <<§' 

dU 

dy' 

_ W 

di' 

dU 


8 ? ^ 


dri 


II 


With these variables the equations (5) may be regarded as 
satisfied identically while the integrals of angular momentum 
take the form 

I miyz' — — Itj') n, 

m{zx’-xz') + y{a' -W) = h, 
mixy' — yx')-{- yCiti — ~ r, 
and the integral of energy is 

(1 2) ~ni (y='+ //'“+ /') + ~ (?'- + + L*'") - U - K. 

It will be seen that equations (10) may be looked upon 
as the equations of motion of two particles in space at 
{x, y, 2 ) and (?, rj, £), with masses m and iv respectively, and 
in a conservative field of force with potential energy — U. 
These equations can also be derived from either the Lagran- 
gian or Hamiltonian form by use of the variational principles 
(chapter II). 

4. Lagrange’s equality. J^et us write 

( 13 ) rl 4 " ”^2 ^0^ / M m >•- 4 " 1 

where 

(14) ^ ^ + i/ + + f + 

If now we substitute in (13) the explicit values of r* and 
obtained from (14), and differentiate twice, there results an 
equality due to Lagrange, 
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(15) 


dt^ 


= 2iU~2K) 


when use is made of ( 10 ) and ( 12 ); it is to be observed that 
U is homogeneous of dimensions — 1 in x, y, z, n, ? 
so that 


, dU , dU , ..dU , dU , ^dU 


a.r 


9? 


-r 


5 . Sundman’s inequality. In order to arrive at 8 iind« 
man’s inequality, we propose to seek an upper bound for 
(dB/dty when x, //, z, ay, C are regarded as given 
quantities while ij , /, S', »/', S' are to vary at pleasure 

except that they are to yield the given values of the con- 
stant K of energy and of the constants a, &, v of angular 
momentum. This is a purely algebraic problem. 

We have 

RR^ -= m y* * 

whence 

jt R!^ {ui + /u (/) (m r'^ + i*' d'^) — d — d )”? 
which may be written 

/)/2 /2 I /2 }li ^1/ , f f.2 

R ■=■ mr +fid — 0c> —dr). 


Furthemore we have the obvious identities 

= r'^ + ~t [(z/^' — ^y'f + (^x' — xz'f + (x// — yx'f ] . 

- e'“+-^[(^r-cv)'+(fr-sn^+(§v- 

Multiplying these last two equations through by 711 and fi 
respectively, and subtracting them, member for member, from 
the preceding equation, there results the equation 
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(16) 2{U—K) 

wliere P (to be minimized) is a sum of seven squares, 

(17) + ^-(Sv'-vrf] 

I /^' / / / 

+ —('>*)• 

Here the energy integral (12) has been made use of. 

From this relation due to Sundman we may derive the 
inequality which plays a fundamental i)art in his work and 
in the present chapter. 

If we write 

11 =.. F - 

it will be observed that there arc two terms in of the 
form 


while the tirst integral of angular momentum yields 

?7iP~jr /itV — ff . 

It is easily found that the minimum value of aV when f/^and 
r vary subject to the restriction just written, while r and q 
remain fixed, is a^/ R^. Similarly there are two other analogous 
pairs of terms with minimum values h^lR'^^ c^/R^ respectively. 
Hence we conclude that we have 

(18) Pl:fVR^ 

(19) r - a^ + h^ + c\ 

Suppose now that we eliminate U between Sandman’s 
equality (16) and Lagrange’s equality (15). This gives us 

2Blt''+]^‘^ + 2K = P, 
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whence, by using (18), we obtain the inequality referred to: 

(20) 2 n Il"+ 4- 2 A' > ^ . 

h 

If we define the auxiliary function of Siindman, 

(21) Af = /^’A''*+2A''J^ + 4!-. 

the inequality (20) enables us to infer the relation 

(22) {F\:0), 

Hence H increases (or at least does not decrease) as H 
increases, and decreases (or at least does not increase) as F 
decreases. This is the consequence which is of fundamental 
inportaiicc in what follows. 

6. The possibility of collision. Thus far Ave have 
been taking for granted the existence of solutions in the 
ordinary sense. In fact, inspection of the differential equations 
shows the existence of a unique analytic solution for which 
the coordinates and velocities have assigned values at / = /o • 
provided that the bodies .Po, Pj, Pa, are geometrically distinct. 
In the case of the coincidence of two or three of these 
bodies, the riglit-hand members of the differential equations 
are no longer analytic, or even defined, so that the existence 
theorems of chapter I fail to apply. 

But, according to the results there obtained, either these 
solutions can be continued for all values of the time, or (for 
example), as t increases, continuation is only possible up to P 
Let us consider this possibility in the light of the elementary 
existence theorems. 

In the 18-dimensional manifold of states of motion associated 
with the 18 dependent variables 

Xjj i/i, Zi. .K, Vi, U = 0, 1, 2), 

we need to exclude the three 15-dimensional analytic manifolds 
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The remaining region is open towards infinity and along 
these excluded boundary manifolds. 

According to the results obtained, indefinite analytic extension 
of a particular motion will be possible unless as t approaches 
a certain critical value t, the corresponding point P approaches 
the boundary of the open region specified. 

Now suppose if possible that the least of the three mutual 
distances does not approach 0 as t approaches here it is 
not implied that a specific mutual distance such as Po Pi 
remains least near to t. We can then find positions of the 
three bodies for t arbitrarily near to t, for which the 
three mutual distances exceed a definite positive constant d. 
But by the energy integral relation (4), in which 

U < (mo f- "h y^h)! d^ 

it is clear that the velocities Xi, y/, .ej* are uniformly limited. 
It is physically obvious that for such an initial condition, 
continuation of the motion is possible for an interval of time 
independent of the particular mutual distances or velocities, 
because of the character of the forces which enter; we shall 
not stop to obtain an explicit expression for such an interval 
on the basis of our first existence theorem. Thus a contra- 
diction results. 

Analytic continuation of a ;particular motion in the problem 
of three bodies will be possible unless as t approaches a certain 
ralue t, the least of the three mutual distancxis approaches 0. 

At this stage it is desirable^ to revert to Lagrange's 
equality (15). As t approaches t, U becomes positively in- 
finite of course. Hence if we represent P* as a function of t 
in the plane by taking t and P* as rectangular coordinates, 
the corresponding curve will be concave upwards for t suffi- 
ciently near L Therefore P^ either becomes infinite, or tends 
toward a finite positive value, or approaches 0. 

The first case is manifestly impossible, since one of the bodies 
would then recede indefinitely far from the two which approach 
coincidence as t approaches and such a state of affairs 
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is impossible because of the fact that the forces on the 
distant body are bounded in magnitude. 

In the second case it is clear that a particular distance 
approaches 0, for instance while the other two approach 
definite equal limiting values. This is the case of double 
collision. Since the forces on the non-colliding body are finite 
near collision, it approaches a definite limiting position; and 
thus the other two colliding bodies approach a corresponding 
limiting position, since the center of gravity may be taken 
fixed and at the origin in the space of the three bodies. 

In the third case we have triple collision of course, and 
this takes place at the origin. However if the constant f is 
not 0, triple collision cannot take place, as follows from (22) 
immediately. For it is seen that dR'^ldi will be negative 
for i near t in the case of triple collision, since d^ R^ldf is 
positive by Lagrange’s equalitj" (I5j. Hence R will decrease 
with R (or at least not increases) as i approaches /. But 
inspection of H shows that H becomes positively infinite as 
R api)roaches 0. Thus a contradiction is reached. 

As t (qjproaclies /, tJm'e is either dimble collision bettveen 
(I definite jpair of the bodies at a definite point, while the third 
body approaches a definite distinct pointy or thei'e is triyle 
collision at the common center of yravity. If howerei', f is 
not 0, /. e f if the angular momentum of the three bodies about 
erery axis in space is not constantly 0, triple collision can 
never tahe place at t. 

Henceforth we shall make the assumption />0, thereby 
eliminating the possibility of triple collision in the sense 
above specified. 

This assumption may be looked upon as merely confining 
attention to the general case. In fact it is readily proved 
that in the case / = 0, the motion is essentially in a fixed 
plane. Thus immediate reduction of the problem is possible. 
Moreover in the case / = 0 the angular momentum about 
a perpendicular to the plane of motion at the center of gravity 
vanishes. Thus Ave are only excluding a special case of 
motion in a plane. The case excluded is of great inter- 
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est and should be given thorough consideration on its own 
account. 

7. Indefinite continuation of the motions. In the 

general case under consideration it is thus plain that any 
motion can be continued up to a double collision. 

We propose now to take up briefly the case ol; double 
collision in order to render it physically plausible that the 
motion admits of continuation beyond such a double collision 
in a certain definite manner. Analytic weapons sufficiently 
powerful to deal Avith the singularity of double collision 
were first developed by Sundman (loe. cit.). A different 
method of attack, not going outside of the domain of 
equations of usual dynamical type, has since been obtained 
by Levi-Civita.* A rigorous treatment of the question will 
not be attempted here, but the analytic details can be 
supplied without difficulty on the basis of the researches of 
Sundman or Levi-Civita. 

Let us suppose that the bodies Po and I\ collide for 
instance, while Po is at a distance away. The motion of 
Pq and Pi near collision Avill clearly be essentially as in 
the tAVO body problem. What we propose to do is to ignore 
the disturbing forces due to Pg during the near approach of 
Po and Pi to collision, i. e. to replace U by its single compo- 
nent mowii/ro, and then to take it for granted that tlu^ 
situation is of essentially the same nature in the actual case. 

Biit if the motion of io iuifi Pi Avere just as in the tAVO 
body problem, their center of gravity Avould move Avitli 
uniform velocity in a straight lino, Avhile, relative to this 
point, Po and 1 \ would move in a fixed straight line until 
they collide. More precisely, Po and Pi Avill be at distances 
inversely proportional to their masses from the center of 
gravity, while their squared relative velocity is 2(wo + 
increased by a certain constant Avhose value depends on the 
total energy relative to the center of gravity. The motion 
relative to the center of gravity Avill be thought of as merely 

* Sur la regularization du prohlhne den trois cotys, Acta Mathematical 
vol. 42 (1921). 
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reversed in direction after collision. In the original reference 
system the bodies Po ?vnd Pi will describe two ciisped curves, 
i\nd will collide at the common cusp; the cuspidal tangents 
of the two curves are of course oppositely directed, and it 
would be easy to specify the precise motion near collision 
by giving the explicit formulas. 

Evidently such a motion of collision in the two body 
problem is completely characterized by the following quantities: 
(1) the three coordinates of the point of collision; (2) the 
three velocity components of the center of gravity at collision ; 
(3) the two angular coordinates 0, y fixing the direction in space 
of the axis of the cusp described by P,, which is the same 
direction as that of the line of motion relative to their center 
of gravity; (4) the energy constant. Thus 9 coordinates in 
all are required to characterize uniquely a state of collision in 
the two body problem. But to specify any state of motion 
before or after collision it is necessary to give the time r 
that has elapsed since collision. 

Furthermore, any motion in which the two bodies almost 
collide can be characterized in a similar way. Here it is 
supposed that the initial conditions are slightly modified at 
some time before collision. In the modified motion it is easy 
to generalize the above coordinates as follows: (1) instead 
of the coordinates of the point of collision, we may take 
the coordinates of the center of gravity when the bodies are 
nearest to one another; (2) the corresponding velocity com- 
ponents of the center of gravity may be used as before; 
(3) the angular coordinates 0, y may refer to the direction 
of the transverse axis of the conics described relative to the 
center of gravity; (4) the constant of total energy may be 
used as before. When the motion is modified slightly in 
this manner, these 9 coordinates will be only slightly modified. 

In addition to these 9 coordinates, the plane of the relative 
motion must be fixed by a further angular coordinate t/^ 
and the perihelion distance p must be specified. This gives 
11 coordinates to fix upon a particular motion of the two 
bodies in general position. In order to specify a particular 
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state of motion it is sufficient to specify the time r measured 
from perihelion passage. 

The coordinate is not available in the special case of 
circular motion relative to the center of gravity but this 
possibility does not arise near a state of collision of the type 
under consideration. 

Hence we find 12 appropriate coordinates in all, corres- 
ponding of course to the fact that we have a system of differ- 
ential equations of the 12th order in the two-body problem. 

Let us consider the coordinates in the two-body problem 
somewhat more attentively. The 6 coordinates determining 
the j)osition of the center of gravity at nearest approach 
are obviously unrestricted coordinates. In other words, these 
sets of 6 coordinates are in one-to-one correspondence with 
the neighborhood of a point in 6-dimensional space. Similarly 
the 2 coordinates fixing the axial direction are in one-to-one 
(‘orrespondence with the neighborhood of a point of the d, 
si)hore and are thus unrestricted in the same sense; and so 
are the total energy and the time r of course. On the other 
hand, the perihelion distance p is always positive, and as p 
approaches 0, the motion approaches that of a definite motion 
of collision, independently of the coordinate which fixes 
the plane of the motion. Suppose then that w^e introduce 
the following coordinates 


a ™ p cos ^/^ jS ~ p sin Iff, 

as coordinates serving to replace and Collision is then 
characterized by the conditions 

a ~ 0, 

The new coordinates «, fi are, however, unrestricted. 

Consequently in the problem of two bodies, the states of 
motions near a particular state of collision are in one-to- 
one, continuous correspondence with the neighborhood of a point 
in a 12-dimensional space. With this representation the 
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states of motions at collision constitute a 9 - dimensional 
surface through the point. 

It is obvious that in a certain sense the singularity of 
collision is removed by the use of the above coordinates.* 

Let us return now to the problem of three bodies in the 
case under consideration when two and only two of the 
bodies, say and collide. For the motion of collision, 
we must have as before a definite point of collision, a definite 
vector velocity of their center of gravity at collision, a cuspidal 
direction in which collision takes place, and finally a limiting 
total energy. Furthermore any state of motion before or 
after collision is characterized by the elapsed time r. . 

For motions near a motion of collision, these 9 coordinates 
admit of simple generalization. For example the instant of 
^ perihelion^ passage can be fixed as that at which the distance 
i^o Ft is a minimum, and in this way the position and velocity 
coordinates of the center of gravity, the axial coordinates, 
and the perihelion distance can be defined at once, and also 
the energy constant. The angular coordinate ip can be taken 
as that given by the plane which bisects the small dihedral 
angle defined by the two planes through Po ^ind the 
velocity vectors at Pq? Pi respectively relative to their center 
of gravity. The time t is defined as before. The coordinates 
pj ip may be replaced by «, fi of course. 

on the basis of physical rc.asoniny it appears certain 
that the sinyularity of doable collision is of rcmorable type, 
and that the states of motion at double collision form three 
Ib-dimeowonaJ {analytic) sab-manifolds in the X'f^-dimensional 
manifold of states of motion^ corresponding to the collisions 
of Po and Pi, of Po and' Pg, and of Pi and Pg respectirely. 

When the manifold of states of motion is augmented by 
the adjunction of the parts of the boundary corresponding to 
double collision, it is obvious that indefinite analytic con- 

* For actual removal of the singularity by analytic transformation in 
the two body problem and similar problems, see Levi-Civita, Traiettorie 
singolari ed urti nel prohlema ristretto del ire corpi, Annali di Mathematica, 
ser. 3, vol. 9 (1903). 
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tinuatioii of a motion is possible unless, as t approaches 
a certain value t it <A say), there are an infinite number of 
double collisions. Let us eliminate this possibility for the 
case />0, which is under consideration. 

In the first place we observe that not only R but also R' 
must be continuous at double collision. In fact the differential 
equations themselves show that d^rildi^, d^Z/dt^ are 

continuous at collision so that q' as well as q must be con- 
tinuous. On the other hand r' will not be; but, since we have 

r^r~ ^ Ux'-\-yy'+zzf ^ ir^ + y^ + i^'^+ y^+ 2 '^) 

on account of the energy integral (12), it is clear that rr' 
is continuous and vanishes at collision. Hence R' is con- 
tinuous at collision, having the value fvQQ'/R, as follows 
from (13). 

Second!}^, as f approaches t, the least must approach 0. 
Otherwise we should have (/ 0, 1, 2) indefinitely 

near L We have already seen that, because of the enei'gy 
integral, this would require x\ y\ £' to be limited, 

so that continuation of the motion during a definite interval 
of time, dependent only on dj would be possible without 
collision. This is absurd. 

Thirdly, R must approach a finite limit as t approaches /, 
as follows from Lagrange’s equality (15), just as in the case 
of approach to double collision, inasmuch as i?' and R are 
both continuous at double collision. Reasoning on the basis of 
Sundman’s inequality (22) in the same way as before, we 
infer also that R cannot approach 0 as t approaches L 

Hence we conclude that as t approaches f, the body 
approaches a definite limiting position distinct from the corre- 
sponding definite limiting coincident position of Po and P]. 
But it is physically obvious, and might readily be established 
analytically, that there can only be a finite number of collisions 
for t<:Ct in such a case. Thus a contradiction arises. 
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In the augmented manifold of states of motion il/is, inde- 
finite continuation of every motion for tvhicli /> 0 is possible 
in either sense of time. In the case /== 0, continuation can 
only he terminated by triple collision. 

Hitherto we have dealt with only the 18-dimensional mani- 
fold lfi8. It is easy to modify the above results so as to 
apply to the manifold J/ 12 , obtained when only those motions 
are considered for which the center of gravity of I\, Pi, Pg 
lies at the origin. In this case the six coordinates fixing 
the position and velocity of the center of gravity of 1\ and Fi, 
for instance, determine these coordinates for Pg. 

Entirely similar rcfndts obtain in the Vl-dimensional mani- 
fold Mi 2 obtnmed by fixing upon those motions for which the 
center of gravity of the three bodies lies at the origin. 

As remarked earlier, these results can be fully established 
by use of the explicit regularizations effected by Sundman 
or Levi-Civita. An inspection of the formulas leads to the 
following additional conclusion: 

In the augmented manifold J/is not only are the states of 
motion at collision to be regarded as constituted by three 
\b-dimensional analytic manifolds, but the curves of motion 
are also to be regarded as analytic and as varying analytically 
with the initial point and, interval, provided this interval be 
measured by such a parameter as u where 

f ^ror^r^du. 

8. Further properties of the motions. The case K < 0 
is immediately disposed of, so far as the general qualitative 
character of the motions are concerned. Lagrange^s equality 
(15) insures that d^lF/dF will then exceed 4| ATj. Hence iP, 
when plotted as a function of t in the t, plane of rect- 
angular coordinates, yields a curve with a single minimum 
which is everywhere concave upwards and rises indefinitely. 

Evidently the same conclusion holds for A = 0, at least 
unless U approaches 0. But this can only happen if all three 
mutual distances increase indefinitely. 
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In the case ^<0, />0, at least two, if not all three, 
of the mutual distances increase indefinitely as time increases 
and decreases, hi the case K < 0, f ^ 0, the same is true 
unless the motion terminates in triple collision in one directim 
of the time. 

A fuller qualitative consideration of the motions A" < 0 
is obviously desirable. But on account of the results just 
stated it seems proper to consider this case as ^solved’ in 
the qualitative sense. 

Henceforth we shall confine attention to the case />0, 
A">0, i. e. to the case when the angular momentum of the 
three bodies about every line through the center of gravity 
is not constantly 0, and the potential energy is insufficient 
to allow all three mutual distances to increase indefinitely. 

The case/~0j Ar>0 thus remains. Here the motion 
is essentially in one plane, and it may be possible to obtain 
results similar to those here obtained in the case /?^0, A^X) 
by suitable refinement of Sundman's inequality. 

We proceed to develop some of the sim])le and important 
properties of the motion in the case/^ 0, ATX). 

Jn the case f > 0, A" '> 0 the least of the, three mutual 
distances cannot erceed AP/{SK). 

The proof is immediate. By the energy integral (12), C/ is 
at least as great as K, But vo, Vi, are at least as great 
as r, the least distance. Hence w^e obtain 

(nio nil -f mo m 2 + mi Wg)/ 1: A". 

The numerator on the left is not more than MV3, whence 
the stated inequality follows at once. 

In the case fX), Ar>0, the largest distance ri will neces- 
sarily exceed k times the smallest distance rj, promded that 

E ^ or E ^ k^P^V{^K), 

where m^ denotes the least of the three masses mo, mi, m 2 . 

To establish this fact, let ki denote the actual ratio of the 
largest to the smallest distance. Then we have at once 
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^ (w?o wii + wio wig + Wa) 7fi r“7if ^ J//r?/‘V3 

where r denotes the smallest distance. Likewise we find by 
a similar calculation 

TJ <^_ (momi + >W(,w/2 + mi < il/^/3r. 

But Sundman’s equality (16) together with (18) gives 
fVR^ < 2 77. 

If we employ the inequalities for R^ and ZJ derived above, 
this gives readily 

But inasmuch as R is at least while m in turn is at 

least half of the least mass (see (7)), we find 

Consequently if R is at most of tlie first stated value, we 
infer at once that A'l exceeds /r. This proves the first of 
the two results. 

In order to prove the second result, let r denote the 
greatest distance. We then obtain 

R^ 5 (mo nix + mo ms + mi nu)r “J M M I'd, 
whence there results 

r 'r-R/M^'\ 

If we use the inequality already derived fo)* the least 
distance r, in combination with the one just written, we find 

l\: dKRlM^f'K 

Hence if R is at least of the second value, kx will exceed 
k. This is the second result to be proved. 

In the case />0, any 'part of the curve R • - R(f), 

(t, R, rectangidar coordinates) for which R<if/i2^^'^ consists 
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of a finite arc, concave upwards and with a single minimum. 
If R Eq gives this mmimum, the curve rises on either 
side until 


E>f^/(2KEo), 


with corresponding slope E! at least as great as demanded hg 
the inequality 


E'^ > 


E~Eo r 

E Ie,,E 



at every intermediate stage. 

To prove this statement, we observe first that when E is 
restricted as in the first part, E cannot be a constant. In fact 
if it were, Lagrange's equality (15) would yield U = 2K. 
But the combination of Sundman’s equality (16) and of (18) 
with the equation U=2K would give 

fVE^ < 2K. 


in contradiction with the limitation imposed upon E. The 
same kind of argument shows that if E' vanishes when E 
is so restricted, then E" must be positive. For otherwise, 
by using Lagrange’s equality, we find JJ < 2K, and thence 
by using Sundman’s equality (16) and (18) we are led to 
the contradictory conclusion written above. 

If there is a point E along the arc under consideration, 
it corresponds to a proper mmimum. On either side of it H 
(section 5) will increase (or at least not decrease) with E, 
until a second point E' = 0 reached for E^ Ei. Hence 
we obtain 

2KR, + ^>2KR, + J'^ 

Xtl JX’Q 

whence, since i?i > Eq , 


In this case E does increase until the specified value is 
passed. Furthermore until this happens, H is as great as Ho . 
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This fact demonstrates that is as great at every stage 
as stated, so that R must finally so increase. 

The case when jR'4 ^ anywhere along the arc can be 
eliminated. Here H must decrease (or at least not increase) 
with decreasing JK. Consequently R cannot approach 0, since 
H then becomes infinite. As R approaches its lower limit R ^ , 
R! will approach 0. Consequently we infer that the inequality 
of the statement for R!^ continues to hold if R^ be defined 
in this manner. 

But this kind of asymptotic approach to JS ~ i?o as i in- 
creases (or decreases) indefinitely is impossible. This im- 
possibility may be made evident as follows. In the inequality 
H>IIo we may replace the inequality sign by the equality 
sign. Thereby we define a new curve R = R{f) whose slope 
for any R is not greater in numerical value than that along 
the actual curve under consideration. Hence the new curve 
so defined approaches the t axis less rapidly, and must also 
approach R = J?o asymptotically as follows from the equation 
H^Hq. But, by differentiation of this equation as to t, 
there results 

2EE" + L^'^ + 2K—y = 0. 


Hence as t approaches infinity, and R^ R' approach Rq^ 0, 
it is clear that JK" would approach a definite positive quantity, 
which is absurd. 

The results thus far obtained may be regarded as concerned 
with motions in which the three bodies are all near together 
at some instant t ~ to, the amount of separation being 
measured by R, The bodies will separate in such a way 
that R increases, and very rapidly as long as R is not too 
large or small, until R has become very large. 

We turn next to derive somewhat analogous results when 
at least one of the three mutual distances is large. Here 
it is convenient to use the quantity q instead of R, but it 
is to be borne in mind that r denotes the smallest of the 
three distances in what follows. 
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In ike vase A">0 as long as q'^ 2M^/(3K), one 

and the same distance n Is the least distance. 

Under this condition it follows that q is at least twice 
the least of the distances r r<i , Hence and rj exceed r, 
since q is the distance from Pg to the center of gravity of 
Po and I\, But when and are greater than rg, one 
and the same distance rg remains least. 

Jv the casef'^Oj K'>i)yfor (i > 21/*/ (3 A"), the ine(jualitg 

obtains. Jf for any such value of tve have 
if > 

(> ivlll constantly increase without hound. 

We begin with the identity 


'fhe last three terms on the right give, the square of the 
velocity of the point (?, while is the square of the 

radial velocity and is therefore not greater. By virtue of 
this fact and the differential equations (10) we obtain 



But the terms in parenthesis on the right are precisely 
QdUidn where Pg is taken to vary by a distance n along 
the straight line which joins Pg to the center of gravity of 
Po and 1\. Clearly the rate of change of 7o Jnid Ti with 
respect to n cannot exceed 1 in absolute value, and we infer 




tf 


a (nil w/g 
y \ rl 



(see (7)). Now in the case under consideration >o and Vi 
exceed q — r and therefore q/2. This leads to the first 
inequality to be proved. 
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Instead of continuing analytically we need simply observe 
that this inequality may be looked upon as requiring that 
a particle moves along a q axis acted upon by a force towards 
the origin which does not exceed the gravitational force due 
to a mass Silf. But in this case it is obvious that the 
particle will recede indefinitely provided that the initial velocity 
outward is as great as the velocity of fall from infinity under 
the attraction of such a mass. This is precisely the fact 
stated. 

It should be noted that since the initial value of q is as 
great as 2M^ iiSK)^ q continues greater than this quantity, 
and accordingly one and the same distance r is the least of 
the three distances always. 

We propose next to combine these results in order to show 
that, for the minimum ii’o sufficiently small, E and q increase 
indefinitely. The qualitative basis of the reasoning is obvious. 
According to what has been proved, for 7?* and E/^' arbi- 
trarily large a positive Eo can be chosen so small that all 
motions for which the minimum E is not more than Ao 
correspond to an E which increases from the minimum to 
and has, for E ~ E^y a derivative E' which is at least as 
great as E*'. This means of course that is arbitrarily 
large since 

lim E/(f — {niow^ -]r 

R — qo 

uniformly. Furthermore since the relation 
E E' = in r r -f q 

obtains, it is clear that \q{)\ must be large, and in particular 
;(/| must be large, provided that |r?'| is uniformly bounded. 
But we have 

< x " + . 2 '“ ‘ - ^ 2f// m 

by the energy integral (12). Hence 

r" < 2 (mo mi + m < 2 r! 
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since m exceeds one half of the least mass m*. Thus we 
find 

and thereby establish the fact that \ rr [ is uniformly bounded. 

^^0, if Uq is taken s'nfficiently smalh every 
motion for which the three bodies approach so closely that 
H ^ i4 at some instant is such that two of the distances 
t\ become wfinite with t while 7^ 7'emains less than 

We shall not pause to develop an analytic formula which 
yields a suitable Hq, although the specific results found 
above would supply the basis for such a computation. 

There is an interesting question to which we wish to 
refer briefly in conclusion. Which one of the three bodies 
will recede indefinitely from the other two nearby bodies, in 
the case of a near approach to triple collision? The answer 
is to be found in the following statement: 

A7iy ^notion of the above t7jpe is characterized by the pro- 
2 )erty that one and the same body Pg remams relatively re- 
mote from the two nearest bodies Po, Pi throughout the entire 
motion. 

The truth of this fact is readily inferred. At the beginning 
of this section it was shown that, for Ti greater or less than 
fixed values, the ratio of the largest to the smallest distance 
would be arbitrarily large. Hence we need only consider 
this intermediate range of values of R. But in such a range, 
if the ratio of the largest to the smallest side did not re- 
main large for Po sufficiently small, there would be con- 
figurations of the three bodies in which the distances n and 
the ratios Vi/rj lie between fixed bounds, no matter how 
small Po is chosen. However, the value of TJ does not 
exceed an assignable quantity in such configurations, and 
thus, by the energy integral (12), the same would be true 
of the velocities x, y% e', Finally it is clear that 

PP' would not exceed an assignable quantity. But we have 
established that P' becomes arbitrarily large in such a de- 
finite range of values of P, so that this conclusion is absurd. 
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Evidently there is further work to be done in the more 
precise determination of the motions on the quantitative side, 
but the facts developed above are sufficient to show that 
the only possibility of simultaneous near approach of the 
three bodies for given / >0, ^ > 0, is that in which the 
three bodies act as a pair of bodies, one member of which 
corresponds to a close double pair Po, Pi, while the second 
is Pg. The motions of Pg and the center of gravity of 
-Pi are then along nearly hyperbolic psiths, while i’o, Pi move 
in nearly elliptic paths relative to their center of gravity. 

9. On a result of Sundman. Sundman established 
(loc. cit.) that for given initial coordinates and velocities 
with f> Of K !> 0, the quantity JR{t) for the corresponding 
motion will always exceed a specifiable positive constant. 
This fact is at once evident from the analysis of section 8. 
In the contrary case we should have indefinitely near 
approach to triple collision, and thus a motion for which 
E' is arbitrarily large for the given initial vaiuO of P, which 
is of course absurd. 

10. The reduced manifold M^ of states of motion. 

Let us turn next to the consideration of the problem of 
three bodies after use has been made of the 10 known 
integrals to reduce the system of differential equations from 
the 18th to the 8th order. In other words the 10 corre- 
sponding constants of integration are given fixed values, and 
attention is directed towards the oo^ motions which corre- 
spond to the given set of constants. In what follows we 
shall suppose that not all the constants of angular momentum 
vanish, and that the constant of energy is positive, i. e. we 
take / > 0, P > 0. 

The angular momentum vector with components a, h, c 
will define a spatial direction which plays an important role 
in the sequel. Evidently two motions which correspond to 
the same configuration of positions and velocities at some 
instant, aside from mere angular orientation relative to this 
axis of angular momentum, will continue to differ merely in 
this respect. In other words, if (p denotes any angular 
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coordinate which fixes the orientation about the axis of 
angular momentum, while wi, •••, are any set of relative 
coordinates which do not involve f, the ditt'erential equations 
defining the oc' motions take the form 

duildt li'j) {i - !,•••, 7), 

(lij^hlt ™ ^ {ill, • • •, Wi), 

The first set of equations constitutes a system of the 7th order 
in the coordinates ?/i, • . while the last equation enables 
one to determine y by a further integration. If it be desired, 
the time t can be eliminated, and the system becomes of 
the 6th ordei-, 

dui/(lH\ UiUJi ('/ = 2, 3, •••, 7). 

Thus from the purely formal standpoint the system of the 
18th order can be ‘reduced’ to one of the 6th order. 

From the point of view which we shall ado])t, there is no 
essential gain in actually carrying through such a reduction 
which can be accomplished without alfecting the Hamiltonian 
form.* 

Let us consider the augmented manifold 3/,8 of states of 
motion, in which the singularities corresponding to double 
collision have been removed by the method indicated in 
section 7. 

The boundary of is to be regarded as made up of 
states of motion specified by one of the following possibilities: 
one of the coordinates yi, zi increases indefinitely in absolute 
value; the quantity R approaches 0; the energy constant of 
some pair Pj, Pj of the bodies relative to their center of 
gravity at the instant increases indefinitely in absolute value. 
It is clear that points away from the boundary in the specific 
sense of these three possibilities will have limited coordinates, 
with not all three distances small; the condition of energy 
imposed insures that the energy constant relative to the 
center of gravity of all three bodies is not large in absolute 

* See, for instance, Whittaker, Analytical Dynamics, chap. 13. 
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value, while the fact that the relative energy constants are 
not large means that the nearest pair of bodies must shortly 
separate to a considerable distance. Thus either all coordinates 
and velocity components are limited, and none of the mutual 
distances are small, or else the motion is near such a state 
in time, and therefore not near to the boundary of il/jg. 

In Jfi8 the totality of motions is represented as a steady 
fluid motion, in which the stream lines correspond to the 
possible types of motion. When the 10 constants of integration 
are specified, we are directing attention to the corresponding 
fluid motion of the sub-manifold i/g into itself in which the 
stream lines represent the oo'^ motions under (consideration. 

Motions which differ merely in orientation with respect to 
the axis of angular momentum yield a closed one parameter 
family of stream lines, corresponding states of which give 
closed curves; in other words 7/7 are the same along 

such a curve, while y varies from 0 to 27r. In the special 
case of the Tjagrangian equilateral triangle and straight line 
solutions when the mutual distances are inalterable,'*' the 
corresponding (dosed curve is itself a stream line. 

The ^reduced manifold il/7 of states of motion' corresponds 
to the set of states of motion given by sets of coordinates 
such as 7/1, •••, 7«7, which are distinct except in orientation 
about the axis of angular momcmtum. 

It is evident that in the (original Mys the closed curves 
which give the states of motion differing only in orientation 
will give 00 analytic, curves, one and only one through 
each point. Hence if we desire to obtain more precise 
information as to the ])Ossible singularities of ^¥7, it is only 
necessary to determine the singularities of il/g. We propose 
to investigate the singularities of Jl/g, and thus of J/7, suffi- 
ciently to establish the following result: 

For gpMeral values of /> 0 , 7 * 00 , the analytic reduced 
manifold M’j of states of motion is ivithont smynlarity, and 
has a hoimdary specified hy the fact that either R approadies 

* See Lagrange’s paper, Essai sur le prohUme des trois corps^ (Euvres, 
vol. VI. 
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0 or 00, or that the energy constant of some pair of the bodies 
relatively to their centm- of gravity become indefinitely large 
and negative. 

Let us first justify briefly the statement made about the 
boundary of i/7. At some distance from the boundary none 
of the coordinates can be large since none of the distances 
ri are large, and the center of gravity is at the origin. Since 
the energy constant for the three bodies is given, the partial 
energy constants cannot be large and positive. Consequently 
unless one of these partial constants is large and negative, 
the state of motion is not near the boundary of i/7. 

In dealing with the analytic character of i/s, and so of 
Ml, we can assume that the state of motion under consideration 
is not a state of double collision. In fact the ^molecule’ of 
states of motion in i/js near a state of double collision is 
carried analytically into a molecule about a modified position, 
not corresi)ondiiig to a state of double collision. The invariant 
sub-manifold i/7, will thus be analytic all along a particular 
stream line or nowhere along it. 

Let us then employ the coordinates x, y, z, f/, ?, x, y, z\ 
which are available in i/12, within which we may 
take i/s to lie. The sets of these 12 coordinates which 
satisfy the remaining angular momentum and energy conditions 
(11) and (12), furnish uniquely the states of motion of i/g 
near to the particular motion of i/g under consideration. 
It is evident that in general these 4 equations may be solved 
analytically for any 4 of the 12 variables; i. e. i/g analytic 
at the corresponding point. 

We can show, however, that for general values of ./*> 0 
and K>0 there can be no singularities whatsoever in i/g. 
Let us choose coordinate axes so that x y ~ ri ~ 0 i\i 
the instant under consideration, i. e. the particle Pt lies in 
the z direction from Po, while the line from P2 to the center 
of gravity of Po and Pi lies in the x, z plane. Let us attempt 
to solve the 4 equfitions for x', y, z , rj' as functions of the 
other variables. The condition that this be possible will 
be satisfied if the corresponding Jacobian determinant 
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0 0 0 ? 

0—z 0 — e 

^ 0 0 0 

f f f f 

X ij z n 

does not vanish; here we have removed an obvious factor 
m from the first three columns, and a factor from the last 
column. Thus is analytic at this point provided that 
the inequality 

i 0 

holds. But it has been pointed out that z is not 0. Further- 
more, we can take ? 0 unless Pg is on the straight line 
Po Pi constantly. And we can take z' | 0 unless the distance 
Po Pi (and similarly any other distance Pi Pj) is a constant. 
Hence we infer that either i/s is analytic along the particular 
stream line under consideration, or the three bodies lie upon 
a straight line, or at a constant distance from each other, 
but not in the same straight line. 

Til the latter case the bodies Po, Pi, Pg are known to lie 
at the vertices of an equilateral triangle in a plane perpen- 
dicular to the angular momentum vector; this triangle rotates 
at a constant angular velocity about its center of gravity. 
Furthermore it is known that there is one and only one size 
of triangle of this kind for an assigned angular velocity. 
Thus there will be in general no such motion for which f 
and K have the preassigned values. 

^Similarly in the first case further examination shows that 
the distances are inalterable. It is known that there are three 
solutions for an assigned angular velocity, and thus in general 
no solution for general values of / and 7r. 

In any case the manifold M-j can only have a singular if y 
at a point corresjmidmg to an equilateral triangle solution or 
to a straight line solution at constant mutual distances. These 
possibilities will only arise when certain analytic relations 
between f and K are satisfied. It is only as f and K vary 
through these critical valms that the nature of M-i from the 
standpoint of analysis situs can change. 
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The manifold has fundamental importance for the problem 
of three bodies, but, so far as I know, it has nowhere been 
studied even with respect to the elementary question of 
connectivity. The work of Poincare refers to the existence 
of certain periodic motions, i. e. of certain closed stream lines 
in M^i , obtained by the method of analytic continuation from 
a limiting integrable case of the problem of three bodies; 
nearby motions, i. e., stream lines in the torus-shaped neighbor- 
hood of such a closed stream line, are also considered in 
relation to the formal series; but he does not consider Mi 
in the large. 

In conclusion it may be obsei*ved that the states of motion 
in which the three bodies move constantly in a plane through 
the center of gravity perpendicular to the angular momentum 
vector, correspond to an invariant sub-manifold Mr^ within 
Ml, whi(‘h contains the exceptional singularities when these 
exist. So far as dimensionality is concerned, this manifold 
M, would be suited to form the complete boundary of a 
surface of section (chapter V) of properly extended type. 

II. Types of motion in i/7. The problem of three bodies 
is distinguished from the type of non-singular problem which 
we have considered earlier, in that the manifold of states 
of motion is not closed. The singularity along the boundary 
cannot be removed by any exercise of analytic ingenuity. 
In fact consider a tube of stream lines in i/7 described by 
a ^molecule’ of states of motion near triphi collision at 
Jt is clear that the molecule tends toward the boundary of 
i/7 as t increases, since we have then lim R cc according 
to the results deduced above -(section 8). The half tube so 
generated is then carried into part of itself, and would have 
to correspond to an infinite value of the invariant 7 -dimensional 
volume integral. This situation docs not arise when the 
manifold of states of motion is closed and non-singular. 

More precisely, the stream lines corresponding to motions 
of near approach to triple collision not only lie wholly near 
the boundary of Mi, and approach it as t increases or decreases 
indefinitely, but they fill out three entirely distinct regions 
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of M'j, since for every such motion there is a particular one 
of the three bodies which recedes indefinitely from the other 
two bodies. 

The stream lines corresponding to near approach to triple 
collision thus Jill three distinct l-dhnensional continua of il/7, 
corresponding to the fact that Pq, Pi, or P^ may he the relatively 
distant body during such a motion. These continua lie near 
to the boundary of M-j, and every stream line in them approaches 
the boundary in diher sense of time. 

Of course these continua are not precisely defined until 
the degree to which triple collision is approached is precisely 
specified. 

It is natural to believe that in this case of indefinite 
recession, the two nearby bodies have a definite limiting 
energy constant, orientation of jdane of motion, eccentricity, 
and a limiting linear and angular momentum with reference 
to the center of gravity of the three bodies. In any case these 
motions may properly be regarded as to a large extent ^ known’. 

The very interesting question now arises: Do the motions 
for which lim ” oc in one or both directions of the time 
fill densely or only in part? It is important to under- 
stand the nature of the difficulty inherent in this question. 
By actual computation of the motions, it can doubtless be 
established whether or not a specific motion belongs to one 
of these continua or not. Certainly, for \K\ small, almost 
all of M^ would be filled by these continua in consequence 
of the results obtained in the case X ^ 0 . Nevertheless 
when there exists a single periodic motion in il/7 of stable 
type, it will not be possible to determine whether or not 
nearby motions belong to these continua without solving 
the fundamental problem of stability in this particular case. 
We have already alluded to the highly difficult character of 
the problem of stability (chapter VIII), which arises precisely 
because in a dynamical problem such as the problem of three 
bodies, formal stability of the first order insures the satis- 
faction of all the infinitely many further more delicate con- 
ditions for complete formal stability. 
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The question can, however, be put in a very suggestive 
form, which in my opinion renders it probable that the 
motions for which lim = go for lim ^ = -{-co fill up M 
densely, as do those for which lim jK “ co for lim f = — go ; 
because of the reversibility of the system of differential 
equations, both conjectures must be either true of false. 

The manifold M^ has already been conceived of as 
a 7 -climensional fluid in steady motion. This fluid must be 
thought of as having infinite extent and as incompressible, 
in consequence of the existence of a 7 -dimensional volume 
invariant integral. The three types of motion with near 
approach to triple collision correspond to three streams which 
enter M^ from the infinite region and leave it there. 

What is likely to happen to an arbitrary point of the fluid? 
It seems to me probable that in general such a point will 
move about until it is caught u]> by one of these streams 
and carried away. It may, however, be anticipated that 
there will be found certain points which remain at rest or 
move in closed stream lines, and so are not carried oft. 
In conformity with the results of chapter VII, there must 
then necessarily exist other stream lines which remain near 
to the closed stream line as time increases or as time decreases. 
More generally, there will exist recurrent types of stream lines 
corresponding to recurrent motions, and various other stream 
lines which remain in their vicinity as time increases or decreases. 
The stream lines corresponding to such recurrent motions and 
nearby motions cannot of course approach the boundary of il/7. 

For the determination of the distribution of such periodic 
motions, recurrent motions, and motions in their vicinity, it 
obvious that elaborate detailed analysis would be necessary. 
In conclusion we shall merely effect an obvious classification 
based on the function R{f): 

An arbitrary motion in the 'problem of three bodies for the case 
/>0, iv>0 is of one of the foUmving types as t increases: 

(1) E increases toward + go , in which case one body recedes 
indeffiitely from the other tivOj ivhile the near pair remain 
within finite distance of one another \ 
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(2) R tends toward a value R while U approaches 2K, in 
which case the limiting motion is of special determinable type 
as in Lagrange^ s equilateral triangle solution^ 

(3) R{t) is uniformly bounded as in case (2) but oscillatory. 
Here the motion is wholly one of finite distances and velocities 
except possibly for occasional dmible collisions or approach to 
S'ucli collisions, and there necessarily exist periodic or othei' 
recurrent motions among the limit motions \ 

(4) R{{) is oscillatory with upper bound + oo and a positive 
lon er bound. This is an intermediate case in which the motion 
is one with finite velocities except fiear occasioyial double 
collision or approach to double but not triple collision, ivhile 
from time to time one of the three bodies recedes arbitrarily 
,far from the near pair only to approach them again later. 

Similar results obviously hold as t decreases. 

The only part of this statement calling for any explanation 
is that if R approaches R, U approaches 2K. But this can be 
proved to follow from Lagrange’s equality (15). 

12, Extension to n>3 bodies and more general 
laws of force. In indicating the possibility of generalizing 
the above results, both in respect to the number of bodies 
and the law of force, we shall entirely put to one side the 
question of collision. It would suffice for our purpose, 
however, if any kind of continuation after multiple collision 
were i)ossible in which the constants of linear and angular 
momentum as well as of energy are the same after as before 
collision, and if also R', where 


R^ - 




may be regarded as continuous at collision; here the masses of 
Pi, • • •, Pn are mi, • • •, m-n respectively, while M is the sum 
of these masses, and nj denotes the distance P/P;. 

Let the function U of forces be any function of the mutual 
distances nj, of dimensions — 1 in these distances. For a 
function U of this type, the original form of differential 
equations, of the 10 integrals, and of Lagrange’s equality 
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(15) and of the inequality (20) due to Sundman will subsist, 
provided that / denotes the total angular momentum of the 
system about the center of gravity. Our main reasoning 
above was essentially based upon this analytical framework. 
Hence we can state the following result: 

Let U he any analytic function dejpending on the mutual 
distances hetircen n bodies Pi, (i -= 1, • • *, a;ith coordinates 
(uci, yij Zi) and masses nii respectively] let U he furthermore 
homogeneous of dinmisioris — 1 in these distayices. If the n 
bodies are sufficiently near together, with assigned positive 
values of the total angular momenUon f and the constant of 
energy K, at least tivo of the mutual distances will become very 
large in either sense of the time. 

Further consideration shows that the (midiiion of homo- 
geneity upon U can be lightened to the form of an inequality 



dU , dU , dU\ 

9 ^ 7 / 


dtJ 


fvhere iXd<2, without affecting the argument that ai least 
two of the mutual distances become very large, 

111 this argument the function H has to be generalized to 
the form 


I have not attempted to ascertain conditions under which 
at least two of the mutual distances become infinite. 
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